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ABSTRACT 

Data often arise as measurements in two dimensions, such as mineral content at 
various locations in a region, weather data, or performance characteristics of electronic 
components manufactured on a surface. In this chapter, we describe methods of explor
ing such data for purposes of (1) reducing noise due to local variation or exotic values 
and (2) highlighting broad, spatial trends. The detection of spatial patterns often leads to 
insights concerning the mechanisms which generated the data and, in some cases, to 
suggestions for improving the process. This chapter covers purposes, costs, and benefits 
of smoothers ( Sections 1 and 2), types of two-dimensional smoothers ( Section 3), 
displays of smoothed data ( Section 4 ), and examples ( Section 5). The references include 
suggestions for further reading. 
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1. Why Smooth? 

One of the main goals in statistics is the decomposition of data into two components: that which can 

be "explained" by some easily defined structure, often called the signal, and that which remains as unex-

plained variation lacking any obvious or definable structure, often called the noise. Sometimes the 

"explained" component is specified by an underlying functional form (e.g., response= linear function of 

explanatory variables); methods of fitting such functions may then be applied. But often data arise for 

which no particular model form is presupposed, except perhaps that the form is relatively smooth, in some 

sense, either across the entire region or perhaps within subregions with a few sensibly defined points of 

transition. Our focus in this chapter is on flexible methods which, when applied to the data, can be valu-

able tools in the process of separating the two components. Fitting the apparent structure is a separate pro-

cess and is not discussed here. 

Our focus will be on methods for two-dimensional data, i.e., responses which are a function of two 
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variables (which we hope are reasonably independent, but which may not be, so there is good reason to 

consider functions of both variables simultaneously). For example, the data may be measurements of per

formance such as resistance at evenly spaced locations on a wafer of integrated circuits, or the air quality at 

dispersed geographical locations. Often data which are distributed throughout broad regions (e.g., geologi

cal or mining data) are highly variable, due to variations in not only the measurement process but also in 

sampling variation. For such data, the smoothing step is essential to reduce variation and to suggest 

appropriate analyses. Geographic data, such as soil mineral content or cancer mortality rates by county, 

are situations where smoothing is vital. 

It is easy to think of examples where smoothing is use ful for one-dimensional data, particularly when 

the explanatory variable is time. Consider control charts: to determine the overall performance of the pro

cess over time, one might wish to apply a smooth curve to the data as a function of either the order in 

which measurement averages are taken or the actual time (day, hour, etc.) of these averages. The average 

size of components used in a manufactured item may be recorded for purposes of maintaining quality con

trol over the process as lots of these components are produced throughout the day. The data consist of 

departures of the observed averages from the target and may contain three sorts of variation: 

• broad, long term trends; 

• short term measurement error in individual points; 

• exotic values or outliers. 

The first sort, if it can be identified, may give rise to a model and thereby fall into the "explained" com

ponent (e.g., a gradual drift in the process over time, perhaps indicating the need for equipment recalibra

tion). As a consequence of the second and third types of variation, even if this broad, long-term variation is 

truly smooth, the data values are unlikely to fall perfectly along a smooth curve. In fact, if the measure

ment error is large enough and the exotic values are distracting enough, we may find it difficult to decipher 

any kind of trend at all (e.g., obscuring the need for recalibration). For such circumstances, data smoothing 

is highly useful for summarizing the general trend. 

When data are defined in the plane, the ability to decipher patterns is usually much more difficult due 

to the added dimension. For example, suppose that material is blended and molded into a particular part 



- 3 -

shape, and the homogeneity of a compound in the material is critical. Measurements of surface homo

geneity will be two dimensional. If these measurements are indeed some smooth function of the surface 

locations, then it is possible that identification of inhomogeneous areas may suggest improvements to either 

the blending process or the molding process or both. But a visual impression of the surface will be difficult 

to assess, particularly amidst noisy measurements. We will examine some data from such a situation in 

Section 5.2. 

An even more challenging situation arises when the data on the response variable represent sum

maries over broad regions which are unevenly spaced and possibly irregularly shaped. For example, the 

U. S. Geological Survey collects a vast number of measurements related to mineral content in soil. While 

they may define regional plots that are more or less conveniently shaped, natural boundaries such as rivers 

or mountains interrupt the regular patterns. Moreover, a single measurement may apply to a fairly exten

sive plot of soil and thus may be subject to sampling variation. 

Figure 1 shows the average January temperature, measured in tenths of degrees Fahrenheit, in 86 

counties within 500 miles of San Francisco. Because counties are of varying sizes, the value is plotted at a 

point at which most of the population tends to be concentrated.* Despite the fact that the measurement 

error here is likely to be relatively small (each value is an average over 31 days in January), the ability to 

decipher any sort of broad features in these 86 values is hampered by the spatial distribution of numbers 

across the area. We will return to these data in Section 5. 1 using the methodology to be described in Sec

tion 3. 

2. Definition and benefits of smoothing. 

2.1 What is smoothing? 

Now that we have some intuitive notion of what smoothing might accomplish, we can propose a 

definition of a smoother as a statistical tool for summarizing the relationship between a response variable 

and one or more explanatory variables for the purpose of revealing and enhancing patterns in a set of 

measurements. Most often, this task is accomplished by removing local fluctuations and distracting detail 

* The actual plotting locations were obtained from Professor Colin R. Goodall at The Pennsylvania State University. 
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(attenuating high frequency components) while preserving broad, general variations in the data (amplifying 

low frequency components). 

An important feature of a smoother is its flexibility. Ideally, the application of a tool should not 

depend on, nor assume, any particular parametric model for the data. For example, we learned in our first 

statistics courses how to fit a line by least squares; the procedure for calculating the slope and intercept 

does not require that the errors from the fitted line follow a certain parametric form (inference about the 

parameters, however, typically assumes a particular form for the error distribution). A simple smoother for 

a single response and a single explanatory variable is running means (or running medians): the smoothed 

value at a given location is the average (or median) of the responses at the given location and its immediate 

neighbors. The output of the smoother, called the smooth, may suggest a particular functional form for the 

dependence (e.g., linear or quadratic). Such a functional form, or model, may be fitted by other methods 

(e.g., least squares or parametric regression). But the process of smoothing does not assume any form for 

this dependence, or even that it will necessarily be followed by fitting. 

A smoother generally alters the original data; i.e. the smoothed value generally is different from the 

original value (unless the identity smoother is applied, which leaves the data unchanged). We will see that 

the degree of change can be tuned to a large extent by tuning the bandwidth of the smoother to a value 

which depends upon the variation of the signal relative to that of the noise (§ 4. 1) .  For the price of this 

slight alteration to the data, we gain: 

• an enhanced relationship between the response and the explanatory variables, leading to hypotheses 

for possible mechanisms for the process which generated the data; 

• the ability to display trends effectively by reducing measurement error; 

• a reduction of local variation, including the tendency to downweight exotic values, unsupported by 

neighboring values but which draw attention away from broad, spatial features; 

• the suggestion of a functional form for the response which may lead to fitting (e.g., by least squares 

or nonparametric regression); 

• an examination of the residuals(= data- smooth) which may reveal further patterns. 
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2.2 What is not smoothing? 

Notice that forecasting and interpolation are not identified among the aforementioned goals of 

smoothing. These objectives generally require the assignment of values somewhere other than at the points 

where data are taken. The technique known as kriging is designed to solve the problem of predicting the 

outcome, such as mineral content at unsampled locations. Often this technique recovers precisely the 

observed data values at already sampled locations. In contrast, the application of smoothing readily admits 

errors in the measured values, making exact reconstruction obviously unnecessary and even undesirable. 

Our goal in smoothing is to obtain values whose local variation has been much reduced and which lie 

closer to some smooth surface which we presume underlies the data. 

3. Classes of smoothers. 

Having described what smoothing is and why one might want to smooth data, we now describe how 

smoothing can be performed. To formalize the concepts described in Section 2, suppose that our response 

consists of n observations is denoted by a vector z = (z 1, • • • , Zn) ', and that it is a smooth function of p 

independent variables whose values at then locations are x1 = (x11, · · · , x1p), · · · , Xn = (xn 1, · • · , Xnp). 

We wish to represent each observation as 

where zi represents the broad, smoothly varying component, or "signal", ei represents the unexplained ran

dom variation or noise such as measurement error or sampling fluctuation, and ui represents the unusual or 

exotic part of Zi which is distinctly different from mere sampling fluctuation and can often provide valuable 

information about the underlying structure or process. For example, if Zi is a measure of function at the ith 

location on a wafer of circuits, a malfunctioning circuit may result in an extreme value of Zi. It would be 

inappropriate to count this contribution as either part of the broad, smooth trend or as random, unexplained 

noise; its departure from the signal is more properly termed "unusual" or "exotic". 

Our target in smoothing is the component Zi, expressed as some smoothly-varying function, sayS(·), 

of the p variables and possibly of z itself. Sometimes S(·) has a parametric form (as in fitting a line or a 

quadratic), but other times S(") is defined algorithmically (as we shall see with loess and headbanging). 
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Smoothers may be defined into two categories: linear and nonlinear. We will describe two-dimensional 

smoothers in terms of these two classes. In many cases, the extension to higher dimensions will be 

straightforward. 

3.1 Linear smoothers. 

As its name implies, the output of a linear smoother, Zi, can be expressed as some linear combination 

of the observed responses z = (z 1, · · · , Zn)', where the coefficients in the linear combination do not depend 

on any of the {Zj} but may (in fact, probably) depend on the {xi} in some indirect way. The earliest 

smoothers were of this form and appear in the engineering literature as digital filters (Blackman and Tukey 

1959, Otnes and Enochson 1972, Hamming 1973, Koopmans 1974). In matrix notation, the nxn matrix S 

is said to be a linear smoother if z = Sz and S does not depend on z. Because Sis a function of only the x' s, 

generally assumed to be known or measured without error, one attractive feature of linear smoothers is the 

ability to calculate the variance of z, once the covariance structure of z, say It, is known: Var(z) =SitS'. 

Another attractive feature is their relatively straightforward interpretation and computation. Different 

choices for S distinguish different linear smoothers; we present some of the more commonly used linear 

smoothers in this section. 

3.la Moving disk averages. 

A simple smoother that is analogous to the one -dimensional running means smoother is a moving 

disk average, defined by 

Zi = L Zj I#[ Ji(K)} 
jfJ;(K) 

where Ji(K) = {j: d (xi , xi ) � K}, #{ Ji(K)} denotes the number of elements in the set Ji(K), and d(xi , xi ) 

is the interpoint distance between xi and xi. Thus, zi is simply an average of all Zj whose xi is within some 

fixed distance from xi. For simplicity, we usually take d ( ·, ·) to be Euclidean distance, although other dis-

tance metrics are indeed possible. If p = 2 and the two variables (xil, xi2) denote (longitude, latitude) of 

the i1h point at which the temperature Zi is measured (or, as in Figure 1, where Zi has been assigned within 

the county), then zi is simply the average of all temperatures within K units of distance from Zi · 
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Notice that the smoothness of the result is characterized by K: the larger the value of K, the more 

points are included in the average, and hence the smoother the result. For uninteresting, relatively constant 

patterns, a high value of K is desirable, particularly when the noise level is high. For highly structured pat-

terns, a smaller value of K will prevent important features of the structure from being smoothed. Notice 

also that this smoother can be written in the form z = Sz, where Sis a matrix {sij} for which 

sij = 1 I#{Ji(K)} 

= 0 

d ( xi ' Xj ) 5: K 

else . 

Weights of this form are often called rectangular, or "boxcar", weights, since, with a one dimensional x, a 

plot of the weights looks like a rectangle or symmetric boxcar centered at the value xi. Invariably, the 

abruptness of these weights (i.e., positive weight when d ( xi , xi ) = K -E but zero weight when 

d ( xi , xi ) = K +E) can have undesirable properties. For example, z is not likely to be a very smooth func

tion. This effect has long been recognized in spectrum analysis and density estimation. Instead of a sharp 

cutoff in frequency below which the smoother should pass and above which the smoother should suppress, 

some low frequencies are accentuated while some high frequencies are allowed to creep in to the smooth. 

( In spectrum analysis, this is known as Gibbs's phenomenon; see Bloomfield 1976, p.131). Thus we often 

replace the boxcar weights in the moving disk average with weights defined from a smoother function 

called a kernel. A common set of smoothing weights sij is defined by a Gaussian-shaped kernel: 

sij oc exp {- [ d( xi , xi) I K ]2 } • 

Here, K is again a bandwidth, and the larger the value of K, the smoother the result. Another set of smooth 

weights is inversely proportional to the interpoint distances: 

sij oc 1 I { 1 + [ d ( xi , xi ) ]P } • 

Such weights will not decay as fast as the Gaussian weights, particularly when p = 1 (p = 1 and p = 2 are 

the most commonly used values for this kind of weighted distance smoother.) Notice that the moving disk 

average smoother is equivalent to using a disk -shaped kernel, so called because of the shape of its support. 

Even with more continuous weight functions, kernel average smoothers can incur substantial bias, 

particularly at peaks, valleys, and boundaries. Peaks tend to be flattened due to the inclusion of lower 

neighboring values in the average comprising Zi; for the same reason, valleys tend to be raised. Bias at the 

boundaries is even more severe, particularly when there is a slight trend at the boundary. ( It is easy to see 



- 8 -

how this happens by considering the one-dimensional case. Try some examples on your own.) Proposals 

for improving the performance of smoothing at the boundaries have been offered for the one-dimensional 

case (Hall and Wehrly 1991 ), but it is far from clear how these problems can be addressed in higher dimen

sions, since even the definition of "boundary observations" is debatable (Hastie and Loader 1993, p.128). 

For a general discussion of kernel smoothers, see the very useful chapters in Silverman (1986, Chapters 3, 

4, and §5.3), Hardie (1990) and Scott (1991). 

3.1 b Locally weighted regression. 

The moving average or kernel smoothers described above do not always reliably capture features in 

the data. We noted earlier the problem of bias at boundaries, peaks and valleys. Another problem is the 

"slow reaction time" in following trends. To better visualize this problem, consider the use of running 

means in one dimension. Even if the points, say (xi, Zi, i = 1, · · · ,  n) , lie directly on a line with nonzero 

slope, the smoothed value zi may not coincide with zi when the xi's are unevenly spaced. (This is easy to 

see when {xi}= {zi} = { 1, 4, 5, 6, 10, 15, 18, 20} and Zi is found by taking running means of length 3. It is 

easy to imagine cases where the bias is much worse.) We know from regression analysis that we would do 

a better job of prediction if we were to fit a line, rather than a simple average, to the neighboring points. 

We might do even better if we were to fit a weighted regression line, where the weights are a function of 

the distance to the target point. Finally, to avoid the influence of exotic points on our regression, we might 

consider fitting the line using a robust algorithm rather than simple weighted least squares. These ideas are 

all combined into a locally weighted regression smoother first called lowess by Cleveland (1979): the 

smoothed value is the predicted value for a robust weighted regression using a fraction f of the points 

closest to the target point being smoothed, with a priori weights given as a function of their distances from 

the point being smoothed. 

In higher dimensions, the name was shortened to loess. (Thew was dropped, presumably in recogni

tion of the similarity of this word to loess, from the German UJss, meaning an extremely rich, fertile soil 

deposited by the wind, which, when viewed in a cross-section of earth, appears to geologists as a narrow 

curve.) Basically, loess is a method of locally weighted regression, which is a subset of procedures known 

as nonparametric regression. Instead of smoothing a given value as a weighted average of its neighbors, 
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loess calculates a weighted least squares regression surface over the point and its nearest neighbors. Dis

tance weights, wii' are defined for the fraction f of then points that are closest to xi and are based on a 

function of the distance from the value to be smoothed, i.e., 

where 

d (xi, xi) = distance of xi from target location xi 

dj(xi) = maximum distance to xi of the [f·n] points nearest xi . 

Using these weights, a weighted least squares regression of {zi} on the p variables is calculated, and the 

fitted value at { xil , ... , xip } from the regression surface serves as the smoothed value for Zi. 

Notice that the severity of the smooth is controlled by f, the fraction of points to use in each weighted 

regression. Smoothness of the result can also be controlled to some extent by the degree of the fitted 

regression sutface, usually linear or quadratic in the p variables. For l1ighly structured surfaces, a quadratic 

loess will obviously do a much better job of capturing peaks and troughs in the data than linear loess. 

However, reduced bias comes at the expense of increased variance due to the complexity of the fitted sur-

face. 

Since the smoothed value in loess is a prediction from a regression surface rather than a simple aver-

age of nearby values, loess allows greater flexibility in the smoothed surface than moving disk or kernel 

averages. Underlying features in the surface such as inclines, hills, or valleys in any direction are more 

likely to be reflected in the loess smoother. Being a linear smoother, bias at the boundaries, peaks, and val-

leys will still occur, to some degree. However, if the underlying surface really is a plane, then the linear 

form of loess will be unbiased. The method can be computationally intensive, although efficient algorithms 

have been developed (Cleveland, Devlin, and Grosse 1988). Least squares regression estimates are fast to 

compute, causing loess to be very sensitive to exotic data points, particularly in its quadratic form. This 

sensitivity may be reduced by including robust weights to the distance weights defined above: the robust 

weights depend on the size of the residual (data value- smoothed value). Alternatively, one may choose a 

different criterion for parameter estimation other than least squares, weighted least absolute deviations 

( Wang and Scott 1991). 
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One-dimensionallowess incurs less bias at the boundaries than do kernel average smoothers, particu-

larly when linear trends are evident in the neighborhood of an endpoint (why?). Bias can still be noticeable 

and can depend heavily on the fraction of points being used. ( Imagine a roughly cosine-shaped curve, and 

consider the situation where the fraction of points extend to only � versus V2 of the period.) Hastie and 

Loader (1993) discuss bias for both kernel smoothers and lowess in the one-dimensional case. Far less 

research has been conducted for bias in higher dimensions. ( See Hansen (1989) for a discussion of bias 

incurred by loess in two dimensions.) 

3.1 c Other linear smoothers. 

Loess falls into the class of nonparametric regression methods; i.e., nonparametric estimation of a 

regression surface in p dimensions (Titterington 1985). Many other methods of nonparametric regression 

have been proposed to achieve robustness against exotic values, resistance to stationarity assumptions 

among the error terms, or greater computational efficiency. Very often, multivariate smoothers are built up 

by applying univariate smoothers to the p individual variables. (We will see why in Section 4.4). General-

ized additive models model the response z as a sum of p smooth functions of the p variables; z may have a 

variety of error structures, and the fitted value of z is the smooth (Hastie and Tibshirani 1990). The method 

p 
of alternating conditional expectations builds a regression model of the form 9(zi) = L <!>k(xik); the func

k=l 

tions e, <!>t. · · · , <I>P are estimated using univariate smoothing techniques (Breiman and Friedman 1985). 

Projection pursuit regression builds a model for z with smooth functions of linear combinations of the p 

variables. Once a direction, say a., has been identified ("projection pursuit"), a univariate smoothing of z 

on u = (wx1, • • · ,  wxn) is performed. The process is repeated for several directions, (a.t. �. ·· ·), each 

time on the residuals from the previous smooths. Then z is the sum of these smooths (Friedman and Stuet-

zle 1981). 

A common method of nonparametric regression is smoothing splines. Smoothing splines are actually 

a special case of kriging, where measurement error has been taken into account. Most of the work in this 

area has been carried out for one dimensional problems. Mathematically, splines have some very attractive 

properties: their formulation is mathematically elegant, for they are the solution to a global optimization 
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problem; they are made smooth by incurring a penalty term for roughness; there are numerous results on 

their consistency, normality, and rates of convergence to the true function. Although smoothing splines 

can be made to approximate local fitting procedures, they tend to involve massive amounts of computation 

-- particularly if knots and other smoothing spline parameters are estimated from the data (see §4.1). There 

has been only a little work on spatial or multivariate splines for the purpose of multivariate smoothing (e.g., 

MARS, described in §4.4). Even when data are sampled at evenly spaced locations on a grid, issues such as 

knot placement, choice of basis functions, minimization criteria, and degrees of spline functions all require 

consideration when using spatial splines as smoothers. Readers interested in smoothing splines should 

refer to Silverman (1984), Ramsey (1988), Chui (1988), and Wahba (1990). 

3.2 Nonlinear smoothers. 

Linear smoothers have some nice properties, most notably mathematical tractability and computa

tional ease. For example, if one is optimistic enough to believe that the data are Gaussian distributed, it is 

possible to construct confidence intervals and standard hypothesis tests for the loess smooth, since each 

smoothed value is the prediction from a weighted linear regression. In addition, interpretation and descrip

tion of linear smoothers is often simpler than for nonlinear smoothers. 

Nontheless, nonlinear smoothers offer several advantages over linear smoothers. First, without 

linearity constraints, nonlinear methods have the potential to be more flexible and thus can represent the 

data more closely. As we saw in one dimension, a linear smoother has a tendency to raise troughs and 

diminish peaks in an oscillating series. In two dimensions, linear smoothers tend to fill in valleys and 

flatten hills. Second, linear smoothers have a tendency to blur sharp features such as edges. These effects 

are illustrated nicely with a simple time series shown in Figure 2a, due to Hansen (1991). Running means 

of length 3 tend to blur the sharp change in level (Figure 2b ), whereas running medians of length 3 main

tain the sharp edge ( Figure 2c ). When the effects we seek are small, it is important not to obliterate them 

further with the use of a harsh smoother. Third, unusual or exotic values in the data are poorly handled by 

linear smoothers. An exotic value in a series (see Figure 2d) will be smeared by the linear smoother across 

adjacent values, thus creating extended features in the smooth which really come from just a single value 

( Figure 2e). Nonlinear smoothers tend to smooth over the exotic value ( Figure 2f), saving the information 
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on its existence in the residual series (data- smooth) . The examination of the residuals, Zi- Zi, is one of 

the key reasons to smooth, since they often provide critical information; thus, a useful smoother should 

highlight, rather than modulate, the existence of such values. 

In this section, we describe three nonlinear smoothers which have been useful for smoothing data 

defined in two dimensions. While there have been efforts to extend the ideas to higher dimensions, we will 

describe and apply them to data sets in two dimensions. 

3.2a Medianfilter. 

Smoothing one-dimensional series by combinations of running medians of various lengths was pro

posed by Tukey (1977) and has been used widely, particularly in combination with other simple median 

smoothers of different spans. Goodall (1990) provides a very clear description of these one-dimensional 

smoothers; see also Velleman and Hoaglin (1981). 

Research engineers who process digital images have realized the benefits of using medians to reduce 

noise in their two-dimensional images (Frieden 1976, Huang et al. 1979). For these applications, the data 

are conveniently spaced along a grid, except for edges and corners, and they represent values from a digi

tized image. Thus, windows of fixed width and height (generally odd numbers of rows and columns for 

conveniently computing a median) are defined, and the smoothed value of the target point being smoothed 

is the median of all values in the window. Bloomfield (1979) used a version of this algorithm to analyze 

lung cancer mortality rates in the 254 counties in Texas. There, he defined the smoothed value for interior 

counties as the median of the nine values in the nine counties closest to the county whose value is being 

smoothed. This "median-of-nine" algorithm was repeated on the smoothed values, twice in succession, and 

then the entire process was repeated on the residuals; the final smooth is the sum of the two "smooths": 

smooth( original series) + smooth( residual). (This process is called twicing in the engineering literature; cf. 

Kafadar 1988). 

To reduce the computational burden of calculating median smoothers, Narendra (1981) proposed a 

separable median filter. Instead of computing the overall median in a window of r rows and c columns (r, c 

both odd numbers), the separable median filter computes the r medians corresponding to each row, and 

then a median of the c row medians. The resulting image is only slightly inferior to that smoothed by the 
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median filter, but at a reduced computational cost. These smoothers will obliterate linear features of width 

less than one -half of the width of the smoothing window, so it is important to choose an appropriate win

dow span. 

Median filters are simple to compute. Moreover, if the data lie precisely on a plane, the resulting 

smooth will likewise be a plane. In general, however, median filters blur features. It is best used as an ini

tial smooth, to be followed with twicing. 

3. 2b Median polish smoother. 

In contrast to the median filters which are defined by local moving windows, a very simple nonlinear 

smooth of two-dimensional data can be obtained from the exploratory technique known as median polish. 

( See Emerson and Hoaglin (1983) for a description of this very useful tool.) A rectangular grid (not neces

sarily evenly spaced rows and columns) is placed over a plot of the two variables, possibly rotated (e.g., for 

the San Francisco data in Figure 1, a grid is placed over a map of county centers where data values are 

assigned). The measured responses are then identified with the nearest nodes (or, if more convenient, with 

the cells of the grid into which the points most nearly fall). The grid spacing is chosen so that most nodes 

(or cells) have exactly one associated data point, but some nodes (cells) are empty and other have more 

than one. A two-way analysis using medians, called median polish, is then performed on this matrix of 

nodes (cells). ( Median polish might be thought of as an analog to the usual two-way analysis by means.) 

If the variances of the data values are available, it may be sensible to perform a weighted median polish, 

where the weights are the reciprocals of these variances. Median polish can handle missing cells and mul

tiple values per cell and is successful at capturing effects in the horizontal and vertical directions of the grid 

placement: its output is an overall common effect (common to the entire region being analyzed), a set of 

row effects (e.g. latitude), a set of column effects (e.g. longitude), and the matrix of residuals. The 

smoothed value is then taken to be the sum of the data cell's row and column effects plus the overall effect. 

The median polish smoother is particularly attractive because of its simplicity. In addition, the sets 

of row and column effects may be useful in their own right. As we shall see with the example in Section 

5.2, the resulting smooth is often not terribly smooth and it has difficulty tracking patterns in the diagonal 

directions. Nonetheless, the result tends to show patterns that were obscured in the original data, 
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particularly if the noise level is high. Sometimes a more faithful smooth is obtained by twicing; i.e. 

smoothing (via loess or kriging) the residuals= (data - smooth) from the median polish smooth and adding 

these smoothed residuals back to the median polish smooth. Also, in principle, this method can accomplish 

smoothing in higher dimensions via three- and four-way median polish. For a description of the method, 

see Cressie (1984, 1991) and Cressie and Read (1989) . Three- and four-way median polish are described 

in Cook (1985) . 

3. 2c High-dimensional resistant smoothing. 

The median polish smoother is highly directional. For example, if the underlying surface includes a 

ridge that does not run along one of the rows or columns, it is likely to be smoothed over and thus escape 

detection unless the residuals are investigated. A highly resistant smoother in one dimension is "running 

medians of length three," where the smoothed value is the median of itself and its right and left neighbors. 

To extend this concept to higher dimensions, we need to find "triples" on which to apply the "median of 3" 

approach. Tukey and Tukey (1981) proposed the following procedure: 

1. For each value, say z, to be smoothed, define a set of observation pairs from among the Nneigh 

neighbors of z in such a way that the "triple" (pair plus target value's location) are "roughly" col

linear. (The term "roughly" can be formalized to mean that the angle formed by the three points is 

between 180° - 9 and 180° + 9, for some 9, say 9 = 45° .) Let Npair be the number of pairs in this 

set. 

2. Let (ak> bk) denote the (higher, lower) of the two values in the kth pair, k = 1, 2, ... , Npair, and letA= 

median{ ak }, B =median{ bk }. 

3. The smoothed value of z is z =median {A, z, B }. 

Special rules can be designed for corner or border points. Steps (2) and (3) are repeated until convergence 

within a specified number of iterations. Because it is based on the idea of repeated medians of length 3, 

this smoother is highly resistant to exotic values and can be applied to irregularly shaped regions. 

Notice that A represents, in some sense, the typical "lows" among the neighboring pairs, and B 

represents the typical "highs". If z falls outside this range (A, B ) ,  then it is brought in line to either one end 
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or the other. The authors of this smoother thus called it headbanging. The smoothness in the result is con

trolled primarily by Nneigh, the number of neighbors to be considered in forming triples, and by Npair and 

9, the number and definition of pairs of observations for forming allowable triples. Hansen (1991) 

discusses considerations for choosing these parameters and illustrates the smoother on geological data (see 

also Goodall and Hansen 1988). 

4. Choosing a smoother and displaying the results. 

4.1 Smoothing parameters. 

Nearly all smoothers involve some choices in their definition: for moving disk averages or kernel 

averages, the span K; for loess, the fraction f and the degree of polynomial fit (including the number and 

selection of interaction terms); for median polish, the direction of the grid and assignment of points to loca

tions; for headbanging, the number of neighbors, number of pairs, and the angle of acceptable triples. The 

sensitivity of the methods to the choice of parameters varies greatly. Some practical experience suggests 

that f can greatly affect the smoothness in the loess smooth and K can likewise have a large impact on the 

moving average smoothers, whereas fairly large changes to Nneigh and Npair are needed to significantly 

affect the degree of the headbanging smooth. There has been little investigation of the effect of orientation 

and assignment on the median polish smooth. Weighted distance smoothers involve only the choice of 

degree for the distances in the definition of the weights, where larger values of p correspond to less 

smoothing. 

The choice in smoothing parameter is actually the choice between bias and variance of the smoothed 

value. A large bandwidth includes many more data points and thus reduces the variance of the smoothed 

value. But if the pattern is highly structured in the region covered by the bandwidth, the smoother will 

smooth over important features and thus incur substantial bias in the result. Smoothing parameters are gen

erally selected on the basis of the underlying philosophy that the surface should be smooth, and that nature 

will not intentionally include discontinuities into the surface. We know that this philosophy is not always 

justified. Process changes may result from a sudden disturbance to the measuring equipment; faults and 

mountain ranges create discrete effects in geographically defined data. So a more sensible guiding 
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philosophy is a surface which should be relatively smooth but may involve some discontinuities. 

Unfortunately, very little guidance is available on how to choose these parameters, although the 

importance of the problem has been recognized. For estimating a multivariate density, Scott (1992) deter-

mines the order of n for which the bandwidth is "optimal" (in the sense of minimizing mean squared error). 

Cross-validation is a method of bandwidth selection for univariate density estimation ( Silverman 1986) and 

for smoothing splines (Craven and Wahba 1979). The idea behind cross-validation is to choose that 

bandwidth for which the mean squared error over all data points is minimized. That is, if the observed z = 

f(x) and z = f(x ; K) is the smoothed value at x using bandwidth K, the mean squared error of prediction at 

A x using J, as a function of K, is: 

MSE(K) = E( f(x; K)-f(x) f = E( f(x; K) )2-2·£( f(x; K)J(x) ) + E( (f(x))2) . 
A 

The last term is unaffected by the choice of K. If we let f-i(xi ; K) denote the smoothed value of Zi at xi 
using smoothing parameter K and all of the points in the data without the ith observation, then it can be 

shown that 

n A E [ n-1 L (f_i(xi ; K)- Zi)2] = MSE(K). i=l 
So the method of cross-validation involves comparing the smoothed value with the ith observed value, 

squaring the difference, summing over all i = 1, ... , n, and then choosing the value of K for which the sum 

of the squared errors is smallest. (The user must remain alert to the use of a sum of squared error terms, 

since this measure is notoriously nonrobust.) Clearly the computational burden can be enormous, unless 

one applies some tricks to speed it up ( Silverman 1986, Ch. 3 and 5). 

Despite these formal methods of bandwidth selection, Friedman and Stuetzle admit that " Often, how-

ever, the degree of smoothing is determined experimentally. One attempts to use as large a bandwidth as 

possible, subject to the smooth not lying systematically above or below the data in any region ( oversmooth-

ing)" (Friedman and Stuetzle 1981, p.818). Thus, the usual advice with respect to bandwidth parameters is 

to "try and see." Hansen (1991) recommends this approach for headbanging: " In practice, it is recom-

mended that experimenters smooth their data several times using different parameters and examine the 

results to select a set of values that are suitable for the purpose at hand" (p.373). An automatic bandwidth 

selection for two-dimensional smoothers is a problem in need of further research. For now, and as we will 
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do in §5.2, if the result looks "too rough," try a larger bandwidth; if the result is "too smooth," back off and 

try a smaller one. 

4.2 Which smoother? 

The choice of smoother is often determined not by the application or by aspects of the measurement 

process but rather by the availability of software. Only those algorithms which are easily accessible or can 

be easily programmed have been described in the preceding section. Moving disk averages and kernel 

smoothers are simple to program, given a function which computes interpoint distances. Headbanging is 

available as a C program from Hansen (1991). Heiberger (1993) has progr ammed an interface to call this 

subroutine from the statistical software S (Becker, Chamber, Wilks 1988). Both loess and twoway are pro

gr ammed functions in S; the latter performs median polish. Three- and more-way median polish is avail

able from statlib ( Goodall 1989), as are other programs for smoothing spatial data (Ripley 1993). 

Given the accessibility of algorithms, considerations dictating the choice of smoother might be: 

(1) computational ease; 

(2) interpretability; 

(3) resistance to outliers; 

(4) smoothness of result; 

(5) extraction of relevant signals; 

(6) suppression of spurious signals. 

To date, the first two reasons have received the highest priority, leading to the prevalent use of linear 

smoothers. Nonlinear smoothers are likely to be preferred for the other reasons. How should we decide on 

which smoother to use? Two studies have attempted to evaluate the possibilities objectively. Hansen 

(1989) compares headbanging (nonlinear) with loess (linear with weights which are nonlinear in the dis

tances to the points) and finds that headbanging is more successful in preserving edges (e.g., fault lines) 

whereas loess tends to smooth over them. Kafadar (1994) examines the performance of 16 different 

smoothers on two "true" patterns subjected to Gaussian noise and compares them on the basis of mean 

squared error. While loess performs quite well with "optimal" parameters (e.g., linear and large f for 
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unstructured data; quadratic and small /for highly structured data), in practice one rarely knows how much 

structure to expect in the true underlying surface. Very good performance is achieved with both weighted 

distance smoothers (weights inversely proportional to squared distance) and headbanging (Nneigh = 20 to 

30, Npair = 10 to 20, e = 45°), and we expect that the latter will outperform the former in non-Gaussian 

situations. 

4.3 Displaying the smooth. 

Communicating the results of the smoothing process is a challenging and important phase of the 

analysis. Some common ways of displaying smoothing results are: 

(1) choropleth maps, where regions are shaded or colored according to the magnitudes of the smoothed 

values (e.g. Pickle et al. 1987): 

(2) character displays, such as boxes, circles, or lli-rows of shades and sizes according to the magnitudes 

of the smoothed values (e.g. Howe 1970; Becker, Chamber, Wilks 1988, p.157; Carr 1993); 

(3) contour maps, where curves of constant magnitude are estimated and drawn on the region (Ripley 

1981, §4.5); 

( 4) perspective plots, where a three-dimensional figure is constructed from the "most informative" 

viewpoint (e.g. Becker, Chambers, Wilks 1988, p.91); 

(5) conditioning plots, where the smoothed result is plotted as a function of one variable for a limited 

range of the second variable (Chambers 1991). 

There are advantages and disadvantages associated with each of these displays. Both choropleth maps and 

character displays are relatively easy to generate, once the color or size scheme has been determined, but 

the application of a single color or character to an entire region may be misleading if regions are uneven in 

size and shape. Perspective plots are very attractive, but choice of viewpoint always obscures background 

features. Contour plots are perhaps least ambiguous but most difficult to construct: there is a large litera

ture on the construction of contours. Various combinations of these methods may prove useful in certain 

circumstances; e.g., contours drawn over choropleth maps; various views of perspective plots. 
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4.4 The "curse of dimensionality." 

Much of our discussion has focused on two-dimensional smoothing. The reason for this focus is the 

"curse of dimensionality" (Friedman and Stuetzle 1981, p.818): for a fixed sample size n, as the number of 

dimensions p increases, the number of observations to be found in any fixed-span neighborhood of a target 

point to be smoothed drops quickly to zero. For example, suppose we have p = 10 variables, and neighbor

hoods are defined by splitting the range of each variable in half. Then we can expect to find only n/210 

points in each neighborhood. We would need over 2000 data points just to be sure that each of these 

neighborhoods (which are already very wide) contained at least one neighbor for smoothing! One can 

appreciate why methods such as generalized additive models build multivariate smoothers from a sequence 

of univariate smooths on the individual variables ( §3.1c). Multivariate adaptive regression splines, for 

MARS, addresses this "curse" by forming partitions of the x -variables in a way that depends on the 

observed data ( Friedman 1991; see also De Veaux et al. 1993). This is an active area of research in non

parametric regression, and many open problems remain. 

5. Illustrations. 

In this section we demonstrate the results of applying various smoothers to two data sets. The data 

are tabulated in the appendices and are available electronically. 

5.1 Average January temperature in western counties. 

This first data set includes an apparent cliff which we expect the smoother to capture. The data are 

the average January temperatures in the 86 U. S. counties within 500 miles of San Francisco, shown in Fig

ure 1. The measurements, being averages, are much less subject to random noise variation; units are 

10xdegrees Fahrenheit to eliminate the need for decimal points. A careful inspection of the raw numbers 

when displayed as in Figure 1 indicates lower temperatures up north (Oregon) and further east (Nevada), 

with increasing temperatures towards the coast and in southern California. Because of the geography in 

California in this region of change, we might not be surprised if this temperature change is really not very 

gradual at all. To capture the effects that the Sierras and the Sacramento Valley may have on average 

January temperatures, the nonlinear smoothers are more likely to be success ful than the linear smoothers. 
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To apply the median polish smoother, we need to place a grid over the map and assign counties to 

either cells or nodes of the grid. The grid spacing need not be the same in either direction or even con

sistent within directions. Here, the assignment of counties is facilitated by rotating the map by 45° , and we 

use the grid assignment shown in Appendix 1. Appendix 1 shows the details of the calculation, and Figure 

3a shows the result. This smoother captures the abrupt change in the temperature quite easily. Notice that 

the 45° rotation of the map places the cliff along one of the coordinate directions, thus enabling this 

smoother to capture it. Headbanging (Nneigh = 20, Npair = 10, 9 = 45° ) captures this cliff even more 

clearly ( Figure 3b ). The linear smoothers loess (linear in the two variables, longitude and latitude, and 

span f = 0.20) and the kernel smoother (weights inversely proportional to squared distance) yield overly 

smooth surfaces (Figures 3c,d). 

Although there is an obvious interpretation for the cliff in these data which are subject to relatively 

little measurement error, it is easy to see how less forgiving data with a less intuitive geographical com

ponent would obscure such important features, especially if there were no reason to suspect any such 

feature before the data were collected. In geological data, edges are not unusual, due to fault lines; see 

Hansen (1991) for an illustration of smoothing data consisting of oil and gas well depths in the San Joaquin 

valley. 

5.2 Assessing Homogeneity in Standard Reference Materials 

Filliben et al. (1983) discuss a problem of characterizing the homogeneity of a two-dimensional sur

face. This problem arose in connection with standard reference materials at National Institute of Standards 

and Technology (formerly National Bureau of Standards) which are needed for the calibration of X-ray dif

fraction equipment. Small metal ferrite disks (about the size of a nickel) are manufactured via a blending 

process to contain a fixed percentage (by weight) of austenite. The homogeneity of the austenite and ferrite 

is affected by the physical and chemical properties of the austenite particles. Ideally, the austenite is distri

buted evenly throughout the disk so that the calibration of the equipment in the field does not depend on 

one particular subfield of the standard reference material. 

The data for characterizing homogeneity are actually percentages of austenite in each subfield of the 

disk, obtained via optical discrimination of austenite (which appears black) versus ferrite (which appears 
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white). In the past, a visual assessment of homogeneity consisted of a judgment from the raw values on a 

grid such as Figure 4. (The data in Figure 4 are rounded percentages and appear in Filliben (1983), p.185.) 

The scientist who posed this problem suspected that this particular disk was not "homogeneous," although 

such a characterization would be far from obvious to most untrained observers. 

Figure Sa shows a perspective plot of the raw data. The degree of noise in these measurements 

makes it extremely difficult to assess whether there are areas of higher or lower concentrations of austenite. 

The discreteness of the row- and column- analysis via median polish is apparent in the median polish 

smooth of these data (Figure 5b). (We did not apply twicing here, which admittedly may have improved 

the smooth.) Nonetheless, this display suggests some inhomogeneity, particularly near higher row and 

column numbers. Sometimes a plot of the estimated row and column effects from a median polish can be 

helpful, as in Figure 5c: the smooth curves through these fitted row and column effects suggest that indeed 

there may be inhomogeneity in the region just noted. Headbanging in Figure Sd (Nneigh = 20, Npair = 10, 

e = 45°) clearly demonstrates the inhomogeneity in this region. 

These nonlinear smooths are compared with two linear smooths. Quadratic loess (quadratic in the 

row and column numbers) with span f = 0.30 is much too smooth (Figure 6a); the choice of span f = 0.10 is 

probably not smooth enough ( Figure 6b ); span f = 0.20 is probably just about right ( Figure 6c ). All three 

loess smooths show a "well" in the center of the disk that is not apparent from the nonlinear smooths. 

Referring to the plot of the row and column medians in Figure 5c, only the row medians exhibited a dip in 

the middle of the disk. Possibly quadratic loess exaggerates this univariate dip into a bivariate well. The 

weighted average smoother (weights inversely proportional to squared distance) smooths the region 

between the relatively flat percentages (row and column numbers ::; 15) and higher percentages (row and 

column numbers� 20) too much, thus obscuring the rather sharp change in this region. All smooths sug

gest inhomogeneity, though the nonlinear smoothers seem to capture the abruptness in the surface more 

clearly ( Figures 5b,d). The test statistics proposed by Filliben et al. (1983) confirmed this visual impres

sion of inhomogeneity. The test statistics, however, do not identify the source or the region of inhomo

geneity as the smooth displays do; such identification is impm;tant for improving the blending process and 

ultimately achieving a more uniform product. 
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6. Summary. 

In this chapter we have described various approaches to smoothing data in two dimensions. Linear 

smoothers are often easier to implement and have optimal properties (low variance) when measurement 

error is Gaussian and the underlying true surface is smooth (no abrupt changes or discontinuities). How

ever, spikes, exotic values, or cliffs in the data can mislead the smoother into suggesting spurious peaks or 

only mild, gradual changes in slope. Nonlinear smoothers can be computationally efficient to implement 

(especially those based on medians of three) and have edge-preserving capabilities which are suitable when 

data change abruptly due to a feature of the measurement process or to some aspect in the plane on which 

the data are defined (e.g., mountain ranges, valleys, faults). Since the first step in data analysis is often to 

decipher patterns, these techniques are likely to be extremely useful in the analysis of data in the engineer

ing sciences. 

The references below include several sources for further reading in this subject; see especially Cres

sie (1991) , Buja, Hastie, and Tibshirani (1989) , Goodall (1990) , Hastie and Tibshirani (1990) , Hansen 

(1991) , Hastie and Loader (1993) , and Kafadar (1994) . The appendices contain information on the data 

sets used in Section 5. These data are also available electronically (kk@helix.nih.gov). 
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Problems based on this chapter 

1. What are some advantages of smoothing data? What are some potential disadvantages? How might 

you quantitatively evaluate the trade-offs? 

2. What are two classes of smoothers? What distinguishes the two classes? Describe some smoothers 

in each class. 

3. Using the data set described in Section 5. 1 and given in the appendix, try the median polish smoother 

using a different orientation. Compare your results with those in Figure 3a. Now find the residuals 

and smooth them using a different smoother (loess, or a simple disk average smoother). Add the 

smoothed residuals back to your median polish smooth. Compare the result with the median polish 

smooth alone. 

4. Suppose your company manufactures integrated circuits of various types on a wafer; they are pro

cessed in lot sizes of 24 wafers. Performance is measured at various locations for different circuits 

by determining the presence of a short or break in the circuit : 1 (successful connection) or 0 (failed 

circuit). The raw data consist of: lot number, wafer number within lot, circuit locations of wafer 

measurements, and the measurements themselves (0 or 1) . Management is concerned about the con

sistency of the manufactured product (particularly edge effects) and asks your assistance in identify

ing potential targets for process improvement. What tools in this chapter might be useful in answer

ing this question? Write down the model for the measurement data and describe how you might 

approach this problem. 
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List of Figures 

Figure 1. Average January 1980 temperature in counties within 50 miles of San Francisco. Units are 

10xdegrees Fahrenheit. Note enlarged detail for the Bay Area. 

Figure 2. A fabricated one-dimensional series illustrating the difference in result between linear and non

linear smoothers (adapted from Hansen 1991). (a) a series with a edge; (b) solid line= running means of 

length three applied to series (a); (c) solid line= running medians of length three applied to series (a); (d) a 

series with an spike; (e) solid line = running means of length three applied to series (d); (f)  solid line = run

ning medians of length three applied to series (d). 

Figure 3. Smoothers applied to the data set illustrated in Figure 1. (a) median polish smooth ( §3.2b); (b) 

headbanging ( §3.2c); (c) loess: linear in longitude and latitude, span f= 0.20 ( §  3.1b); (d) weighted moving 

averages, weights inversely proportional to squared Euclidean distance ( §  3.1a). 

Figure 4. Rounded percentages (by weight) austenite in a standard reference material from National Insti

tute of Standards and Technology (formerly National Bureau of Standards. Data from Filliben et al. 

(1983), p.185. 

Figure 5. Smoothers applied to the data set illustrated in Figure 4. (a) perspective plot of the raw data; (b) 

median polish smooth ( §3.2b); (c) row and column effects from median polish smooth; (d) headbanging 

( §3.2c). The S function for creating these displays was written by Goodall (1993). 

Figure 6. (a) loess smooth of data in Fig. 4: quadratic in longitude and latitude, span f= 0.30 ( §  3.1b); (b) 

Same as (a), but with span /= 0.10; (c) Same as (a), but with span f= 0.20; (d) Weighted average smoother 

of data in Fig. 4: weights inversely proportional to squared Euclidean distance ( §  3.1a). 



Appendix 1 
Data for average 1980 January temperature in 86 U.S. counties and applying median polish smoother (§5.1) 

(a) 86 counties within 500 m iles of San Francisco: California (58), Nevada (17), Oregon (1 1)  

1 Alameda 18 Lassen 35 San Benito 52 Tehama 69 Mineral 
2 Alpine 19 Los Angeles 36 San Bernadino 53 Trinity 70 Nye 

3 Amador 20 Madera 37 San Diego 54 Tulare 7 1  Pershing 

4 B utte 21 Marin 38 San Francisco 55 Tuolumne 72 Storey 

5 Calaveras 'l2 Mariposa 39 San Joaquin 56 Ventura 73 Washoe 
6 Colusa 23 Mendocino 40 San Luis Obispo 57 Yola 74 White Pine 

7 Contra Costa 24 Merced 4 1  San Mateo 58 Yuba 75 Carson City 

8 Del Norte 25 Modoc 42 Santa Barbara 59 Churchill 76 Coos 

9 El Dorado 26 Mono 43 Santa Clara 60 Clark 77 Cuny 

10 Fresno 27 Monterey 44 Santa Cruz 6 1  Douglas 78 Deschutes 

1 1  Glenn 28 Napa 45 Shasta 62 Elko 79 Douglas 
12 Humboldt 29 Nevada 46 Sierra 63 Esmeralda 80 Harney 
13 Imperial 30 Orange 47 Siskiyou 64 Eureka 8 1  Jackson 
14 In yo 31  Placer 48 Solano 65 Humboldt 82 Josephine 
1 5  Kern 32 Plumas 49 Sonoma 66 Lander 83 Klamath 
16 Kings 33 Riverside 50 Stanislaus 67 Lincoln 84 Lake 
17 Lake 34 Sacramento 5 i  Suuer .co uo Lyon 85 Lane 

86 Malheur 

(b) Assignment of counties to grid: entry in table denotes county number, panel (a) 

1 2 3 4 5 6 7 8 9 10 1 1  12 13 

1 80 86 65 66 62 75 67 
2 85 78 84 25 18 74 73 72 59 64 70 60 
3 79 8 1  83 32 46 7 1 61 68 69 63 
4 76 82 47 45 4 29 9 2 26 14 
5 77 8 53 52 1 1  58 3 1  3 55 22 10 13  
6 5 1 6 34 5 20 54 36 

7 1 2 57 48 39 50 24 16 15 33 

8 23 17 28 7 19 30 

9 49 21 1 43 35 56 37 
10 38 41 44 27 40 42 

(c) Average January temperature (1 0 x degrees Fahrenheit) in 1980 in each county: 

1 2 3 4 5 6 7 8 9 10 1 1  12 13 

1 252 277 282 2% 232 328 3 1 5  
2 394 302 278 286 299 236 3 19 328 3 15 232 302 442 
3 409 366 297 337 291 300 306 3 17 329 302 
4 446 393 339 337 452 343 404 328 328 - 37 1 
5 470 468 365 452 437 455 449 458 439 367 453 539 
6 455 447 451 368 453 456 520 
7 473 454 450 446 451 451 450 475 521 
8 479 423 474 493 545 542 
9 461 469 456 495 487 538 552 

1 0  509 495 488 500 5 19 532 



- 2 -

(d) Median Polish of table in (c) (residuals are rounded to nearest integer): 

1 2 3 4 5 6 7 8 9 10 1 1  12 13 ROW 
1 -- -- -- -3 -- 0 -- -- 10 20 -46 14 -28 -175 
2 4 - 19 - 0 0 -2 -51 19 33 15 -70 -35 76 - 152 
3 2 28 0 -- -- 19 -13 -17 -6 0 10 -52 -- -135 
4 -2 1 3  1 0 -- 93 -2 45 -26 -30 1 1  -- - -93 

5 -71 -5 -66 22 0 3 1 1  6 -8 -84 0 -- 21 0 

6 -- -- -- -- 16 -7 1 1  -86 -- 0 0 -- 0 2 
7 - 0 -- -- - 2 12 -6 4 0 -4 -14 3 0 

8 - -- - 13 -51 -15 18 - - -- -- -- 20 -12 

9 -- - -- -- -10 -17 -16 9 6 -- -- 15 0 34 

10 - - -- -- -- 0 0 -21 -4 1 1  22 -- -- 57 

COL 89 21 -20 -22 -15 0 -14 0 -5 -1 2 37 66 452 

(e) Fitted values from median polish ("median polish smooth"): 

1 2 3 4 5 6 · 1  8 9 10 1 1  12 13 

1 255 277 272 276 278 3 14 343 
2 390 321 278 286 301 287 300 295 300 302 337 366 
3 407 338 297 318 304 3 17 3 12 3 17 3 19 354 
4 448 380 338 337 3cn J"7 345 359 354 358 360 
5 541 476 43 1 430 437 452 438 452 447 451 453 5 18 
6 439 454 440 454 453 456 520 
7 473 452 438 452 447 451 454 489 5 18 

8 466 474 489 475 525 554 
' 9  471 486 472 . 486 481 523 552 
10 509 495 509 504 508 5 10 

Note: "--" denotes empty cell. 

Appendix 2 
Data for standard reference material (§5.2; Filliben et al. 1983, p.l85) 

The data for the 28 rows and ·28 columns are shown in Figure 4� · Since the original data giving 

rise to these rounded percentages are no longer available, pseudo-random errors were added to these 

integers for purposes of illustrating the two-dimensional smoothers discussed in Section 5.2. If the data 

value is 0, a pseudo-random variate distributed unifonnly on (0� 0.5) was added to it; for any nonzero 

value (1, 2, 3 ,  4, 5). a pseudo-random variate distributed uniformly· on (-0.5, 0.5) -was added to it. 

The random deviates were generated using the statistical package S (Becker, Chamber, Wilks 

1988) using the function runif. Median polish analyses descr.ibcd in this chapter were performed using 

the S function twoway (default is a two-way analysis via medians). For further information on the use 

of these functions, see this source. 
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