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Eulerian-Lagrangian localized adjoint methods (ELLAM), designed for the systematic 
numerical treatment of non-self-adjoint parabolic partial differential equations, use a space
time finite element framework. ELLAM combine the crucial aspects of Eulerian methods for 
self-adjoint parabolic equations (e.g. systematic treatment of boundary conditions, discrete 
conservation) and of Lagrangian methods for first-order hyperbolic equations (e.g. front
tracking via characteristics). �s a result , ELLAM solutions are free from the usual Courant 
number restriction and the usual defects of excessive non-physical oscillation and smearing of 
sharp fronts. Here, we extend weak and direct ELLAM to nonlinear physical velocities and 
reaction terms for model mass and momentum conservation laws, having in mind applications 
to petroleum reservoir simulation, groundwater contaminant transport, and N a vier-Stokes 
problems in the velocity-pressure setting. Weak ELLAM are used when an Eulerian descrip
tion of the solution is natural, and direct ELLAM are used when a Lagrangian description 
of the solution is natural. Also, we stress the interconnections between the two methods and 
present numerical results for the viscous Burgers equation. 

1 INTRODUCTION 
Advection-reaction-diffusion equations arise in many applications (e.g. petroleum reser

voir simulations, groundwater flows , aerodynamic modeling) . Generally, these equations take 
the form of 

Ut + V · (f(u)) + k(u)u = V · (eVu), (1) 

where u is a conserved quantity (mass, momentum, etc.) , f is a nonlinear flux vector, k 
is a nonlinear reaction coefficient, and e is a diffusion coefficient. When the equation is 
advection-dominated, it is useful to consider the smqoth solutions of the associated first
order hyperbolic equation which can be written in conservation form 

Ut + \J · ( f( U)) = 0 
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or in quasi-linear form 
Ut + f' · \lu = 0, 

where f' is the characteristic velocity, which is not necessarily the same as the physical veloc
ity. These equations have different discontinuous solutions, but identical smooth solutions. 
Although our original equation has a small diffusion coefficient, the Laplacian of u becomes 
large near a steep front and potential shock solutions are suppressed. Therefore, we use 
the conservation and quasi-linear forms interchangeably in numerical methods that evolve 
solutions to the original parabolic conservation law. 

Eulerian methods, usually associated with mass conservation laws, treat the advection in 
( 1) in the conservation law form and systematically incorporate a wide range of boundary 
conditions. These methods represent a discrete conservation law for u and the numerical 
solution conserves mass, although the mass may be poorly distributed. In general, Eulerian 
methods require relatively fine spatial meshes, as measured by the Peclet number, and small 
time steps, as measured by the CFL number, to achieve an accurate mass distribution and are 
computationally inefficient. Without impractically fine discretization, these methods gen
erally exhibit numerical diffusion, nonphysical oscillation, or both, for advection-dominated 
problems. Lagrangian methods, usually associated with momentum conservation laws, treat 
the advection in the quasi-linear form and incorporate a narrow range of boundary conditions. 
These methods represent a discrete conservation law for the solution along the streawlines of 
the advecting flow. Typically, Lagrangian methods can accurately and efficiently trace the 
streamlines over a relatively large time step and can accurately determine the distribution 
of the momentum. However, these methods do not conserve momentum as they use moving 
coordinate systems and make errors when evaluating solution information that resides on 
fixed grids. In multiple dimensions, they may also become exceedingly complicated as mesh 
elements deform with the flow. 

Eulerian-Lagrangian methods (ELM) (see Benque and Ronat [4] , Douglas and Russell 
( 1 1] ,  Morton ( 18] ,  Neuman [21 ] ,  Varoglu and Finn [34]) were a first attempt to bridge the 
gap between Eulerian methods for self-adjoint parabolic and Lagrangian methods for first
order hyperbolic equations. An important member of this class of methods is the Modified 
Method of Characteristics (MMOC) (see Baptista [2] , Ewing and Russell [14] , Russell [24] , 
[25), and Espedal and Ewing ( 12]) which focused on material derivatives and advection in the 
quasi-linear, non-divergence form. The MMOC systematically treated advection but treated 
boundary terms in an ad hoc manner. Furthermore, the method, which was best-suited for 
momentum laws, did not conserve mass exactly. Despite its drawbacks, MMOC proved to 
be very accurate and efficient in practice and gave impetus to further theoretical work in 
this area. Accurate, nonoscillatory solutions were possible with coarser grids and longer time 
steps, and the method was straightforward to implement in multiple dimensions. 

Building on MMOC and other ELM, Eulerian-Lagrangian localized adjoint methods (EL
LAM) (see Celia, Russell, Herrera, and Ewing [7], Dahle, Ewing, and Russell [9] , and Russell 
[26]) were designed to unify Eulerian and Lagrangian methods under the general framework 
of Local Adjoint Methods (see Celia et al. [5] , and Herrera [16] ) .  We discuss here two 
formulations of ELLAM: weak and direct. 

In order to alleviate the principal drawbacks of MMOC, weak ELLAM (see Wang et 
al. [35), Russell and Trujillo [27)) were designed for the numerical solution of mass conser-
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vation laws and for advection in conservation law or divergence form. Weak ELLAM are 
conservative schemes which systematically incorporate boundary conditions and advection 
via space-time finite elements aligned along the characteristics of the associated hyperbolic 
problem. When advection is absent, weak ELLAM collapse to the standard Galerkin finite 
element method (FEM) for self-adjoint parabolic equations. And when diffusion is absent, 
weak ELLAM collapse to the weak Lagrange-Galerkin method (see Morton et al. [20] ) for 
hyperbolic conservation laws. Weak ELLAM also reduce to MMOC, if circumstances are 
simple enough [26]. 

We introduce direct ELLAM for the numerical solution of momentum conservation laws 
and advection in the non-divergence or quasi-linear form. This ELLAM strategy was studied 
in [30] and in many ways represents a link between weak ELLAM and MMOC. Direct ELLAM 
will collapse, respectively, to the standard Galerkin FEM or the MMOC, also known as the 
direct Lagrange-Galerkin method (see Morton et al. [20] ), when advection or viscosity terms 
are absent. 

In this paper, we address the special case off(u ) = v(u ,x,t)u , where vis the physical 
velocity, which is frequently used in a wide range of large-scale applications. Strictly speak
ing, this case does not fall into the usual hyperbolic theory [36], since the velocity can have 
explicit space and time dependence and need not be a function of u alone. However, many 
of the traditional tools from hyperbolic theory can be applied directly or can be used to 
motivate extensions or modifications of the theory and numerical methods used to treat the 
physical velocity. Since this special form is linear in u when v is constant, we refer to it as a 
linearized advective flux, although the physical velocity may be nonlinear. In a future paper 
[33], we consider the general nonlinear flux function in the quasi-linear and conservation 
forms. 

In section 2, we give a brief overview of the basic concepts used in previous ELLAM 
papers to treat velocity and reaction terms and preview the key ideas to be developed 
in later sections. In sections 3 (Weak ELLAM) and 4 (Direct ELLAM), we develop the 
basic equation framework for weak and direct ELLAM in the context of model mass and 
momentum conservation laws with nonlinear physical velocity. In section 5, we detail the 
incorporation of nonlinear reaction terms into the previously developed equation framework. 
In section 6, we explore the interconnectedness of the methods by reviewing the Reynolds 
Transport Theorem to interpret the role of characteristic ideas in the context of the model 
conservation laws. In section 7, we outline the application of weak and direct ELL AM to 
target problems from petroleum reservoir simulation, biochemical contaminant transport 
and fluid dynamics. In section 8 {Approximations and Nonlinearities), we give an overview 
of possible methodologies to implement the ELLAM formulations numerically. In section 9 
(Numerical Results), we use the viscous Burgers equation to present numerical results in a 
simple setting and as a prototype for modeling nonlinear effects in the problems from the 
major application areas of the previous section. In section 10, we offer a brief summary of 
current projects and future directions. 
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2 BASIC CONCEPTS 
In this section, we review the basic ELLAM strategy that will be applied to model 

mass and momentum equations in the upcoming sections. For s
_
implicity, we consider a 1-D 

constant-coefficient problem of the form 

'R.u = 1Lt + (vu):.: + ku- €1Lz:.: = /, 

where u is the distribution of a conserved quantity, vis the physical velocity, k is the reaction 
coefficient, € is the diffusion coefficient, and f is a source term. Then, we consider the weak 
form of the problem and integrate by parts in space and in time to put the formal adjoint, 
'R, •, of 'R, on the test function, w, as in 

('R.u,w) = (u, 'R.*w) + boundary terms = (f,w). 

The Local Adjoint Method (LAM) strategy [16] is to put sought information on boundary 
terms by requiring that test function satisfy the homogeneous adjoint relation 

where 

• Dw 
k 'R, W = -

Dt + W -€W:.:z = 0, 

Dw --=wt + vwz 
Dt 

is the material derivative of w. 
H we follow the LAM-based Optimal Spatial Methods (OSM) strategy [5], [6] that was 

originally designed for the stationary advection-reaction-diffusion equation, we can satisfy 
the homogeneous adjoint relation by segregating temporal and spatial terms as in 

Wt=O and kw-vw:.:- €Wz:.:=0. 

In this strategy, the stationary advection-reaction-diffusion equation defines a test function 
in space that is exponentially fitted according to the relative importance of k, v, and €. If 
the problem is advection-dominated, the test functions correspond to an upwinded scheme 
that minimizes spatial errors; however, the temporal errors are significant for practical time 
steps. Since the test function is independent of time, the method fits the usual spatial 
FEM framework, albeit within the context of a Petrov-Galerkin scheme that generalizes the 
pioneering work of Allen and Southwell [1] . 

In order to reduce the temporal errors due to advection, we can group the advection with 
the temporal terms viz. 

Dw 
Dt 

= 0 and k w - €Wzz = 0. 

In this splitting, we use the stationary reaction-diffusion equation as in OSM to define an 
exponentially weighted (according the ratio of k to €) test function in space at t = r. Then, 
the solution of the time-dependent advection equation by the method of characteristics 
extends the definition of this function as a constant along characteristics. In this simple 
case, the characteristics are defined as the straight-line paths connecting the head of the 
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characteristic, (x,r), to the foot of the characteristic, (x*,O), where x• = x- vr. Since the 
test function is independent of time in the characteristic coordinate system, it is convenient 
to think in terms of a standard FEM for the heat equation albeit in a characteristic-based 
frame of reference. 

Although the temporal errors are diminished by the last approach, the effect of reactive 
transport along characteristics is ignored. Alter;natively, the basic ELLAM strategy suggests 
that we can group the reaction term with the advection term as in 

. 

Dw 
Dt 

= k w and EW:r::r: = 0. 

In this splitting, the diffusion term defines a piecewise-linear test function in space at t = r 
and the time-dependent advection-reaction equation exponentially weights this test function 
along the characteristics. In order to use higher-order polynomial test functions and to have 
the standard finite element equation for the diffusion term, we chose to exclude the diffusion 
term, when grouping advection and reaction, from the adjoint relation, as in the general 
ELLAM strategy 

Dw 
Dt = k w and w( x, r) = arbitrary basis function, 

so that w(z*,O) = w(z,r) exp(-kr). 
For the 1-D constant-coefficient problem under consideration, the effectiveness of the last 

approach can be seen by inspecting the fundamental solution or Green's function. That 
is, let G( :z:, r) be the fundamental solution of the associated diffusion or heat equation .. 
Then, G( x•, r) is the fundamental solution of the advection-diffusion equation. Therefore, 
the characteristic orientation of the space-time test function gives the proper domain of 
influence to the numerical solution. Also, G{ x•, r) exp( -k r) is the fundamental solution of 
the advection-reaction-diffusion equation. Therefore, the exponential weighting of the test 
function at the foot of the characteristic gives us the proper influence of the reaction term. 
Then, the lack of a constraint in the test or trial space allows us to use the wealth of standard 
FEM techniques to model diffusion and source terms. 

To review, the crucial step was to put the material derivative on the test function via 
integration by parts. That is, the reaction term was simply grouped with the advection 
adjoint term and the diffusion term was split off from the adjoint and received a standard 
FEM treatment. For constant or divergence-free variable velocity, there is no ambiguity 
about this crucial step. That is, the divergence and non-divergence forms of advection are 
equivalent in this special case, since V ·(vu) = v· Vu when V ·V = 0. Therefore, either of the 
two integration by parts strategies to be discussed below will yield identical results. However, 
for a general variable velocity the choice of integration by parts strategy is motivated by, 
but not limited to, the following forms of advection. If we are given the divergence form 

£ U = Ut + '\1 · ( V U) , 

then the weak ELLAM strategy applies a product rule (integration by parts) to the weak 
form (.Cu , w) with respect to 8t and V and yields, neglecting boundary terms, the desired 
adjoint term 

• Dw 
.C w =  - - . 

Dt 
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However, if we are given the non-divergence form 

Du 
Qu = - = Ut + v · Vu, Dt 

then the direct ELLAM strategy applies a product rule (integration by parts) to the weak 
form ( Qu, w) with respect to the material derivative, Dt, and yields, neglecting boundary 
terms, the desired adjoint term 

Q*w = 
_Dw. Dt 

In the forthcoming sections, we apply these basic strategies to multidimensional problems 
with nonlinear velocity and reaction. In Sections 3 and 4,  we focus on advection within the 
weak and direct ELLAM frameworks. Then, in Section 5 ,  we include reaction terms which 
have a uniform treatment within the weak and direct strategies, since reaction terms are 
grouped with the advection adjoint term. 

3 WEAK ELLAM 
Weak ELLAM [7] , [35] , [26) , [27] was introduced within the context of mass conservation 

laws that are represented by advection-diffusion problems of the form 

.Cu=ut + V·(v u)-V·(t=Vu)=f in ExJ=fl 

(vu- t:Vu) · n = h(z,t) or u = h(z, t) or -t:Vu · n = h(z, t) on 8E x J 

u( x, to} = uo ( z} on E, 

where J = (t0 ,tJ] is the temporal domain, E C Rd is the spatial domain, u is the mass 
concentration, v = (v1(u, z, t), . . . , vd(u, z, t)) is the nonlinear velocity field which in many 
applications is determined by a simplified momentum law such as Darcy's law [28] , E is 
the diffusion coefficient, and the boundary conditions are total flux, Dirichlet or Neumann, 
respectively. In this presentation, we focus on the total flux boundary condition; however, 
the method can be formulated for Dirichlet and Neumann boundary conditions with some 
minor modifications (see [7] ,[35] , [26] , [27] ) of the arguments presented here. 

As in standard FEM, we discretize the temporal domain J as Jn+l = [tn ,tn+t] ,  where 
tn+t = tn + l:l.t and tn are the new (computational) and old {data) time levels respectively. 
We also set nn+l = EX Jn+t . We discretize the spatial domain, E, at the new time level into 
spatial finite elements (e.g. rectangular or triangular) that are indexed as Eij+1, thinking 
here of d = 2 for definiteness. 

In order to form space-time elements, we define the backward characteristics , or particle 
trajectories traced backward in time, of the associated hyperbolic problem as the solution to 

dX( z, s; t) 
dt 

X(x, s;s) 
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or 

X(o:, s;t) = o: + J.' v(X(o:, s;r), r)dr. (3) 

The head and foot of a characteristic are denoted by 

and 
x* = X(x,tn+l;tn), 

respectively. For the moment, we will assume that the foot of the characteristic lands in the 
interior of the spatial domain and does not strike the inlet boundary. 

Now, we form space-time finite elements n;;+t, corresponding to Jn+t and :Eij+1, with the 
proviso that the space-time edges of nij+1 are aligned along the (backward) characteristics of 
the associated hyperbolic problem. That is, let Oij+t. be the prism formed by tracking heads 
of characteristics in :Eij+t. backward in time along the solutions of equation (2) or (3) to their 
respective feet in :Ei';· Interior elements are those elements for which :Eij+1 backtracks to 
the interior of the spatial domain, and thus the information in :Ei; requires the entire time 

interval tl.t = tn+t - tn to travel along characteristics and reach :Eij+1• Inlet elements have 
heads of characteristics on Eij+l that backtrack to the inlet boundary, ri; c 8:E X Jn+I, and 
thus the information in ri; requires only a fraction of the time step f1t( X) = tn+l_t*( X) � f1t 
to reach :Eij+1• The discretization of nn+t is completed by outlet elements traced backward 
in time from the outlet boundary; this is discussed below. 

In order to form the equations for the total flux boundary condition, we start by using. 
integration by parts in both space and time and finish by using a backward Euler rule in 
time on the diffusion and source terms of the weak form 

where the set of test functions wi;, to be described below, forms a finite-dimensional vector 
space of local basis functions that are defined on nn+t. In order to simplify notation, let w 
denote Wii· Focusing on a single test function and a single element, Oij+1, in its support, we 
have 

I I (uw)t dx dt + tl.t I EVu · \lw dx jJ.,..+1 j"E&;(t) JEij+l 

+ I I ( v u - EV u) · n w dS dt - I u 
D
D
w 

dx dt JJ.,..+l laE•;(t) lnij+1 t 

= tl.t h'!'fl r+t wdx + O(tl.t)2, 
&J 

where Dt w = Wt+v· \lw is the material derivative (or equivalently, the directional derivative 
along characteristics) of the space-time test function w and represents the formal adjoint 
of the associated hyperbolic problem, and the O(tl.t)2 error arises from the discretization 
of the diffusion and source terms. We have denoted by :Ei;(t) the image of :Eij+1 when 
backtracked from tn+l to t. Now, we let w have a standard spatial definition ( e.g.,C0 piecewise 
polynomial) on :Eij+1, and we extend w into Oij+1 as a constant along characteristics so that 
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Dtw = 0. Therefore, w(x, tn+l) = w(x•, tn) and we denote w(x, tn+l) and w(x•, tn) by w 
without confusion. 

Now, let un+1(·) denote the numerical approximation to the exact solution u(·, tn+t) at 
t = tn+t. Simplifying terms, we obtain equations for the numerical solution un+t on the 
elements that backtrack to the interior of the spatial domain: 

k�fl un+1(x)wdx + !:l. t  k�fl €Vun+1(x). Vwdx 
q q . 

+ I  ET = k!. Un( x*) w d x* + !:l. t  k�:u r+1 w d x, 
., ., 

where I ET is an interelement term, the total flux across the interelement boundaries, that 
cancels when the equations for all elements in the support of the continuous function w are 
combined. 

We note that, if the velocity is divergence-free so that the measures dx and dx* coincide, 
the interior equation just derived is identical to MMOC. This exhibits the connection for the 
case where the divergence and nondivergence forms are the same. 

For the inlet elements, the total flux term is evaluated on the inlet boundary and moved 
to the right-hand side, viz. 

k�fl un+1(x)wdx + k�fl !:l. t(x)€\7 Un+t(x) . Vwdx 
q q 

+lET==- £
�. 

h(x*, t*)wd S* d t* + k�fl !:l. t(x)r+1wdx, 
q q 

where d S* and d t* are spatial and temporal boundary measures. 
The formulation of the outlet boundary requires additional comment. Here the heads of 

the characteristics are on the boundary at times t < tn+I and the feet are in the interior at 
t = tn. Numerically, we can think in terms of propagating interior information at tn through 
the outlet, seeking an outlet solution that preserves the resolution of information. Thus, it 
is natural to discretize the outlet portion of 8'E x Jn+t into elements ri; and to associate 
test functions Wi; that have a standard form (e.g., 0° piecewise polynomial) relative to rii· 
We define ni; by tracing back from ri; along characteristics and extend Wi; as a constant 
along these characteristics. The outlet equation becomes 

lr;; (t- tn)E'V U(x, t) · 'Vwv · n d S  d t  +JET 

= -lr;; h(x, t) w d S  d t  + k:; U"(x*) w dx* + £;; (t- tn) f(x, t) w v · n d S  d t. 

The advective and diffusive parts of the h (total flux) term arise from the time derivative 
term at the heads of the characteristics and from spatial integration by parts in the diffusion 
term, respectively. In the backward Euler terms, t - tn is the analogue of !:l. t( x) from the 
inlet, and v · n converts from spatial integration to temporal integration over the heads of 
the characteristics. 

When we sum the equations, we obtain a statement of mass conservation 
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where the mass at t = tn+l is equal to the mass at t = tn plus the net influx of mass across 
the boundary plus the mass gained or lost from the source/ sink term. 

4 ·DIRECT ELLAM 
In this section, we consider the development of direct ELLAM for momentum conser-

. vation laws. For the time being, we will treat the momentum law as if it were a scalar law 
for the velocity, ignoring the coupling of the pressure term, in order to simplify the initial 
presentation and to more readily compare the direct ELLAM approach to the weak ELLAM 
approach of the previous section. In the applications section, we recast the momentum law 
in its natural form as a vector equation within the context of a mixed finite element method 
[23) solution for the velocity and pressure. 

Therefore, our initial development of direct ELLAM will be within the context of mo
mentum conservation laws that are represented by advection-viscosity problems of the form 

where 

Du 8p 
Qu = p- - €�U = p f - - in h X J = {}, 

Dt 8x 

nu -;
t 

= Ut + v(u) · Vu, 

u(x,t)=h(x,t) or - EVu · n=h(x,t) or ( vu- EVu) · n=h(x,t) on 8�xJ = r, 
u(x, to) = u0(x) on I!, 

where J = (t0,t1] is the temporal domain, I! C Rd is the spatial domain (again take d = 2 
for definiteness), u is a component of the velocity field, v = (u,v), Dtu is the (nonlinear) 
material derivative of u, p is the fluid density which is coupled to the momentum law and 
satisfies the associated continuity (mass conservation) law 

Pt +V · (pv)=O, 

€ is the (constant) viscosity coefficient, f is an external forcing term, pis the pressure, and 
the boundary conditions can be Dirichlet, Neumann, or total flux. In this presentation, we 
focus on the homogeneous Dirichlet boundary condition which is the primary condition used 
in practice. However, direct ELL AM can be formulated for nonhomogeneous Dirichlet, total 
flux and Neumann boundary conditions with some minor modifications [30] of the arguments 
presented here. 

It is important to note that the momentum law can be recast as a divergence form for 
pu as In 

8p 
C(p u) = (p u )t + V · ( v (p u)) - €� u = P f - Bx

, 

where we have added the appropriate form of zero, u (Pt + V · (pv)), to Qu. In this form, 
the weak ELLAM strategy of the previous section can be applied and it could be argued 
that another ELLAM strategy is superfluous. On the other hand, the non-divergence form 
Qu has been the preferred form [3] and many numerical algorithms have been developed 
for this problem that directly employ the transport property engendered by the material 
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derivative. With these thoughts in mind, we proceed with the presentation of the direct 
ELLAM strategy, in order to show how transport principles can be applied directly within 
a LAM framework and to show the theoretical equivalence of the two approaches in a later 
section. Also, the presentation of this alternate ELLAM strategy sets the stage for later 
developments in a companion paper for the general nonlinear flux function discussed in the 
introduction. 

In the model problem for weak ELLAM, the advec�ion term was in divergence form. 
Thus, space-time integration by parts in . a fixed Eulerian system allowed us to put the 
Lagrangian derivative Dt on the test function. And in weak ELLAM, Lagrangian concepts 
were applied to the test function and space-time elements that form its support and the rest 
of the problem was relatively unaffected. However, the model problem for direct ELLAM 
has advection in the Lagrangian, non-divergence form. Therefore, it is natural to apply the 
Lagrangian concepts throughout the entire formulation of the discrete equations. 

Using the discretization of the space-time domain and notation of the previous section, 
we pose the weak form of the problem, 

f (Qu(X(x, tn+t; t), t)- p f + 8
8P
) w d x  dt = 0, Vw, Jn�� x 

in the Lagrangian ·coordinates (X( x, tn+l; t), t) that describe the trajectories of particles 
backtracking along the streamlines of the :flow. Now, we shift our attention to a single 
test function and a single element in its support. For simplicity, we set p = constant to 
bring it inside the material derivative and defer the general case to Section 6 .  Then, we use 
a backward Euler rule on the viscosity and forcing terms and integration by parts in the 
Lagrangian sense as in 

where -Dtw represents the formal adjoint of the associated hyperbolic problem and the 
0(.6.t)2 error arises from the discretization of the viscosity and source terms. Given the 
Lagrangian nature of the momentum law, integration by parts with respect to Dt, which 
quantifies changes along particle trajectories ,  is natural. Note that, in Lagrangian coordi
nates , the space-time element f2ij+1 is a product :Eij+1 X Jn+t, and the movement in physical 
space in the above equation is represented through X. We refer the reader to Fig. 1, which 
shows the characteristic domain decomposition and a space-time chapeau test function from 
Eulerian and Lagrangian perspectives. 

As in weak ELLAM, we let w have a standard spatial definition on :Eij+1 and we extend 
w into nij+l as a constant along characteristics so that DtW = 0. Therefore, w( x, tn+l) = 
w( x*, tn) and we denote w( x, tn+l) and w( x*, tn) by w without confusion. 

As before, let un+t ( .) denote the numerical approximation of the exact solution u( · , tn+l) 
by the method. Simplifying terms, the interior element equations are given by 

h�:" pUn+1(x) wdx + !'lt h�:'' t'V'Un+1(x) · \i'wdx + JET 
IJ IJ 
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where I ET is an interelement term (the diffusive flux across interelement edges) that cancels 
when the equations for all elements in the support of the C0 test function w are combined. 

Since the velocity is zero on the boundary of the domain, it would seem that there 
will be no interior characteristics crossing the boundary. Analytically this is the case, but 
numerically, with elements defined by backtracking, it will hold only at the outlet boundary. 
The inlet equations have the same form as the interior ones, with a null contribution to the 
un term from the boundary portion of the integral. 

When the interior and inlet equations are summed we have a statement of momentum 
conservation, as in 

where the momentum at t = tn+l is equal to the momentum at t = tn plus the net force. 
In the derivation of this statement, we replaced (z., tn) with (z, tn) in the right-hand side 
momentum integral: our assumption that p = cons tan t implies that V · v = 0, by the 
continuity equation, so that ior incompressibie fiows, the Reynoids transport theorem tells 
us that the Jacobian of this transformation is unity. In section 6, we discuss the impact of 
a Jacobian that is not unity and generalize the direct ELLAM presentation. 

In comparison to weak ELLAM, the right-hand side data integrals are defined with respect 
to the measure of the head of the characteristic on Eij+1 rather than the local measure at 
the foot of the characteristic on :Ei;, where the data un are given. Section 6 will show how 
to relate these integrals to thos� in the weak ELLAM strategy. With the :Eij+1 integration, 
the direct ELLAM solution can be interpreted as a weighted H1 projection of data from Ei; 
that have been transported by advection to :Eij+1• 

5 REACTION TERMS 
In the Basic Concepts section, we saw the basic ELLAM treatment for advection and reaction 
terms in a constant-coefficient setting. In the last two sections we have focused on advection 
and the extension of the constant-coefficient results to variable nonlinear velocity fields. Now, 
we include reaction terms within the variable-coefficient frameworks of the previous sections. 
To review the results of Section 2, the basic strategy for the treatm�nt of reaction terms was 
to group the reaction with the advection in a vanishing adjoint relation, as in 

Dw - =kw. Dt 

As a result, we obtained a test function defined along backward characteristics as in the 
previous two sections; however, the test function was exponentially weighted along the char
acteristic, as in 

w(X(t), t ) = w(x, tn+1)exp (-k(tn+l- t)) , 
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where X(t) = x- v (tn+t- t) and we have modified the result of Section 2 to fit the notation 
used in Sections 3 and 4. 

Since weak and direct ELLAM yield the same advection adjoint , -Dtw, the ELLAM 
treatment of variable reaction terms is uniform and relatively straightforward. Whether we 
apply the weak strategy to the divergence form 

C u  = Ut + V · (v u) +.k(u) u, 

or apply the direct strategy to the non-divergence form 

Du Qu = D t  + k(u)u, 

the vanishing adjoint relation for the test function becomes 

Dw 
D t  = k(u)w 

and the test function becomes 

where 

w(X(t), t) = w(x, tn+1) exp ( -k(tn+l- t)) , 

1 t•+l 
k = 

+l J. k(u(X(r),r))d r. tn - t t 
Thus, the simple exponential weighting of the constant-coefficient setting is maintained, 
with the constant reaction coefficient replaced by the average value of the variable reaction 
coefficient along the characteristic. Then, we can easily extend the results of the previous two 
sections to cover reaction terms by including this exponential weighting of the test function 
at the foot of the characteristic in the right-hand side data integrals , as in 

h!. U(x•, tn) w(x(x•), tn+t) exp( -k Ll t) dx•, 
., .. 

for the interior weak ELLAM equations and with similar modifications for the interior direct 
ELLAM equations and for the respective inlet and outlet equations . 

6 INTERCONNECTIONS 
It is important to note that weak and direct ELLAM strategies are motivated but not limited 
to the respective £ and Q forms. Indeed, we will see that the connections between the two 
strategies are impli�d by the application of the weak and direct strategy to the respective Q 
and £ forms. 

Although the weak and direct ELLAM are connected by the unifying concepts of 
Local Adjoint Methods, the specific form and spirit of the methods appear to quite different 
and unrelated. The connection between the two methods is given by the Reynolds Transport 
Theorem 

d 
-IJ(X(x,s;t),t)l = \1 ·v(X(x,s;t),t) IJ(X(x,s;t),t)i, 
dt 
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where IJI is the Jacobian that gives us the transformation from (X(t),t) to (x,s ) coordinates . 
This theorem appears in the derivation of conservation laws from a Lagrangian perspective. 
For example [3], the theorem is used to derive the continuity equation 

from 

Pt + V · (p v) = 0 

d
d { p(X(t), t) dX( t) = 0, t lv(t) · 

where V( t) is a Lagrangian volume that encloses an initial mass at t = s and then moves 
with the flow to envelop the same mass at any other time. This implies that the correct way, 
using characteristic ideas, to relate a conserved quantity U (satisfying Ut + V · (v U) = 0) at 
time levels t = tn+ 1 and t = tn is given by 

( U(X( tn+1), tn+1)dX( tn+1) = ( U(X( tn),tn)dX( tn), lv(t.,.,+t) lv(t.,.,) 

where we have suppressed diffusion and source terms for clarity. This type of Lagrangian 
conservation principle is as valid as its Eulerian counterpart, which has been more popular 
for numerical computations; there is nothing inherently nonconservative about Lagrangian
based methods. This relationship is embodied in the weak ELLAM strategy viz. 

h'!':t-1 U(x,tn+1)wdx = h!. U(x*,tn)wdx*, 
� � 

where we make the substitutions V( tn+�) = :Eij+l, X( tn+l) = x, V( tn) = :Ei;, and X( tn) = x*. 
In contrast , the direct ELLAM strategy, developed for the nondivergence operator Q 

(where pUis conserved, (pU) t+V·(vpU) = O, whence p t+V·(pv) = O yields Ut+v·VU = 0 
for p =constan t =f. 0), is embodied in 

h'!':t-1 U(x*(x), tn)wdx 
•1 

h!. U(x* , tn) W jJ(X( x*, tn; tn+I ), tn+l )I dx*, 
•1 

and we must use the Reynolds Jacobian to obtain the correct integral representation. Note 
that the density satisfies 

d
d r p(X( t), t )dX( t) = d

d { p(X(x,s; t), t) IJ(X(x,s; t), t)jdX(s ) = 0; t lv(t) t lv(•) 

if we take p IJI = cons tan t, as in homogeneous incompressible flow, we see that the direct 
ELLAM equations of section 4 lead to a relation like the weak ELLAM equation, with p U 
in place of U. Thus, there is nothing inherently nonconservative about the direct method 
either. 

For incompressible flows, IJI = 1 and the differences between the ELLAM strategies are 
minimized. However, if we view the Reynolds theorem as a differential equation, we can find 
a general expression for IJ!. For DE (direct ELLAM), we want to switch from the backward 
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characteristic framework, denoted by X(x, tn+t; t), to the forward characteristic framework, 
denoted by X(x•, tn; t), that has been used in evaluating the right-hand side integral in weak 
ELLAM [27], [15]. Therefore, we define the forward characteristic as X(t) = X(x*, tn; t) and 
use IJ(X(tn),tn)l = 1 as an initial condition; equation (4) yields 

IJ{ z•, tn)l = exp (£.+1 V · v(X(t), t) dt) , (5) 

as the Jacobian that allows us to change the measure on the right-hand side integral from a 
Lagrangian to an Eulerian evaluation of un. Then, DE satisfies 

f U(z,tn+1)w dz = f U(x•,tn)w exp ( f '\l·v(X(t),t)dt) dx*. JE�:+"1 JE!. JJ-+1 
Q Q 

For completeness, we can invert this relationship as in 

IJ(x, tn+l)l = exp (- f '\1 · v(X(t), t) dt) , lJ-+1 (6)  

to change from an Eulerian to a Lagrangian description of the solution on the right-hand 
side. 

These Jacobians can also be obtained from the methods in the context of including 
reaction terms within the LA�vf framework. For example, if we use \VE on the nondivergence 
form, we obtain a pseudo-reaction coefficient -(V · v) on the left-hand side, as in 

Du 
Dt 

= Ut + V · (v u)-('\!· v)u. 

Including this term in the adjoint relationship as if it were a reaction term, we obtain a 
test function with an exponential weighting given by ( 5) at the foot of the characteristic. 
Likewise, if we use DE on_ the divergence form 

Du 
Ut + '\1 . ( v t£) = 

Dt 
+ ('\1 . v) u , 

we form a test function weighted by (6) at the foot of the characteristic. 
With these Jacobians in hand, we can extend the DE framework of Section 4 to include 

a variable density in the material derivative via the product rule viz. 

Dv 
P Dt 

= 
D(pv) Dp --- -v-

Dt Dt 
D(pv) 

Dt 
+ ('\1. v) pv, 

where the last step brings in the influence of the continuity equation. If we identify the 
second term on the last line as a reaction term and include it in the test function, the DE 
formulation of Section 4 is modified as in 

h"!".+Jp U]( x, tn+l) w dx + other terms 
., 

= h�.+• [p U](x•(x ), tn) exp (-£•+• (V · v(X(t), t )  dt) w dx 
., 

= h�. [p U] ( X •, tn) W dx •, ., 
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where we have applied the Jacobian (5) to obtain the last line. This result is expected, since 
the momentum law can be put into divergence form, with p U conserved, and WE can be 
applied. 

At �his point, it is clear that DE can recover the WE formulation if it is applied to the 
divergence form. But the reader may question the motivation for DE if the WE formulation 
is the preferred state of affairs. The true motivation for DE comes from the general flux 
fu,nction form studied in [33] viz. 

Ut + \7 · (f(u))- \7 · (E\7u) ==g. 

For this problem, 

Ut + V · (f(u)) Ut + f'(u) · Vu, 
Ut + V · ( f' u) - (V · f') u 

where f' is the characteristic velocity and not, in general, the physical velocity. In this case, 
the DE approach is more natural. The WE approach incorporates the pseudo-reaction term 
-(V · f') u in the test function as in 

w(x*, tn) == w(z, tn+1) exp ( { v ·i'(U(X(i), t))dt\
). \}J•n.+l 

Then, WE recovers the DE formulation with the suitable form of the (6) Jacobian viz. 

IJ(x, tn+l)l == exp (- r v. f' (U(X(t), t)) dt) ' JJ.,..+l 

used in an integral over :Ei; with measure dx*. 

7 APPLICATIONS 
In this section, we consider some large-scale applications for which there is a well-established 
history of success for MMOC. The purpose of this discussion is to point out the enhancements 
provided by the ELLAM formulation in a manner that is not unduly speculative in the 
absence of numerical results. 

Petroleum Reservoir Simulat ions 

In the modeling of tertiary oil recovery by miscible displacement of oil by solvent in a 
porous medium [28), we encounter the following advection-dominated mass conservation law 
for the concentration of solvent: 

(f/>c)t + \7 · (v(c)f/>c)- \1· (EVe)== cq in :EX J == f2, 

(vc-EVc)·n=h(x,t) on8'bxJ, 
c( x, 0) = c0 ( x) on 'b, 
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where c(x,t) is the mass concentration, </>(x,t) is the rock porosity or capacitance, v(c) is 
the nonlinear interstitial velocity field, €( v) is a diffusion-dispersion tensor, cis the specified 
concentration at an injection well and the resident concentration at a production well, and 
q is the volumetric flow rate at the wells. Furthermore, v(c) = u(c)/4>, where u(c) is the 
Darcy velocity which is determined by a mixed method [10], [28] solution of the associated 
pressure equation: 

k . 
-V·(-( )Vp)=V·u=q in:E, JLC 

u · n = 0 on 8:E, 

where k is the permeability tensor, p,( c) is the viscosity, and pis the pressure. The volumetric 
flow rate q is zero away from injection or production wells. The above equations assume that 
the flow is incompressible; they can be modified appropriately for compressible flow. 

This equation has the same form as the model mass conservation law with </> c as the 
unknown in the associated hyperbolic problem. Applying WE (weak ELLAM), the interior 
equations are given by 

h."'!':t-1[</>C)(x,tn+l)wdx + ilt h.Y!':t-1 €VC(x,tn+l) · Vwdx 
� � 

= h!.[</>C](x*,tn)wdx* + ilt h."'!':t-1[Cq](x,tn+l)wdx ,  
� 

. 
� 

where C is the numerical solution. The tracking velocity that defines the space- time elements 
nij+l us�s the interstitial velocity v, which coincides with the physical velocity. 

In the WE formulation, we easily incorporate the advection in divergence form, whereas 
MMOC created a non-divergence form by subtracting c(V · u) = c q from both sides of 
the equation. Also,  the WE formulation evaluates the variable porosity at the old and 
new time levels and easily incorporates the effect of heterogeneous geological formations, 
whereas the MMOC would be more awkward in the case of nonconstant porosity. Also, this 
formulation conserves mass with relatively simple quadrature strategies, although adaptive 
quadratures are required for accurately determining the mass distribution. On the other 
hand, MMOC conserved mass to within errors produced by the backtracking algorithm and 
relatively sophisticated quadrature strategies. 

Groundwater Contaminant Transport 

In models of biochemical contaminant transport in groundwater [6), we encounter advec
tion and/ or reaction-dominated equations for the various biochemical species of the following 
type: 

(riCi)t + V · (viTiCi) + �(c)c;-V · (€Vt:;) = fi(c) in :E X  J = 11, 
(viet - EVe;)· n = hi(x,t) or Ci = hi(x, t) or -EVe;· n = hi(x,t) on 8:E x J, 

Ci ( x, 0) = ( Ci )o ( x) on :E, 

where Ci is the concentration of the i-th species, Ti is a retardation coefficient , vi( x, t) = v /ri 
is the velocity field scaled by 1/ri, E is the diffusion coefficient, and ki and fi are the nonlinear 
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reaction rate and source term for the i-th species that depend on c; as well as concentrations 
of the other species. As in the petroleum problem above, the velocity field is obtained from 
an associated flow equation. 

Since the groundwater equations are in the form of the model mass conservation law with 
reaction terms, we can apply the standard WE formulation. The interior WE equations for 
the numerical solution ci are 

where 

r [riCi](x,tn+l)wdx+�t r EVCi(x,tn+l)·Vwdx }y;'!·:t1 jE"!':tl � � 

-�t h"!-.+1 fi(C(x,tn+l))wdx = h!_[riCi](x•,tn)wndx•, 
� � 

The WE approach easily incorporates retardation coefficients and reaction terms by a 
simple exponential weighting of the right-hand side integrals . Ewing and Celia [13] have 
obtained promising results with an ELLAM formulation of this type for reactive groundwater 
transport with biodegradation. 

N avier-Stokes Problems 

The N a vier-Stokes equations are of prime importance in numerous applications. Rather 
than focus on a single application, we consider a general equation framework. To study 
compressible as well as incompressible flows, we consider the primitive variable formulation. - _ 

The success enjoyed by Pironneau [22] and Siili [29] using methods equivalent to MMOC for 
this problem was one of the motivating factors that spurred the development of DE (direct 
ELLAM). The incompressible Navier-Stokes equations in 2-D are of the form 

Du 
p- -JL�U = pf-\lp in }:; X J = fl, Dt 

v. u = 0 inn, 

u = 0 on {)}:; x J, 
u ( x, 0) = u0 ( x) on }:; , 

where u = ( u, v) is the velocity field, pis the density, p, is the viscosity coefficient, f = (/17 /2) 
is an external forcing term, p is the pressure, and V · u = 0 is the associated continuity 
equation. These equations satisfy a homogeneous Dirichlet boundary condition and are in 
the standard form for DE. 

It is important to note that a more general incompressibility condition derived from the 
continuity equation can be split into the remnants 

Dp 
- = 0 and V · u = 0, 
Dt 
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where we require constant density along streamlines but not the usual homogeneity assump
tion, i .e. p = constant. Therefore, the streamline coordinate-based DE easily incorporates 
this type of nonhomogeneity. However, we will simplify the discussion by using the ho
mogeneity assumption, scaling the equations by a constant density and working with the 
kinematic viscosity v and the kinematic pressure. 

We modify the previous discussion to fit the format of a mixed method solution for the 
velocity and pressure, following the notation of Siili [29]. The interior ELL AM equations are 

h�.+
1 un+l(z). v dz + vilt h�:f-1 vun+l . V"v dz + ilt h�:f-1 (V" . v) pn+l(z) dz 

&J lJ &J 

= h!. Un(z*) ·vn(z(z*))dz* + !:l.t h�:+-1 rn+1(z) -vdz, Vv E (Ht(�))\ 
� � 

where we have used the Jacobian ideas of Section 6 to put the right-hand side integral in 
the proper form, and 

f V" · un+1(z)wdz = 0, Vw E L�(�) ={wE L2(�): f wdz = 0}. J'E�:f-1 J'E 
., 

For compressible flows, ELLA�A ideas can be used to extend the present rrillced method 
framework. However, we will comment on these ideas a later date, as we are not aware of 
similar work with the MMOC to form a basis of comparison. 

8 APPROXIMATIONS AND NONLINEARITIES 
In this section, we review some of the basic results regarding the approximation and lin- . 
earization strategies that are used in the numerical implementation of ELLAM. A thorough 
discussion of this topic is beyond the scope of this paper and we refer the interested reader 
to two companion papers [31] and [32] that are devoted to the topics of this section. In the 
context of linear variable-coefficient advection-diffusion equations, the issue of quadrature 
for the right-hand side (Un) integral is treated in greater depth by Healy and Russell [15]. 

8.1 Quadrature 
Experience has shown that evaluation of the right-hand side integral at the old time level re
quires considerable care. As a simple example, we study the interior integral JE!. Un( z*) w dz* 

&J 
of weak ELL AM from Section 3. The sum of these integrals over all test functions w, or 
equivalently the integral over � for w = 1, determines the accuracy of glo hal mass conserva
tion. Note that for a single w, the possibly irregular relationship of z*, where z is a standard 
quadrature point at tn+l, to the solution grid raises questions of integration errors. Such 
errors are unavoidable if the integration is based on backtracking of points prescribed at tn+l. 
Thus, in the interest of exact global conservation, a forward-tracking scheme is suggested. 
Points are selected in a regular fashion at tn, carry a specified mass with them, are tracked 
forward to tn+l, and distribute their mass according to the values of various test functions. 
Conservation is assured. 
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The drawback of the forward-tracking approach is seen by considering the case un 1. 
Here the solution is flat and should remain so, but the potentially irregular distribution 
of forward-tracked points at tn+t may spread the mass incorrectly, resulting in numerical 
oscillations. In contrast, the backtracking algorithm easily puts the correct mass in each 
element in this case. Recent results suggest that a combination of the two approaches may 
be desirable [15] . 

8.2 Notation 

Before the main body of the presentation, we set some notation. We assume the use of an 
iterative method, e.g. Newton's method, to solve the overall system of equations, where 
u<t+t) is to be determined and may play the role of un+t, while u<t> is the known preceding 
iterate. We focus on the case of interior elements where the notation for the head and foot 
of a characteristic is simple; modifications for boundary elements are straightforward. 

At each iteration, for a point x at tn+t, we seek x• at tn that tracks to x. This defines 
the approximate characteristics that determine the Lagrangian elements 11ij+1• When l = 0, 
only un is available, and we seek x• satisfying X = x• + un( x*).6.t. This can be viewed as 
taking an approximate velocity that is constant on characteristics, i .e., 

As iterations continue, we can use ij{l) in defining the Lagrangian elements by a weighted 
approximate velocity 

.yn+1(x) = av(u<t>(x)) + {1- a)v(un(x*)), a E [0, 1] . 

We define v(x, t) in space-time as either a constant or linear interpolant of v(x, tn+t) and 
v( x•, tn) along characteristics in the forthcoming residual integrals . With the elements de
fined at each iteration, the approximation of the velocity field during the time step can be 
simply stated as a weighting between carrying and lagging the nonlinearity along character
istics , as in 

vn+t = av(un+1(x)) + ( 1 - a)v(un(x*)), a E [0, 1 ] . 

In this section, we focus on the a = 1 case to give a flavor of the general case for both 
velocity fields v and v. 

8.3 Characteristics and Velocities 

In the numerical setting, we use approximate characteristics instead of the exact character
istics that were assumed in the initial formulation of the methods. Our strategy ( cf. [31) , 
[32] for more details) has been to use a simple scheme to treat the characteristic differential 
equation (2), e.g .  a backward Euler predictor, with a linearized velocity. This tracking algo
rithm will be exact for a linearized velocity field v, the extension ofvn+1(U(l)) as a constant 
along the predicted backward characteristic, and we alter our formulation to incorporate this 
velocity field while introducing a residual term that maintains the link to the true velocity 
field, v. 
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In weak ELLAM the characteristic ideas impact the adjoint, so we reformulate the ho
mogeneous adjoint relation in terms of v and include a residual adjoint term viz. 

- f f U (v - v) · \lw dx dt }J ... +1 j'E&;(t) 

on the left-hand side of the interior e�ement equation framework that will account for errors in 
the tracking algorithm and in the linearization of the velocity field. Since this term vanishes 
when the equation is summed over all test functions, the statement of mass conservation 
from section 3 still holds and is unaffected by the treatment of this new term. However, the 
accuracy in the distribution of the mas s  is directly impacted by the residual adjoint. We 
consider 2-point time discretizations of the residual integral viz. 

f f g(x, t) dx dt � Ofl.t f g(x, tn+l) dx + ( 1 - O)fl.t f g(x*, tn) dx*, () E [0, 1]. h+l hijoo h�� � 
In all of the time discretizations of the residual integrals to follow, we will replace v with its 
definition in terms of v to simplify the results .  If we use a trapezoidal rule (0 = 1/2) in time 
on this term, the integral defined at the foot of the characteristic, 

-�
t h .. U"(x•) {v(U"(x• )) - v(u<ll(x))) · Vwdx•, 

*1 

quantifies tracking errors and can be moved to the right-hand side. This term can identified 
as the corrector term, as revealed from a Taylor series analysis of w, in a second-order Runge
Kutta predictor-corrector scheme for the tracking of w. However, the integral defined at the 
head of the characteristic, 

-�t h�.+t U"+l(z) {v(U"+1) - v(U(!l )) · Vw dx, 
*1 

quantifies linearization errors for the velocity field, stays on the left-hand side and motivates 
the use of a Newton solver for the overall WE scheme. As we iterate the WE equations, 
the mass of each iterate is conserved and each iterate brings in the nonlinear effects of the 
velocity field and improves the accuracy of the mass distribution. 

In direct ELLAM, characteristic ideas, brought in by the material derivative, are used 
throughout the formulation. Then, we reformulate the original statement of the problem in 
terms of an approximate material derivative that uses v, and a residual advection term 

( ( w(v - v) · V(pU) dx dt, }E'f!':tl }J•+l 
11 

on the left-hand side of the equation framework, accounting for errors in tracking algorithm 
and in the linearization of the velocity field. Since this term does not vanish when summed 
over all test functions, the statement of momentum conservation in Section 4 is affected by 
the treatment of this term. In contrast to WE, the residual term in DE controls the accuracy 
of the conservation as well as the distribution of the momentum and we must be careful in its 
treatment , as detailed in the companion papers . A fully implicit weighting ( (} = 1) introduces 
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a small, but significant, numerical diffusion term and a loss of accuracy. In contrast, a fully 
explicit weighting (0 = 0) introduces a small, but significant, pseudo-source term and a loss 
of conservation. Out of all of the 0 alternatives, it appears that the trapezoidal weighting 
(0 = 1/2) strikes the best balance between accuracy and conservation. Using 0 = 1/2, the 
integral defined at the foot of the characteristic, 

quantifies tracking errors of the linearized velocity and can be moved to the right-hand 
side. As in WE, this term can be viewed as the corrector term for the predicted foot of 
the characteristic. To recover tracking errors , we replace the predicted tracking with the 
predictor-corrector scheme. In this case, v is defined as the linear interpolant of v(U(l} (x)) 
and v(Un(x•)) along the predicted characteristics. However, the corrector is applied to the 
solution U and not to the test function w. This observation helps to reveal the true nature 
of the two ELLAM strategies . That is, WE applies the characteristic concepts to the test 
function, and the solution U and its conservative properties are unaffected by the charac
teristic weak formulation. Conversely, DE, like MMOC, applies characteristic ideas directly 
to the solution, and the approximate formulation of these ideas can affect the solution's 
conservative properties. 

The integral defined at the head of the characteristic, for 0 = 1/2,  

corresponds to a small advection term. As in WE, the left-hand side residual term quantifies 
linearization errors for the velocity field, stays on the left-hand side and motivates the use 
of a Newton solver for the overall DE scheme. As we iterate the ( 0 = 1/2) DE equations, 
each iterate brings in the nonlinear effects of the velocity field and improves the accuracy of 
the momentum distribution. 

In MMOC, tracking errors and velocity nonlinearities were not systematically treated, 
since the method was not based on local adjoint methods and there was no motivation to 
form residual terms. Regarding tracking errors , MMOC used relatively complex tracking 
algorithms [2] , e.g. 5th-order Runge-Kutta, to minimize tracking errors and conservation er
rors , since there was no residual term to recover tracking and conservation errors . Regarding 
nonlinearities, one version of MMOC lagged nonlinearities by freezing the velocity at previ
ous time levels or by keeping it constant along approximate characteristics [24] . Of course, 
this strategy works well for velocities with relatively weak nonlinearities or for relatively 
small time steps in more complicated problems. However, ELLAM gives us the option of 
tackling more complicated problems with more sophisticated linearization strategies based 
on a continuous (a) scale of carrying and lagging options within the residual framework. In 
this way, we maintain much of the time-stepping efficiency noted for linear problems. 

8.4 Reaction Terms 
As with the nonlinear velocity, we use an approximate linearized scheme to evaluate the 
reaction term and recover approximation and linearization errors in a residual reaction term. 
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For example, if the scheme incorporating reactive transport in the test function is exact for 
the provisional reaction coefficient k, the residual reaction term, for interior weak ELLAM 
elements, is given by 

f f ( k - k) u w dx dt. J Jn.+l J"Eij(t) 
Then, the optimal approximation to this residual is determined by approximation and lin
earization applied to k. In the ·simplest case, if the nonlinearity and space-time variability 
of the reaction coefficient is sufficiently weak to warrant · lagging at the foot of the charac
teristic, then k is the extension of k(U(x*, tn) )  as a constant along forward characteristics. 
The definition of the approximate test function at the foot of the characteristic, in this case, 
resembles the constant coefficient case, as in 

where we have followed the convention of the previous subsection and replaced k with its 
definition in terms of k to simplify the result . In this case, the residual reaction term vanishes 
when a forward Euler rule is applied to the residual reaction term and the nonlinearity is not 
included in the iteration scheme. On the other hand, a stronger nonlinearity may warrant 
defining k as a linear interpolant of k between the head and foot of a characteristic. In this 

• 'I • • Jl • ,. J . 1 case, tne apprmamate test Iuncuon oecomes 

The appropriate form of residual reaction is then given by the trapezoidal approximation 

�t L�.+t (k(U"+1) ...,- k(u<tl )) u w dx, 
&J 

which is kept on the left-hand side of the equations and included in the Newton iteration 
process .  

9 NUMERICAL RESULTS 
Earlier implementations of ELLAM have been limited to constant-coefficient problems 

where there are no substantive differences between weak and direct ELLAM. In these papers, 
weak ELLAM was the focus. However, in variable-coefficient problems, and especially in 
nonlinear problems, the relative merits of the two approaches are more easily seen. Recently, 
Ewing and Celia [13] presented weak ELLAM results for nonlinear reaction. Given the 
limitations of space, we will confine our numerical results in this paper to nonlinear velocity 
and to a comparison of direct ELLAM and MMOC. In companion papers [31] , [32] , and [33] , 
we present more comprehensive numerical results. 

Our test problem is the viscous Burgers equation, which is a 1-D model for turbulence 
and for shock waves passing through a viscous fluid. The viscous Burgers equation with 
ramp initial data is given by 
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u(xo, t) = a, u(xn, t ) = b  for t E (O, tN] ,  { a x E [xo,xb) 
u( x, 0) = uo(  x) = a ( Xb + d - x) / d + b ( x - Xb) / d x E [ xb, Xb + d] 

b X E ( Xb + d, Xn]. 

The test problem is in the form of the model problem for direct ELLAM with v(u) = u. 
In order to study near-shock solutions, we performed computations up to the time where 

a shock would form for the inviscid Burgers equation. That is, when e = 0 and a >  b > 0 ,  
a shock forms at  time ts  = df(a - b) and at  position xs = Xb  + a ts. Using the Rankine
Hugoniot relations (jump conditions) , the shock propagates with a velocity equal to (a + b)/2 
for t > ts. For small values of € and ramp endpoints sufficiently far from the endpoints of the 
domain, the viscous ,  parabolic, boundary value solution closely approximates the inviscid, 
hyperbolic, pure initial value solution. Using the Cole-Hopf transformation (see Whitham 
[36] }, we can find the exact solution to the viscous Burgers equation and determine the 
large-time quasi-steady state behavior of the solution as in [24]. In our test problem, the 
solution approaches a maximum slope equal to (a - b)2 /8e in absolute value. Our test runs 
used a = 2, b = 1 ,  d = 1 ,  and € = 1/100 ,  and approached a maximum negative slope of 12.5 
at the end time, tN = 1, of the computation. 

9.1 Algorithms 

Before presenting numerical results , we briefly outline the equations formed by the MMOC 
and direct ELLAM algorithms. 

Modified Method of Characterist ics (MMOC) 

In MMOC, we discretize the material derivative by a backward difference along charac-
teristics, 

DU (un+1(x) -un(x*)) 
--- �---------------Dt 

� 

!1t 
. 

The foot of the characteristic, x•, is defined by the predictor-corrector tracking algorithm 

where 
x•(P) = X - U(l) (x )f1t 

and u<t) is the most recent iterate of un+l (x). 
The method is formed by replacing the material derivative with its backward difference 

and applying spatial integration by parts to the viscosity term. The spatial domain is 
partitioned as 

where 

Xo < · · · < Xi-1 < Xi < ._. · < Xn, 

Xi = Xi- l  + L1xi, i = l ,  . . .  , n . 
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For the [xi-t , xi] spatial finite element, we have 

If x* crosses the inlet boundary, i.e. x* < Xo, we extend the boundary so that un(x*) = a . 
We use Picard iteration (successive substitution) on the right-hand side of the equations 

as the .effect of the nonlinearity is brought in through the use of the tracking algorithm to 
evaluate un(x*). We used un+l (O)(x) = un(z) as an initial guess to advance the solution 
along characteristics , where z is implicitly defined by (as in section 8)  

subject to  the time-step constraint {by the Implicit Function Theorem) 

In this way, the iterations are used to bring in the viscous effects. We can view this method as 
a fractional-step procedure in which an advection step from Un(z) to un+l (O)(x) is followed 
by a viscosity step to un+1 (x ) .  

Direct ELLAM (DE) 

In DE, we generalize the MMOC perspective and perform space-time integration by parts 
with respect to the Dt and \1 operators. For the nr+l = [xi- t , Xi] X Jn+l interior space-time 
finite element, we obtain 

1:r:• un+1 (  x) w dx + € Llt 1:r:• u;+t w:r; dx 
:r:a-1 Zi-1 

+ !:J.t ['' (un+l - u <t>w;+t wdx = [' un( x* ( x))wd x, 
2 Zi-1 Zi-1 

where x* is found by the MMOC tracking algorithm. 
To form the nonhomogeneous Dirichlet inlet boundary condition, we reverse the order 

of operations used to form the total flux boundary condition in Section 3 .  That is, we use 
a backward Euler rule in time on the viscosity term and then integrate by parts in space. 
Instead of MMOC's ad hoc extension of the boundary when the head of the characteristic, 
(x, tn+t), backtracks to the inlet boundary (x0, t* ) ,  DE incorporates boundary effects in the 
inlet element equations: 

l:A:i un+l (z) w dz + € l:ti Llt(z)u;+l W:r; dX + € 1Zi 
u::+l (Llt(z)):r; W dX 

:A:i-1 :A:i-1 Zi-1 
+ ['' !:J.t(x) ( un+t - u <t>)U;+t w dx = [' U(xo, t*(x))w dx. 

Zi-1 2 Zi-1 

In comparison to MMOC, the residual advection term arises from a more precise dis
cretization of the nonlinear material derivative; for a linear problem, this term does not 
appear. Unlike the ad hoc extension of the boundary in the MMOC, the DE inlet equations 
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reflect a systematic treatment of boundary conditions over a reduced time step . In a numer
ical implementation, for the left-hand side of the DE equations we invoke Newton's method 
which is better-suited for strong nonlinearities than the Picard iteration scheme used for 
the MMOC. On the right-hand side, we can use the Jacobian ideas of Sec�ion 6 to use a 
forward tracking, instead of backtracking, quadrature as in weak ELLAM. As in the MMOC, 
We used the smooth solution to pure hyperbolic problem, un+l (O)(z) = Un(x) ,  as an initial 
guess to advance the solution along characteristics. In general, we would use the related 
Euler Characteristic Galerkin (ECG) method of Childs .and Morton [8) , [19] to solve the 
associated hyperbolic problem and form the initial guess in the near-shock regime. In this 
way, the iterations are used to bring in the viscous effects. Therefore, we can view DE and 
MMOC as fractional-step procedures in which an advection step from un( x) to un+t (o)( z) 
is followed by a viscosity step to un+ 1 ( :z;) . 

9.2 Methodology 

In the numerical results,  we studied the spatial and temporal behavior of the method on 
coarse grids. The coarseness of the spatial grid was measured in terms of the cell Peclet 
number, 

PP = 
v �z 

- - ' E 
where �z is the spatial grid spacing, whereas the coarseness of the temporal grid was mea
sured in terms of the cell Courant-Friedrichs-Lewy ( CFL) number, 

CFL = 
v �t . �:z; 

In order to better characterize the state of affairs on the steepening and moving solution 
front, we used the average value of the velocity on the front, v = (a+ b) /2, to define average 
cell Peclet and Courant numbers, Pe and C FL. 

The direct ELLAM and MMOC equations were solved by Newton-Raphson and Picard 
iteration, respectively. The average number of iterations per time step that was required 
for convergence of the numerical solution, as determined by the L2 norm of the residual of 
the discrete nonlinear equations, is denoted by Z. To quantify the accuracy of the numerical 
solution, we used two measures of error. The first error measure was the L2 norm of the 
difference between the exact , u, and the approximate solution, U, at the final computational 
time level tN = 1, and is denoted by l l [u - U] ( · , tN) I IL,([�o ,�AD · The second measure was given 
by the L 2 norm at tN of the difference between the exact solution and its L2 projection, u, into 
the underlying finite-dimensional subspace of FEM trial functions that form a nodal basis on 
the spatial computational grid, and is denoted by l l [u-u] ( · , tN) I IL,([�o .�AD · The latter measure 
represents the smallest possible error, in the L 2 sense, that can be obtained by the method 
on the given spatial grid. In this vray, the constraints placed on the methods by a coarse 
spatial mesh can be more readily understood. Our final measure in the numerical results was 
the proportion of (mass) conservation error at tN = 1 which is given by ( [u - U]N ,  1 )/( uN,  1 ) , 
where (· , · ) is the L2 ( [x0, xn] ) inner product . This measure is an important barometer of how 
well the method is behaving in applications, since the total mass is usually available but the 
exact solution is not . 
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In the tables of results,  we also are interested in the spatial and temporal convergence 
rates for direct ELLAM and MMOC. The constant-coefficient ELLAM convergence theory 
of Wang et al. [35] suggests that the optimal order L2 error estimate 

where C is a constant independent of the mesh parameters and k is the order of the underlying 
FEM polynomial test and trial spaces , may be  available for nonlinear problems. We note 
that similar theoretical results for MMOC have been established by Douglas and Russell in 
(11} and by Russell in [25] and confirmed empirically. 

9.3 Discussion of Results 

Tables 1 and 2 show the spatial history with a fixed C F L number (fixed temporal refine
ment) for direct ELLAM and MMOC with G0 piecewise-linear test and trial spaces. Both 
methods show second-order spatial convergence rates with no appreciable numerical diffusion 
or oscillation on meshes with Pe one order of magnitude larger than what is usually required 
by traditional Eulerian approaches. This result supports the conjectured and established 
spatial error estimates for the respective methods. The methods converge to nearly identical 
final solutions , with direct ELLAM being slightly more accurate. However, the methods 
differ in the way in which they converge. Direct ELLAM, with its residual adjoint term, 
converges quadratically with its Newton-Raphson linearization; whereas , MMOC, without a 
residual term, converges linearly with its Picard linearization. The reduction of conservation 
errors by ELLAM is a result of the left-hand side residual term, since the two methods were 
equipped with the same right-hand side quadrature strategy. It is important to note that 
the direct ELLAM conservation errors could be  further reduced by the use of the Jacobian 
term discussed in Section 6, which permits the use of a weak ELLAM quadrature strategy. 

In Figures 2 and 3,  we see the two coarsest direct ELLAM numerical solutions plotted 
against the L2 projection, u, of the exact solution into the grid. In Figure 2, the coarseness 
of the spatial grid caused the projection, u, to oscillate while the small amount of numer
ical diffusion from the residual term damped the small oscillation, caused by the grid, in 
the computed solution. We will elaborate on this phenomenon shortly. In Figure 3, the 
differences between the computed and projected solutions are minor as the spatial grid is 
sufficiently fine for an accurate representation of the projection and the numerical solution 
displays little, if any, numerical diffusion. The remaining two finer numerical solutions are 
virtually indistinguishable from Figure 3. To better understand Figure 2,  we computed a 
coarser numerical solution with mesh parameters D..x = 1/4, Pe = 37.50, D..t = 1/16, and 
G F L = 0.375. In Figure 4 ,  this computed solution is plotted against the projected solution. 
In this case, we see that the both of the solutions oscillate on this very coarse spatial grid; 
however, the computed solution is discernibly less oscillatory than the projected solution. 
This empirical result is in line with earlier MMOC results .  That is ,  when the computed 
solution displays undershoot or overshoot, the problem is one of an inaccurate grid repre
sentation of the computed solution and not a problem peculiar to the characteristic-based 
method. In this case, the remedy to the problem is local mesh refinement in the region of 
oscillation. 
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Tables 3 and 4 display the temporal history with a fixed Pe number {fixed spatial refine
ment) of the direct ELLAM and MMOC numerical solutions. Both methods demonstrate 
first-order convergence in time with no appreciable numerical diffusion or oscillation for CF L 
numbers _1 to 2 orders of magnitude larger than standard Eulerian methods. This result con
firms conjectured and established temporal error estimates for the respective methods. Qual
itatively, the temporal results matched the spatial results with direct ELLAM and MMOC 
converging quadratically and linearly, respectively, to nearly identical solutions. MMOC 
yielded slightly more accurate results than direct ELLAM; however, much more iteration 
was required by MMOC. Also, direct ELLAM showed a marked improvement over MMOC 
in conservation errors . That is, the DE solution dipped below the our 10-7 error tolerance, 
while MMOC experienced persistent conservation errors that actually increased to lo-s with 
the :finest temporal mesh. 

Figures 5 and 6 show the two coarsest direct ELLAM numerical solutions against the 
projected solution. For these runs, the spatial discretization is sufficiently :fine so that the 
projected and exact solutions are virtually indistinguishable. Figure 5 shows a small amount 
of numerical diffusion at the coarsest time mesh with C F L = 30. Figure 6 shows the 
vanishing of discernible numerical diffusion in the computed direct ELLAM solution with 
the next :finest time mesh, CF L = 15. 

10 SUMMARY 
The ELLAM methodology provides a natural framework in which to design conservative 
characteristic-based algorithms for advection-reaction-diffusion problems with general bound
ary conditions. It is more a methodology than a method, as one must still make a variety 
of specific choices of adjoint formulations (test functions),  integral approxim

.
ations, and trial 

functions. Nonlinearities increase the number of issues to be considered. 
In this paper, we have formulated a weak approach based on an Eulerian adjoint, mo

tivated by mass conservation relationships in divergence form. Also, we have formulated a 
direct approach based on a Lagrangian adjoint ,  motivated by momentum conservation rela
tionships in nondivergence form. The two approaches can be related by appropriate measure 
changes that can be viewed as arising from pseudo-reaction terms that are incorporated in 
the adjoint. 

The value of the ELLAM framework lies in its ability to extend known successful schemes 
(e.g., MMOC) to incorporate boundary conditions in a conservative manner, in its inclusion 
of residual terms that correct for approximation errors in earlier methods, and in its flexibility. 
The extensions and residuals have been touched upon here; further papers [31] ,  [32) , and [33) 
will explore these questions, particularly nonlinear aspects, in greater detail. The flexibility 
can be expected to be crucial for nonlinear systems ,  where the concept of characteristics may 
cease to have meaning, but physical velocity will persist. That is, the Lagrangian elements 
can be defined using an appropriate velocity without regard to characteristics ; and remaining 
advection can be addressed with Petrov-Galerkin test functions, as in (9J . The present paper 
sets the stage for much of this future work. 
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�X 
�t 
l 
Proj 

KEY 

= Spatial grid spacing, Pe 
= Temporal grid spacing, C F L 
= Average number of iterates ,  Error 

= Average cell Peclet number 
= Average cell CFL number 
= l l [u - U]{ · , tN) I IL, ([:ro ,:rn]) 

= l ! [u - u] ( · , tN) I IL, ([:ro ,:rnD Conserv = conservation error 

Table 1 :  Spatial Results for Direct ELLAM 

�X Pe llt CFL l Error Proj Conserv 
1/8 18.75 1/32 0.375 2 .000 2 .018E-2 1 .782E-2 -9 .2E-5 
1/16 9 .375 1/64 0 .375 2 .000 5 .218E-3 3 .229E-3 -1 .1E-5 
1/32 4.688 1/128 0.375 1 .813 1 .376E-3 5.832:g;4 -1 .4E-6 
1/64 2 .344 1/256 0.375 1.144 4.477E-4 1 .367E-4 -2E-7 

Table 2:  Spatial Results for MMOC 

tlx Pe �t UFL l �rror Proj Uonserv 
1/8 18.75 1/32 0.375 2 .406 2 .0 18E-2 1 .782E-2 -9 .4E-5 
1/16 9 .375 1/64 0 .375 2.047 5 .226E-3 3 .229E-3 -1 .6E-5 
1/32 4.688 1/128 0 .375 2 .000 1 .381E-3 5.832E-4 -3.9E-6 
1/64 2.344 1/256 0 .375 1 .140 4.338E-4 1 .367E-4 - 1 .4E-6 

Table 3:  Temporal Results for Direct ELLAM 

llx Pe llt CFL l Error Proj Conserv 
1/80 1 .875 1/4 30.00 2 .50 1 .599E-2 8 .686E-5 +2E-7 
1/80 1 .875 1/8 15.00 2.25 8 .673E-3 8 .686E-5 -

1/80 1 .875 1/16 7.50 2 .00 4.528E-3 8 .686E-5 +1E-7 
1/80 1 .875 1/32 3 .75 2 .00 . 2 .332E-3 8 .686E-5 -

Table 4: Temporal Results for MMOC 

llx Pe llt CFL l Error Proj Conserv 
1/80 1 .875 1/4 30.00 3 .750 1 .596E-2 8 .686E-5 -3 .5E-6 
1/80 1 .875 1/8 15.00 3.125 8 .658E-3 8.686E-5 -7.2E-6 
1/80 1 .875 1/16 7.50 2 .438 4.511E-3 8.686E-5 -l .SE-6 
1/80 1 .875 1/32 3.75 2 .156 2 .320E-3 8 .686E-5 +1 .6E-5 
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