
CEN T ER FOR COMPUTATIONAL MATHEMATICS REPORT S 

University of Colorado at Denver 
P.O. Box 173364, Campus Box 170 
Denver, CO 80217-3364 

February 1997 

Fax: ( 303) 556-8550 
Phone: (303) 556-8442 

http:/ /www-math.cudenver.edu/ 

UCD/CCM Report No. 101 

F locks of Laguerre Planes 

and Associated Geometries 

N.L. Johnson and S.E. Payne 

February 1997 UCD/CCM Report No. 101 





G 
NtL: Johnson and �·�· Payne. Flocks of Laguerre Planes and Associated 

eome r1es. Mostly F1n1te Geometries, Marcel Dekker, 1997, pp. 51�122. 

FLOCKS OF LAGUERRE PLANES AND 
ASSOCIATED GEOMETRIES 

N.L. JOHNSON AND S.E. PAYNE 

This article is dedicated to T.G. Ostrom on the occasion of his eightieth birthday. 

1 .  Introduction 

In 1984 the monograph [72] by S. E. Payne and J. A. Thas appeared giving a rather 
complete treatment of what was known concerning finite generalized quadrangles. 
As soon as that monograph was completed, W.M Kantor [56] and S.E. Payne [61] 
found other new families of generalized quadrangles with parameters ( q2 , q) using 
sets of 2 x 2 matrices over GF(q) that came to be known as q-clans and were soon 
shown by J.A. Thas [76] to be equivalent flocks of a quadratic cone in PG(3, q) . 
The connection between flocks of cones and linespreads of PG(3, q) had already been 
discovered by J. A. Thas and independently by M. Walker. Almost immediately N .L. 
Johnson explained how to recognize which spreads were associated with conical flocks, 
and there began an extensive study of projective planes associated with this general 
family of geometries. 

A large part of the theory concerning finite generalized quadrangles that was devel
oped between 1984 and 1993 has been surveyed in the HANDBOOK OF INCIDENCE 
GEOMETRY [13] (see especially chapters 7 and 9) , but we now have a better un
derstanding of the connections with other geometries, partial structures, and certain 
infinite generalizations. Moreover, the Subiaco examples that exist for q = 2e , e � 4, 
did not quite make it into the HANDBOOK except as a kind of footnote. And the 
number of articles on the topics just mentioned has grown at a dizzying rate even 
since the appearance of the HANDBOOK. 

This article attempts to bring the reader further up to date and surveys (mostly 
without proofs) the connections between flocks of quadratic cones and a variety of 
other geometric structures that includes q-clans, generalized quadrangles, linespreads 
of 3-dimensional projective space and various associated projective planes. When the 
underlying field is finite with characteristic 2 there are also ·herds of ovals in the asso
ciated desarguesian planes. In particular there are the recently constructed Subiaco 
q-clans and their geometries. Partial flocks, infinite flocks (i.e., over infinite fields) 
and a variety of related structures are also considered. Several recently discovered 
families of examples are presented. 

Recently the theory of flocks of cones over an arbitrary oval in a Desarguesian plane 
of characteristic 2 first introducted by J .A. Thas [76] , has been developed further 



by W. Cherowitzo [15] and by V. Jha and N.L. Johnson ( [30] and [37]) .  In 1984, 
Cherowitzo used a computer to produce a few new examples of ovals in PG(3, 2e) ,  e 
odd. In [15] ,  W. Cherowitzo uses the theory of flocks of a cone over translation ovals 
to prove that his ovals belong to an infinite family. So flocks of oval cones seem to 
have earned a place in the general theory. Furthermore, certain of the construction 
techniques and classification results are valid over infinite fields of characteristic two. 
More generally, it is possible to construct flocks of oval cones which are not translation 
oval cones at least in the infinite case. We shall discuss this more generally in the 
section on examples. 

It can be argued that the central object that ties all these geometries together 
is the flock of the cone (quadratic or oval) and in some cases a partial flock. Since 
there are some fascinating differences between the finite and infinite cases, wherever 
possible, we formulate our definitions without the assumption that the structures are 
finite. 

Hence, we begin with a general definition of a partial flock of an oval cone over a 
skewfield. Actually, we may generalize further and define partial flocks of arbitrary 
Laguerre planes. We include a section due to Knarr which describes geometrically 
how to connect partial flocks and partial general quadrangles. However, this is valid 
only in finite projective space PG(3, q) where q is odd. 

More generally, but for flocks only and in the finite case, we consider q-clans, 
flocks of quadratic cones and spreads in PG(3, q) and show how these are connected 
both algebraically and by the Klein quadric (the Thas-Walker construction) . 

We then turn to flocks and spreads in projective spaces PG(3, K) but where K 
is an arbitrary field. The field assumption is necessary to ensure that reguli and 
quadratic cones exist. 

Given any translation plane 1r with spread in PG(3, q) , then any affine dual of the 
projective extension of 1r is derivable. If there is an elation group E of 1r which leaves 
a GF(q)-Baer subplane 1r0 (and subspace) invariant and acts as the full elation 
group of 1r o with a fixed axis, then by dualizing so that the center of E becomes 
the line at infinity for the dual plane, there is a derivable net such that derivation 
produces a projective plane admitting at least one incident point-line transitivity. 
Furthermore, if 1r is not a semifield plane then this derived plane admits exactly one 
such transitivity and so is of Lenz-Barlotti class II-1. In this article, we consider the 
more general situation of a spread in PG(3, K) for K a field but for those spreads 
which correspond to flocks of quadratic cones. It follows that the dual planes are, in 
fact, derivable and there is a corresponding elation group E of the type mentioned 
above. 

It has been realized previously that the set of finite partial flocks of ( q - 1) conics of 
a quadratic cone in PG(3, q) (that is, deficiency one partial flocks) is equivalent to the 
set of translation planes with spreads in PG(3, q) that admit a Baer collineation group 
of order q. Furthermore, it is possible to uniquely extend such partial flocks. We more 
generally consider partial flocks of deficiency one over infinite or arbitrary quadratic 
cones and note that there is a set of corresponding translation planes admitting Baer 
collineation groups B which act regularly on the nonfixed 1- dimensional subspaces 
which lie on components of FixE. And, we consider the existing extension theory of 
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partial flocks. 
For even order flocks, we have noted that there are associated sets of ovals called 

"herds" . These are introduced and used as tools for extension theory and for the 
analysis of "additive" flocks. 

Our longest section is devoted to the Fundamental Theorem of q-clan Geometry 
which has applications to finite generalized quadrangles and provides motivation for 
recoordinatizations of arbitrary translation oval flocks. 

We include a listing of the known finite flocks and q-clans and corresponding 
translation planes. We pay particular attention to the most recent constructions of 
the so-called "Subiaco" flocks and their associated oval herds. 

It turns out that there are no nonclassical even order translation generalized quad
rangles which correspond to flocks of quadratic cones, or equivalently, there are no 
nonlinear semifield spreads of even order which correspond to flocks of quadratic cones. 
However, there are odd order examples and for these there is a related construction 
called the "translation dual" which produces potentially new semifield spreads. In 
fact, the Ganley semifield spreads may be applied to produce new semifield spreads. 

We note the existing examples of translation oval flocks and give some characteri
zations of translation oval flocks. In particular, consideration is given to flocks of oval 
cones no four planes of which share a point. When the oval cone is a quadratic cone, 
J .A. Thas has completely classified these flocks. We note that there is a more general 
result for oval cones which may be deduced. 

In the infinite case, it is possible to construct maximal partial flocks of quadratic 
cones which have no finite analog. In fact, it is possible for an infinite partial flock 
of a quadratic cone to cover all of the points of a particular line of the cone but not 
cover all of the points of a cone. There is a somewhat natural coordinate system for 
the corresponding translation net which we call a quasi-quasifield. The associated 
geometric partial spreads are called quasifibrations. We include some general theory 
of quasifibrations and associated geometries. 

There are myriad examples of infinite flocks of quadratic cones particularly over 
the field of real numbers. We mention only a few of these leaving the more complete 
listing to another article in this volume. 

J.A. Thas has completely classified finite flocks whose planes share a point (the 
so-called "star" flocks) . Every star flock admits a linear automorphism group which 
fixes each plane of the flock. We call such groups "rigid" groups. More generally, 
a star partial flock also admits such a locally rigid group. We include a section on 
"rigidity" and show how to use this theory for the extension of the result of Thas 
mentioned above and for the construction of certain maximal partial flocks. 

There are several sections devoted to the analysis of "transitive" partial flocks. For 
example, we consider a subsection on the construction of Bader-Lunadon-Thas called 
"derivation" , by which any flock in PG(3, q) produces or corresponds to (q+ 1) flocks. 
More generally, any partial flock of t-conics produces a set of t +  1 partial flocks. 
There are corresponding sets of translation planes which are called the skeletons of the 
planes. H all of the planes of the skeleton are isomorphic then there is a corresponding 
transitive group. H the initial plane is a semifield plane, there is a doubly transitive 
group. Similarly, it is possible to classify the flocks which admit a doubly transitive 
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group on the associated planes. And, we now have a complete classification of all 
transitive even order partial flocks of quadratic cones of deficiency one. 

We may use the theory of rigidity to analyze maximal partial spreads of r/' - q + 2 
lines in PG(3, q) . There is a well known construction due to Bruen which when 
applied to spreads corresponding to flocks of quadratic cones gives an interesting 
characterization. 

Finally, we note that there are generalizations of many of these ideas and theories 
in PG(n, q) . 

2. Partial Flocks of Laguerre Planes 

We recall some definitions for convenience. 

Definition 2.1. A Laguerre plane (P, C, E) is a set of points P, circles C and an 
equivalence relation E called parallelism on points with the following properties: 

(i) For any three mutually non parallel points, there is a unique circle in cident 
with these points. 

(ii) Given a flag (x, c) where x is a poi nt incident with a c ircle c then for any point 
y which is not parallel to x there is a unique circle incident with x and y which is 
t angent to c(intersects c in exactly one point x) , 

(iii) Each cir cle is incident with at least three points and not all points are on the 
same circle. 

Definition 2.2. A partial flock of a Laguerre plane is a mutually disjoint set of 
circles. 

A flock of a Laguerre plane is a partial flock which covers the points of the plane. 

2.1. Partial flocks of oval cones. 

Definition 2.3. Let P be a projective pl ane. An oval in P is a set of points no three 
of which are collinear and such that there is a unique tangent line at each point. 

We note that ovals in Desarguesian planes can be quite diverse. Of course, any 
conic defines an oval but also the union of two semi-ellipses in the Pappian plane over 
the reals can produce an oval which is not a conic. There are ovals in the quaternion 
planes of charactistic two which are not translation ovals. 

Definition 2.4. Let K be a skewfield. And let 0 denote an oval in a Desarguesian 
pl ane 1r over K. Embed the plane in :E � PG(3, K) and let v be a point of :E - 1r. 
The oval cone Co is defined to be the set of points on l ines av where a is a point of 
0. We shall call v the vertex of the oval cone. 

Remark 1.  (1) The k nown finite Laguerre planes are oval Laguerre planes in the 
sense that they are constructed via ovals in three dimensional projective planes. The 
points of the Laguerre plane are the non-vertex points of an oval cone and the circles 
are the ovals of intersection by planes which do not contain the vertex. Two points 
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are parallel if and only if they are on the same line of the oval cone. However, there 
are a variety of infinite non-oval Laguerre planes (e.g. {80}). 

(2) Given any point p of a Laguerre plane, the residue of pis the set of points 
which are not parallel to p and lines the circles which are incident with p. The residue 
is an affine plane. When the Laguerre plane is an oval Laguerre plane the residues 
are Desarguesian affine planes. 

(3) So, flo cks of oval cones are equivalent to flocks of oval Laguerre planes. How
ever, there are some interesting problems which may be formed for affine planes which 
may be best formed thin king of the residues of oval Laguerre planes. 

Definition 2.5. Let Co be an oval cone in PG(3, K) . 
(1) A partial flock of Co is a set of planes of 'E not in cident with v whose pairwise 

intersections are disjoint from Co. 
(2) A maximal partial flock of Co is a partial flock F such that there is no plane 

p such that F U {p} is a partial flock. 
(3) A maximal partial flock is said to be a class-covered partial flock if and only 

if some line of the oval cone is completely covered by the planes of the set and { v}. 
( 4) A maximal partial flock which covers Co - { v} is called a flock of the oval 

cone. 
(5) A partial flock such that the pl anes share a common point is called a star 

partial flo ck. 
(6) A partial flo ck such that the planes share a common line is called a linear 

partial flo ck. 
(7) A partial flo ck such that each two of the planes share one of n lines is called 

an n-linear partial flo ck. 

Definition 2.6. Let L denote an arbitrary Laguerre pl ane. A partial flo ck F is said 
to have defi ciency t if and only if for each point equivalence class c then 

t = card{ c - c n F} 

where c n F denotes the set of points of c on planes of F. 
When t is finite, this means that the partial flock covers all but exactly t points 

on any point equivalence class. 
When L is an oval Laguerre plane then the partial flo ck covers all but t nonvertex 

points on any line of the oval cone. 

Remark 2. (1) H K is an algebraically closed field then any plane not on the vertex 
defines a maximal partial flock of a quadratic cone. 

(2) There are examples of proper class-covered partial flocks of quadratic cones. 
(3) Later in the section, we shall indicate some structure theory that is available 

for star flo cks and certain partial flocks. And, we shall be particularly interested in 
partial flo cks of deficiency one. 

Proof: To see that (1) is valid, assume that there are two planes that intersect the 
cone in conics which are disjoint and let M denote the line of intersection. Choose 
homogeneous coordinates (x, y, z, w) and represent the quadratic cone by the equation 
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xy = z2 • Represent one of the planes in question by w = 0 and the other by ax + by + 
cz + w = 0. We may assume that ab 'f:. 0 to avoid an intersection on the cone with 
w = 0 of the form (1,  0, 0, 0) or (0, 1 ,  0, 0) . Multiply the equation by y and divide by y2 

to obtain the required condition for common intersection as a(zfy)2 + b + c(zfy) = 0. 
Since there is always a solution if K is algebraically closed, (1) follows. 

As mentioned above, there are certain fundamental geometric structures associated 
with flocks and partial flocks of Laguerre planes. In this section, we introduce the 
major connecting geometries and explicate the associations in later sections. 

2.2. Partial flocks and partial spreads. 

We first consider flocks and partial flocks of quadratic cones. That is, the oval defining 
the cone is a conic. Thus, we assume that there is an associated field (commutative) 
K and an associated quadraic cone in PG(3, K).  We point out that Thas [76] and 
Walker [81] showed that the following construction is valid for finite flocks. It is not 
difficult to generalize to partial flocks over arbitrary fields. The reader might also 
consult De Clerck and Van Maldeghem [21] and Jha, Johnson [33] . For the converse 
theorems, see Gevaert-Johnson-Thas [25] . 

Theorem 2.7. (1) Let F be a partial flo ck of a quadratic cone C in PG(3, K) and 
let { 1r i for i in ,X} denote the set of planes containing the conics of the flock. Embed 
PG(3, K) in PG(5, K) so that C is contained in the Klein quadric Q. Form the polar 
pl anes 1rf where ..L denotes the polarity associated with Q.  

Then { 1rf n Q for i in ,X} is a partial ovoid of Q that consists of a set of conics 
that share a common point. 

(2) Applying the Klein correspondence, {1rf nQ for i in .X} yields a partial spread 
in PG(3, K) consisting of a set of reguli that share a common line. Equivalently, the 
set is a partial spread of2-dimensional K -subspaces that generate a set of regulus nets 
that share a common component (line) (note that we call the lines of the asso ciated 
net containing the zero vector "components" of the net) . 

(3) If F is a flock then the partial spread in PG(3, K) is a spread. 
( 4) Conversely, if S is any partial spread in PG(3, K) which is a union of reguli 

that mutually share a line then S corresponds to a partial flock of a quadratic cone 
in PG(3, K) . 

Actually, the partial spreads corresponding to the partial flocks may be charac
terized by certain intrinsic automorphism groups. 

Theorem 2.8. ( Jha-Johnson {28]) 
Let S be any partial spread of 2-dimensional K -subspaces and let N (S) denote 

the asso ciated translation net. 
If there is a collineation group E which fixes a line L of S pointwise and some 

E-orbit of a component union L is a regulus, then S is a union of reguli that mutually 
share L, and N(S) admits E as an elation group. 

There is a more satisfying way of describing the translation nets that correspond 
to partial flocks which we shall come to in due course. 
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2.3. Partial flocks and partial generalized quadrangles. 

In order to see how generalized quadrangles come into the picture, we now consider 
the work of Knarr [57] generalized to partial flocks. We note that partial generalized 
quadrangles have not been of particular general interest but the connections to such 
objects and partial flocks are easily described. 

Definition 2.9. A partial generalized quadrangle is a set (P, L, I) of points P , lines 
L, and incidence I such that 

(i) every two distinct points (lines) are incident with � 1 lines (points) respectively, 
(ii) given any point-line pair (x, M) where xis not incident with M , there exists 

at most one point-line pair (y, N) such that that y is incident with M and x is incident 
with N, and 

( iii) each point (line) is incident with at least two lines (points) respectively. 
We note that a generalized quadrangle is a pa rtial generalized quadrangle with 

the wording "there exists at most one . . .  " in (ii) replaced by "there e xists exactly one 
point-line pair . . . ". 

3. Knarr Theory 

In this section, K shall always denote a field of characteristic 0 or odd. 

Definition 3.1. Let Q be a generalized quadrangle. A partial- (0, 2) set S of points 
is a set of points such that every point x of Q - S is incident with either 0, 1 or 2 
points of S. When each point x is always incident with either 0 or 2 points then the 
partial - (0, 2)-set is called simply a (0, 2)- set of points. 

Dually, we may consider partial - (0, 2)- sets of lines. 

Remark 3. The set of totally isotropic points and totally isotropic lines with respect 
to a quadric Q4 in PG(4,K) forms a generalized quadrangle Q(4, K) . A partial - (0, 2) 
-set of points in this case is called a partial BLT set after L.Bader, G.Lunardon, and 
J.A. Thas {4} who first considered such sets in the contruction of finite flocks of odd 
order. 

To see the significance of partial B LT sets, we note the following theorem first 
proved by Knarr for BLT sets. 

Theorem 3.2. (See Knarr {57]). (Also see Bader-Lunardon-Thas {4} and Johnson 
{44]). 

Let Q 4 denote a quadric in PG ( 4, K) and let S be a set of points of Q ( 4, K) . 
Then S is a partial B LT set if and only if for each point x of S the set 

{ x..L n y..L V y e S - x} (3.1) 

is a partial flock of planes of the quadratic cone x..L n Q4 with vertex x. 

7 



Proof: Note that the conics in the projective 3-space x.L are the sets x.L ny.L nQ4 
and there is an intersection with say x.l n z.l n Q 4 and x.l n y .l  n Q 4 provided there is 
a point win x.l n y.l n z.l. Hence, partial flocks and partial BLT sets are equivalent 
objects in this context. 

Now to see how this is related to partial generalized quadrangles, we first observe 
the following connection to Q ( 4, K). 

Theorem 3.3. Let W(5, K) denote the polar space of the totally isotropic points 
and totally isotropic lines of a sympectic polarity in :E � PG(5, K) . 

Definition 3.4. Define the set of ''points" and "lines" of the residue R x  with respect 
to a point x ofW(5, K) to be the set of lines and planes (totally isotropic) ofW(5, K) 
that are incident with x. 

(1) The residue R x  is a generalized quadrangle isomorphic to W(3, K) (totally 
isotropic points and totally isotropic lines of a symplectic polarity in PG(3, K)) .  

(2) Choose y to be a point which is not collinear with x. Define a generalized 
quadrangle A(x, y) of ''point sets" and "line sets" to be the set of points W(5, K) 
collinear (incident) with both x and y and lines all of whose points are collinear with 
both x and y. 

Then R x  is isomorphic to A(x, y) under the mapping which takes a line z of 
W(5, K) incident with x to the unique point in R x  of z which is collinear with both 
x and y and which takes a plane 1r incident with x to the intersection line 1r n y .l  
(which is a line all of whose points are collinear with both x and y). 

(3) The dual of W(3,K) is isomorphic to Q(4, K) .  

Thus, we see that a partial BLT set of points in Q(4, K) produces a partial 
-(0, 2)-set of lines in W(3, K). Using partial - (0, 2) sets of lines, henceforth partial 
BLT sets of lines in W(3, K), a partial generalized quadrangle can be constructed 
which is then intimately connected with a partial flock of a quadratic cone. 

3.1. Knarr's construction 

Consider the polar space W(5, K) and assume in some residue R x  � W(3, K) that S 
is a partial BLT set of lines of R x. Note that S is a set of planes of W(5, K) that lie 
on x. 

Define S y  for y a point of W (5, K) - x.L ,where ..l refers to the symplectic polarity, 
to be the set of intersections of lines of S with the 4-dimensional projective space y.L, 
{M n y.l for all M in S} . Notice from the above theorem part (2) that this set is a 
partial BLT set of lines of the generalized quadrangle A(x, y) � R x. 

Let E be a plane of W(5, K) which is not a plane of R x. Define Ex= En x.l. If 
z is a point of E not collinear to x, then Ex is a line of A(x, z) . 

Now define an incidence structure P(S) : 
Points: 
(i) points of W(5, K) - x.L, 
(ii) lines of S y  for all points y of W(5, K) - x.L (the partial BLT set of lines in 

A(x, y)) 
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(iii) the point x. 
Lines: 
(a) all planes E of W(5, K) which are not collinear with x such that the planes 

< Ex, x > are lines of S. (lines of R x  of S) , and 
(b) the elements of S. 

Theorem 3.5. (Knarr {57]) P(S) is a partial generalized quadrangle. Furthermore, 
the structure is a generalized quadrangle if and only if S is a BLT - set of lines. 

Remark 4. In the finite case, W(3, q) is a generalized quadrangle of order (q, q) and 
Knarr notes that a partial BLT set of lines of cardinality (q + 1) actually becomes a 
BLT set of lines. 

Remark 5. (1) Note that in the above structure, the point xis incident with all lines 
of the partial B LT set. 

(2) Furthermore, a plane E which is not collinear with x of type (a) above has q2 
points which are not in x.L and exactly one point of type 

( ii) E n x .l  =< E n x.l' X > ny.L where y is a point of E - E n x.l . Thus, the 
associated generalized quadrangles are of order ( q2 , q) . 

(3) "When S is a partial BLT set of lines , the collineation group ofW(5, K) which 
fixes x linewise induces a collineation group of P(S) . Knarr notes that since the 
planes containing x are also fixed then the group is transitive on the points not in x.L 
so that P(S) is a partial elation generalized quadrangle. 

Actually, Knarr proved the above results more generally when S is a (0, 2)-set of 
lines in the residue of a polar space of rank three. 

Knarr's proof actually shows that P(S) is a partial generalized quadrangle in the 
situation under consideration. 

We note that it might be possible to produce partial - (0, 2)-sets of lines in various 
classical generalized quadrangles even though it proved by Knarr that three of the 
classical cases do not contain (0, 2)- sets of lines (Q(4, q) , H(3, q2) ,H(4, q2 ) (the 
residues of the polar spaces associated with unitary polarities of a 5- or 6-dimensional 
projective space over GF(q2) respectively ) ) .  

Hence, certain families of flocks of quadratic cones in  PG(3, K) are equivalent to 
partial BLT sets in Q(4, K) which are, in turn, equivalent to partial BLT sets of 
lines in W(3, K) (which is considered within W(5, K) as a residue) and thus yields a 
partial generalized quadrangle. 

Bader-Lunadon-Thas show that given a finite flock of a quadratic cone in PG(3, q) 
for q odd then there is a corresponding BLT set, so there is a family of (q + 1) -flocks 
and thus a corresponding generalized quadrangle. 

Furthermore, the above fact is also true when q is even (using algebraic tech
niques) , but it is not true universally in PG(3, K) for K an arbitrary field as Biliotti 
and Johnson [9] provide some examples of :flocks in PG(3, K) for which there is no 
corresponding generalized quadrangle. 

We shall turn to this in the next section. But before we do so, we shall close this 
chapter with some problems based on consideration of the residue affine planes of a 
Laguerre plane. 
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Remark 6. Let 1r be a Lague rre plane and let x be any point of 1r. Then the residue 
Rx at x is the point-line geometry of points not parallel to x and lines as circles 
containing x and point parallel classes not containing x . This structure becomes an 
affine plane 1r x. Each circle not on x becomes an oval of 1r x which shares a point on 
the line at infinity. 

Any flock of an Laguerre plane induces a covering of 1r x by a set of ovals which 
share an infinite point and a line of 1r x. 

Problem. Let p be an affine plane. Suppose that for each line M of p, there 
corresponds a set of mutually disjoint ovals OM which share the parallel class of M 
as a point and M U OM is a disjoint cover of the points of p. Show that there is a 
Laguerre plane such that p is a residue. 

If we call such sets of ovals flocks of affine planes, then for each line of an affine 
plane there is a flock of ovals, what can be said of the plane. 

Problem. Let p be a finite affine plane of order q. Assume there exists a set of 
q3 - q2 ovals of p which share a common infinite point. Show that there is a Laguerre 
plane such that p is a residue. 

4. q-Clans and Associated Geometries 

In this section, we begin with a finite version of some of the constructions of gener
alized quadrangles as in the previous section, except that here it is not required that 
the :field be of odd order. 

Let q be an arbitrary prime power, and let F = GF(q) be the Galois field with q 
elements. Let 

A = ( 
w
x y

z ) , ( x' y' 

) and A = 
w' z' 

be arbitrary 2 x 2 matrices over F. 

Definition 4.1. We say A and A' are equivalent and write A = A' provided x = 
x', z = z' , and y + w = y' + w'. 

This definition is chosen so that aAaT = aA' aT for all a E F2 iff A = A'. 

Definition 4.2. The matri x A is said to be anisotropic provided aAaT = 0 iff a = 
(0, 0) . 

Using the quadratic formula when q is odd and the usual trace condition when 
q = 2e, the following result is easily obtained. 

Theorem 4.3. The matri x A = ( : ; ) is anisotropic iff 

1. -det(A + AT) = (y + w)2 - 4xz is a nonsquare in F, if q is odd; 

2. xzf(y + w)2 has absolute trace equal to 1, if q = 2e. • 
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When q is odd, ( : n = ( ·!w ·r } when q =  2', 

( w
x y

z ) -= ( x
o 

y + w ) z . Hence in what follows, when we deal with an anisotropic 

matrix A, for q odd we may write A = ( 
y 
j2 

y �2 ) , and for q even or odd we may 

. A- ( x y ) wnte = 0 z . 

Definition 4.4. A q-cian is a set C = {A, = ( � �: ) : t E F} of q (equival ence 

classes of) 2 x 2 matrices over F for which all pairwise differences As - At (s, t E 
F, s 'f; t) are anisotropic. 

Theorem 4.3 has an obvious interpretation for q-clans. 

Theorem 4.5. Let X: t � Xt , Y: t � Yt , Z :  t � Zt be three functions from F to 
F o Put C = {At = ( � �: ) : t E F} o Th en C is a q-clan iff the following holds: 

(i) -det ((At + A'[) - (As + Af)) = (Yt - Ys)2 - 4(Xt - Xs) (Zt - Zs)  is a 
nonsq uare in F for distinct t, s E F, if q is odd. 

(ii) tr ( (x,+xt)(z,+zt) ) = 1 for distinct s t E F if q = 2e. • (y .. +yt)2 ' ' 

For q odd, we assume in general that At E C is symmetric and write At = 
( 

y
:j2 

Y�2 ) o Fbr q = 2' we 3.'lSume in general that At E C is upper triangular 

and write At = ( � �: ) . 

So for both q even and q odd we have 

C = {A, = ( � �: ) : t E F} , where X : t >--+ Xt , Y : t >--+ Yt , Z : t >--+ Zt 
are three functions from F to F. It is easy to check that if C is a q-clan, then 
X and Z must be one-to-one, and for q = 2e Y is also one-to-one. Moreover, if 

- - ( a
c d

b ) 0 'f; 1-£ E F, u E Aut( F), B E G£(2, q) , and if x, y, z are any fixed 

elements of F, replacing At E C with A; _ pB A![ BT + ( � � ) gives a new 

q-clan C' = {A� : t E F}. Hence it follows that the definition below of equivalence 
for q-clans is a reasonable one. 

Definition 4.6. Let C = {At : t E F} and C' = {A� : t E F} be q-clans. We 
say C and C' are equivalent and write C f"'.J C' provided there e xist the following : 
0 'f; 1-£ E F, B E G£(2, q) , u E Aut( F) , M a 2 x 2 matr ix over F, and a permutation 
1r :  t �ton F for which the following holds: 

A( =: �-tBAf BT + M, for all t E F. (4.1) 
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4.1. Flocks of a Quadratic Cone 

Let K = {(x0 , x1, x2 , xs) E PG(3, q) : x� = xox2}. So K is a quadratic cone in 
PG(3, q) with vertex V = (0 , 0 , 0 ,  1) .  

As mentioned previously, a flock of K is a partition :F = { Ct : t E F} of K \ {V} 
into q, pairwise disjoint conics. Each conic Ct E :F is a plane intersection Ct = '!rtnK, 
where 7rt = [xt ,  Yt , Zt, 1]T is a plane not containing the vertex V. We also speak of 7rt 
as a plane of the flock :F. The following important connection between flocks and 
q-clans was first discovered by J. A. Thas [76] . 

Theorem 4.7. Let X : t � Xt , Y : t � Yt , Z : t � Zt be three functions on F. 
For t E F, put 1rt = [xt , Yt , zt ,  1]T, Ct = 1rt n K, :F = {Ct : t E F}. Also put 

A, = ( ";{ �: ) and C = {A, : t E F}. Then C is a q-clan iff F is a flock. 

4.2. Elation GQ from q-Clans 

Here we give only the most basic concepts pertaining to elation generalized quadran
gles (EGQ) . For a fuller treatment see the monograph [72] . 

Let S =  (P, B, I) be a generalized quadrangle (GQ) of order (s, t) , 
s > 1, t > 1. Let g be a group of collineations of S that leaves invariant each line 
through a fixed point p and acts regularly on the set P \ pj_ of points not collinear 
with p. Then IQI = s2t. Fix y E (P\pj_) ,  and suppose that piLiiziiMiiy, 0 � i � t. 
Put Ai = {g E Q : Mf = Mi} , Ai = {g E Q : zf = Zi} .  Then { e} < Ai < Ai < 
Q, IAil = s, and IAil = st. Moreover, the family :J = {Ai : 0 � i � t} together with 
:1* = {Ai : 0 � i � t} satisfy the following two properties first identified by W. M. 
Kantor [55] : 

Kl. AB n C = {e} for distinct A, B, C E :J; 
K2. A* n B = {e} for distinct A, B E :/. 
W. M. Kantor [55]was also the first to observe the following converse. Let g be 

a finite group with IQI = s2t, s > 1, t > 1 .  Let :1 be a family of 1 + t subgroups 
of Q, each with order s. For each A E :1, let A* be a subgroup of g containing 
A and with IA*I = st. We say that :1 is a 4-gonal family for g provided :1 and 
:1* = {A* : A E :J} satisfy K1 and K2. (For each A E :1, A* is uniquely determined 
as the union of A with the collection of all right cosets of A disjoint from all members of 
:f. However, it seems necessary to include in the hypothesis that A* be a subgroup.) 
Define as follows a point-line incidence geometry S = ( P, B, I) with pointset P, 
lineset B, and incidence relation I. 

The points of S are of three types: 
( i) The elements g E g, 
(ii) The right cosets A*g, g E Q, A E :1, 
(iii) A symbol (oo ) . 

The lines of S are of two types: 

(a) The right cosets Ag , g E Q, A E :1, 
(b) Symbols [A] , A E :/. 
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A point g of type (i) is incident with each coset Ag, A E :f. A point A*g of type 
(ii) is incident with each coset Ahg contained in A*g, g E Q, A E :1, and with the 
line (A] . The point ( oo) is incident with each line (A] of type (b) . There are no other 
incidences. Then S is a GQ of order (s, t) precisely because (Q, :1, :J*) satisfies K1 
and K2. We often write S = (Q, :J) . 

It is clear that right multiplication by an element g of Q induces an elation about 
( oo), i.e., a collineation of S that fixes each line through ( oo) and acts semiregularly 
on the points not collinear with ( oo) . In this way Q act regularly on the points not 
collinear with ( oo ) .  We say Q is a group of elations about ( oo) and express this by 
writing S = ( s< oo), Q) is an EGQ (elation generalized quadrangle) . See Chapters 8 
- 10 of the monograph (72] for many additional results concerning EGQ. 

The reason for introducing 4-gonal families and the corresponding construction 
of GQ at this point is that q-clans provide 4-gonal families for a special group with 
s = q2 and t = q. This construction is as follows. 

Let C be a given q-clan normalized so that A0 is the zero matrix. And P = 

( �1 �). 
For a = (a, b) , f3 = (c, d) E F2 , put a· f3 = ac + bd = a(f3)T. Then we 

may define a group IC = { (a, c, {3) E F2 x F x F2 : a, f3 E F2, c E F} with binary 
operation 

(a, c, {3) o (a' , c' , {3') = (a + a' , c + c' + f3 ·a' , f3 + /3') .  ( 4.2) 

This makes IC into a group of order q5 with (a, c, /3)-1 = 
(-a, a· f3 - c, -{3) .  Starting with the q-clan C put Kt = At + A'f for all At E C.  
Also put Yt (a) = aAtaT. It is then easy to  check that the following holds. 

Yt (a + /3) = Yt (a) + Yt (f3) + aKtf3T. (4.3) 

Then we may define the following subgroups of IC. 
A(oo) = { (.0., 0, /3) E IC : /3 E F2} ;  

A* (oo) = {(.O., c, /3) E IC :  c E F, /3 E F2} ;  
and for all t E F 

A(t) = { (a, gt (a) , aKt) E IC :  a E F2} ;  
A* (t) = { (a, c, aKt) E IC :  a E F2 , c  E F} .  

Put F = F U { oo } ,  :J(C) = {A(t) : t E F}, :J* (C) {A* (t) : t E F}.  

Theorem 4.8.  The triple (IC, :J(C) , :J* (C) )  satisfies the conditions Kl and K2. The 
resulting G Q  is denoted GQ(C) and has parameters (q2 , q) . 

4.3. q-Clans, Flocks & Spreads of PG(3,q) 

Starting with a q-clan C we show how to construct a line spread of PG(3, q) (sim
ilar to a construction of Gevaert and Johnson (24] ) .  Also we start with the associ
ated flock :F(C) and use the Klein correspondence, as discovered independently by 
Thas and Walker (76, 81] , to construct a spread of PG(3, q) . These two approaches 
are equivalent, and each has its special advantages (see (2.7) ) .  There is a standard 
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(Bose-Barlotti) construction of a translation plane from a spread of PG(3, q) , with 
isomorphic translation planes corresponding to projectively equivalent spreads. The 
Bose-Barlotti construction uses a 4-dimensional projective space. Equivalently, one 
may use the Andre construction via 4-dimensional vector space. We shall compare 
both methods a little later. 

With P = ( �l � ) , let A, B be any 2 x 2 matrices over F. Then A= B iff 
B = A + J.tP for some 1-' E F. A line of PG(3, q) will be given as the row space of a 
2 x 4 matrix with rank 2. For example, if 0 (resp. ,  I) is the 2 x 2 zero (resp. ,  identity) 
matrix over F, put 

Loo = ((0, I)). (4.4) 

Then if u E F and A is any 2 x 2 matrix over F, put 

L(A,u) = ((I, A+ uP)). (4.5) 

Lemma 4.9. RA = {Loo} U {L(A,u): u E F} is a regulus. 

For a line L, L * denotes the set of points incident with L. And for a matrix A, 
R A. denotes the set of points incident with a line of the regulus R A. 

Lemma 4.10. Let A, B be two 2 x 2 matrices over F. 
(i) ((I, A)) = ((I, B)) iff A= B. 
(ii) ((I, A)) E RB iff A=: B iffRA = RB. 
(iii) RA. n R.B 2 L�, with equality iff A- B is anisotropic. 

As an immediate corollary we have the following theorem. 

Theorem 4.11. Let X : t 1--t Xt; Y : t 1--t Yt; Z : t 1--t Zt be three functions from F to 
F. Fbr t E F put At= ( ";; �: ) . Th en put C ={At: t E F}. With the notation 

as above, Rt =RAt is a regulus for each t E F. Put S(C) = U{Rt: t E F}. Then C is 
a q-clan iff S(C) is a spread of PG(3, q) , in which case X and Z are both one-to-one. 

It follows that with each q-clan C there is a corresponding line spread S(C ) of 
PG(3, q) , from which a standard construction provides a translation plane 1r(C ) . It 
turns out that two q-clans C ,  C 1 are equivalent iff their associated spreads S(C ) , S(C 1) 
are projectively equivalent. 

We now use the Klein map from lines of PG(3, q) to points of the Klein quadric 
to give the Thas-Walker construction of a spread of PG(3, q) starting with a flock of 
a quadratic cone. (Their construction is actually more general. See J. A. Thas [76], 
and M. Walker [81] ) .  We have previously seen this construction in (2.7) . Now we 
shall consider only the finite case and add a few details. 
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4.4. The Thas-Walker construction in the finite case. 

Let :F = {C1, ... , Cq} be a flock of the cone K (as in Section 4.1) . Embed K in the 
hyperbolic (or Klein) quadric 1l of PG(5, q) . Denote the plane of Ci by 1ri. So 1ri 
intersects 1i in a conic. The polarity 1t"i 1--7 1rf defined by 1i takes planes of this type 
to planes of this type. (In algebraic notation: 1i = o+(6, q) = 0(3, q) ..l 0(3, q) .)  
Denote 1rf n1i by Cf, and let 0 = U{Cf: 1 � i � q}. The cone K lies in a solid� 
whose perp is a tangent line L (since� meets 1i in a cone) . The point of tangency 
is the vertex V of the cone. Thus all 1rf contain L and hence contain V. Moreover, 
since the planes 1ri in :F are distinct, their perps are distinct, so they pairwise intersect 
exactly in L. Other than V, each 1rf has q points of 1i, so 101 = 1 + q2 . And 0 is 
the union of q conics pairwise intersecting in V. 

We claim that no two points of 0 are on a common line of 1i. H p and q are two 
points of 0 lying in the same 1r{, they lie on a conic of 1i and are not on a common 
line of 1i. So suppose they lie in 1rf and 1rt, respectively, i f= j.  Then 1ri n 1r j is a line 
M external to 1i. Hence M .L = ( 1rf, 1rt) is a 3-space that intersects 1i in an elliptic 
quadric, since o+(6, q) = o- (2, q) ..l o- (4, q) .  Hence no two points of M.L n1i, and 
hence of 0, are on a common line of 1i. 

A subset 0 of size 1 + q2 of 1i with no two points on a line of 1i is an ovoid of 1i. 
Equivalently, 0 is a subset of 1i intersecting each plane of 1i in exactly one point. 

Now consider the Klein correspondence between points of the Klein quadric 1i 
and lines of PG(3, q) . The points of 0 correspond to lines of a spread S(:F) .  And 
the points of each conic Cf correspond to the lines of a regulus. Hence S(:F) is the 
union of q reguli pairwise meeting in a line L00 that Klein-corresponds to the vertex 
V. This completes the Thas-Walker construction. 

Starting with a q-clan C = {At= ( ";{ �: ) : t E F},  we have the flock :F(C) = 

{Ct: t E F},  where Ct = 1rtnK, 1rt = [xt, Yt, Zt, 1]T. We now have two constuctions of 
a spread of PG(3, q) starting with C ,  one going directly, algebraically, from the q-clan, 
the other one using the associated conical flock and using the Klein correspondence. 

Lemma 4.12. Our two constructions of spreads from a q-clan are equivalent. (The 
proof is a variation on a treatment in Gevaert and Johnson {24}.) 

Proof. What we wish to establish is that starting with a q-clan 

C = {At = ( �� �: ) : t E F} , the lines of the regulus 14 Klein-correspond to to 

the points of a conic lying in a plane 1rf-, where 7rt is the usual plane [xt, Yt, Zt, 1]T of 
the associated flock. We know that the points p(Loo) and p(Lt,u) for u E F form a 
conic in some plane 1rf. So the plane 7rt will be the intersection of p(Loo).L, p(Lt,o).L, 
and p(Lt,l).L. 

Given a line L = / ( xo, x1' x2' x3 ) ) , put Pij = I Xi Xj I' and use the specific \ Yo, Yl,Y2,Y3 Yi Yi 
Klein map 
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So p(Loo) = (0, 0, 0, 0, 0, 1 ) .  And L(t,u) = ( ( �: �: ��, Yt: u ) ) , sop( L(t,u)) = 

(1, -u, Zt, -xt, Yt + u, u2 + YtU + XtZt)· Here 1i = {(all . . .  , a6) 
E PG(5, q) : a1a6 + a2a5 + a3a4 = 0}. 

Put (ai) o (bj) = E!:1 aib7-i· So (ai) ..L (bj) iff (ai) o (bj) = 0. Then 
p(Loo)..L = {(bb . . .  , b6) : b1 = O}, p(L(t,o))..L = (1, 0, Zt, -Xt, Yt, XtZt)..L = 
{ (bi) : b6 + Ztb4 - Xtb3 + Ytb2 + XtZtbl = 0}. 

And p(L(t,l))..L = (1, - 1, Zt, -Xt, Yt + 1 ,  1 + Yt + XtZt)..L = 
{(bi) : b6 - b5 + Ztb4 - Xtb3 + (Yt + 1)b2 + (1 + Y + t + XtZt)bl = 0} 

The intersection of these three perps is { (0, �' b3, b4, b2, b6) : ( -b3)Xt + b2Yt + 
b4Zt + b6 = 0}. We identify {(0, b2, b3, b4, b2, b6) (which is on 1i iff b� = ( -b3)b4) 
with ( -b3, b2, b4, b6) = (xo, XI, X2, X3) E :E. So :E n 1i = K : xi = XoX2. And 
( -b3)Xt + b2Yt + b4Zt + b6 = 0 becomes 

(xo, Xt, X2, x,) [ � ] = 0. 

This says that the regulus Rt Klein - corresponds with C[- where Ct = 7rt n K, 
'!rt = [xt, Yt, Zt, 1]T. Hence the two spread constructions are essentially the same. • 

/ ( a b ax ay + bz ) ) Lemma 4.13. The transversal L = \ 0 0 -b a to RA where A =  

( � : ) that meets L00 at (0, 0, -b, a) Klein- corresponds to the point of E given 

by ( -a2, -ab, -�, a2 x + aby + b2 z) . This implies that the q transversals (of the 
reguli RA) through the point (0, 0, -b, a) of L00, which all lie in a plane [b, -a, 0, O]T 

containing L00, must Klein-correspond to points on the generator of K through the 
point ( a2, ab, b2, 0). Hence the q + 1 planes through L00 Klein-correspond to the q + 1 
generators of the cone K. 

Proof. The proof is a routine application of the Klein correspondence and subse
quent identification with points of :E as given in the proof of Lemma 4.12. • 

Not every line spread of PG(3, q) can arise from a flock of a quadratic cone. The 
following result of Gevaert, Johnson and Thas [25] gives precisely the right character
ization of such spreads. 

Theorem 4.14. A flock of a quadratic cone in PG(3, q) is equivalent to a line spread 
S of PG(3, q) , where S is the union of q reguli Ri, 1 � i � q, which pairwise intersect 
in the same line L. 

We have seen in the previous section that the above theorem is actually valid for 
arbitrary fields K. 

Moreover, we recall that it sometimes useful to have the corresponding character
ization by elation groups. 
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Theorem 4.15. A Bock of a quadratic cone in PG(3, q) is equivalent to a line spread 
in PG(3, q) whose corresponding translation plane admits an elation group E whose 
component orbits union the axis L of the group are reguli. 

4.5. Coordinates for the spreads. 

In matrix form, the spread coming from the q-clan may be represently on the 
4-dimensional vector space (x, y) where x, y are 2-vectors in the following form 

x = O, y = x 
[ Xt u+yt] for all u, t in GF(q) . -u Zt [ 0 -1 0 

1 0 0 
Let Xt = t and change bases by T = 0 0 1 

0 0 0 
the form 

� ] to produce the spread in 

[ u -zt l 
x = 0, y = x t u + Yt for all u, t in GF(q) . Let Zt = -f(t) and Yt = g(t) for 

two functions f and g on GF(q) . Then the spread has the form: 

x = O, y = x 
[ u +t(t) !�) ] for all u, t in GF(q) . 

We call this form the standard form. 
Also note that if f and g are functions which produce a spread as above then also f and -g are functions which produce a spread. It is not difficult to prove that the 

two spreads are isomorphic. 
To see why this transformation is useful, consider a spread in PG(3, q) (con

sidered as a 4-dimensional vector space V4 over G F ( q)) as a set of mutually dis
joint 2-dimensional vector subspaces whose union is a coverof 1!4. Representing 
V4 = W E9 W where W is a 2-dimensional GF(q)-vector space, then the translation 
plane may be defined as follows: The points of the plane are the vectors and the lines 
are the translates of the spread lines considered as 2-dimensional vector subspaces. 
This is the Andre construction of a translation plane corresponding to a spread in 
PG(3, q). There is also the Bruck-Bose construction which produces equivalent trans
lation planes and which we shall discuss briefly somewhat later. 

Given a translation plane as above with points (x, y), a regulus which contains 
W E9 0 = (y = 0) and 0 E9 W = (x = 0) and y = x may be represented as follows:  

x = O, y = x 
[ � � ] for all u in GF(q) . Moreover, 3Jl Y  other regulus that contains 

x = 0 has the form x = 0, y = x 
[ u + tg(t) !�) ] for t fixed, g 3Jld f functions 

on K and for all u in G F ( q) . If the spread consists of a union of q reguli that share 
a fixed line, we may choose this line to be represented as x = 0 so we obtain the 
following result. 

Theorem 4.16. A translation plane 1r with spread in PG(3, q) corresponds to a Bock 

17 



of a quadratic cone if and only if there exist functions f and g on GF(q) such that 
the spread for 1r may be represented in the following form : 

x = O, y = x [ u +l(t) I�) ] for g and I functions on GF(q) and for all t, u in 

GF(q) . 
In this case, there is an elation group [ 1 0 u 0 ] 

0 1 0 u E =< 0 0 1 0 V u � GF(q) > . 

0 0 0 1 

We note that the corresponding q-clan matrices now have the form [ � g(t) 
l -f(t) . 

5. Flocks and spreads in PG(3, K) forK an arbitrary field 

We have mentioned that it is not always that case that corresponding to a flock of a 
quadratic cone in PG(3, K) for K a field, there is always a generalized quadrangle. 
However, flocks and spreads related as in the previous theorem but over K instead of 
GF(q) do correspond. The following result may be found in Jha-Johnson [33] 

Theorem 5.1. For every translation plane with spread in PG(3, K) , for K an arbi
trary field, of the form 

x = 0, y = x [ u + 
t

g(t) I�) ] for g and I functions on K and for all t, u in K , 

there is an associated flock of a quadratic cone defined as follows : Let (x0, X1 , x2 , x3) 
denote homogeneous coordinates for PG(3, K) , and consider the conic Co with equa 
tion X 0X1 = x� in the plane x3 = 0. Let V0 = (0, 0, 0, 1) and form the cone v 0P for all 
P in C 0• Then the following planes define, by intersection, a flock of the cone: 

1rt : txo - j(t) x1 + g(t) x2 + X3 = 0. 
Conversely, a flock of a cone in PG(3, K) with equation X 0X1 = x� and vertex 

(0, 0, 0, 1) has plane equations of the form given above and defines a translation plane 
with spread in PG(3, K) with components defined as above. 

We note previously that there is also the corresponding Klein quadric construction 
connecting flocks of quadratic cones in PG(3, K) with spreads in PG(3, K) which are 
unions of reguli sharing a common line. 

Since we shall shortly be concerned with finer connections between the points of 
the cone and the associated translation plane, we note the following result. 

Theorem 5.2. Let F be a flock of a quadratic cone in PG(3, K) where K is a field 
and let 7rp denote the associated translation plane whose spread is a union of reguli 
which share exactly one line L .  Then the corresponding nets of reguli(called base 
regulus nets) sharing a common component have the following correspondence : 

( l) (a) The non vertex points on the quadratic cone correspond to the Baer sub
planes incident with the zero vector of the base regulus nets. 
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(b) The points of a conic of the flock are the set of all Baer subplanes incident 
with the zero vector of a particular base regulus net. 

(2) The lines M of the quadratic cone correspond to the !-dimensional K -subspaces 
on L .  Note that for each !-dimensional K-subspace X on L there is exactly one Baer 
subplane of each base regulus net that contains X. The set of these Baer subplanes 
as points of the quadratic cone consists of the nonvertex points of a line M of the 
quadratic cone. 

(3) Let Y be a !-dimensional K -subspace which is not on L .  Let E denote the 
elation group noted in the previous result. 

(a) Then < Y E > is a 2- dimensional K -subspace which defines a Baer subplane 
of one of the base regulus nets. 

(b) Let ( oo) denote the parallel class containing L and let Y 00 denote the set of 
lines (oo)P for all points P ofY where Y is a !-dimensional K subspace which is not 
on L .  Let Z be any !-dimensional K-subspace which is not on L such that Zoo = Yoo . 

Then < YE > nL =< ZE > nL. 

Proof: Most of the above result follows more-or-less directly from the properties 
of the Klein quadric. To see that (3) (b) is valid, let L be x = 0 where the points of the 
vector space are represented by (x, y) and x,y are 2-vectors. Let (c, m) be a point of 
Y and ( c, n) be a point of Z. Then E has the form [ 1 0 u 0 ] 

0 1 0 u . 
( 0 0 1 0 for all u 'tn K ). 

0 0 0 1 

Then < YE > nL = { (c, cu) for all u in K} =< ZE > nL. 

Corollary 5.3. Let F be a flock of a quadratic cone in PG(3, K) for K a field and 
let 'IrK denote the corresponding translation plane with spread in PG(3, K) which is 
the union of a set of reguli sharing a line L (component) on the parallel class ( oo) . 
Let M be any other component of 'irK and for each !-dimensional K space Y on M 
denote the set of l ines incident with a point of Y and ( oo) by Y 00 • 

Then the permutation group induced on the lines of the quadratic cone is permu
tation isomorphic to the permutation group induced by the stabilizer of L on the set 
{Y00 for all Y in M} . 

Theorem 5.4. Let F be a flock of a quadratic cone in PG(3, K) and 7rF the associ
ated translation plane with spread in PG(3, K) . Let G denote the collineation group 
of 1rF in r L( 4, K) which permutes the base nets and leaves invariant the a xis of the 
elation group E defining the reguli of the spread. Let K* denote the kernel homology 
collineation group which fixes each parallel class which is induced from K - {0}. 

Then the full automorphism group of the flo ck F is G/EK* . 

Proof: The group of the flock must leave the cone invariant and permute the 
conics of the flock. The conics of the flock are the Baer subplanes of the base reguli. 
The automorphism group which fixes each Baer subplane of each base reguli may be 
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shown to be EK*. It follows that the automorphism group of the flock in Pr L( 4, K) 
is exactly G I EK*.  

We refer to  the group G of the translation plane corresponding to  a flock above 
which normalizes the group E as the group inherited from the flock or the inherited 
group. IT the plane is finite and not Desarguesian then Johnson [40] has shown 

Theorem 5.5. Let 1r be a finite non-Desarguesian translation plane that corresponds 
to a flo ck of a quadratic cone. Then the full collineation group of 1r is the inherited 
group. 

IT the plane is infinite then Biliotti and Johnson [9] provide examples of non
Pappian planes corresponding to infinite flocks such that the inherited group is not 
the full collineation group. The planes of the flocks share one of two lines and are 
thus called "bilinear" . 

That the bilinear flocks or bilinear planes play the part of Desarguesian planes in 
the finite case is illustrated by the following result of Biliotti and Johnson [9] . 

Theorem 5.6. Let K be an ordered field such that all positive elements are squares 
and F is a flo ck of a quadratic cone in PG(3, K) and let 1r denote the associated 
translation plane. Furthermore, let the full collineation group of the flo ck be denoted 
by G F and let the full collineation group of the associated translation plane be 
denoted by G 1r .  

Then one of the following holds: 

Corollary 5. 7. (1) the plane is Pappian, 
( 2) the plane is a bilinear flock plane or 
( 3) G 1r IE K* is isomorphic to G F where E is the regulus inducing elation group 

induced from the regulus cover and K* denotes the group of homologies induced from 
the nonzero scalars in K. 

6. Semi-translation planes derived from dual translation planes. 

In this section, we shall be interested in planes obtained by the derivation of the 
duals of translation planes with spreads in PG(3, K) for K certain skewfields. We 
note that although every dual translation plane of a plane with spread in PG(3, q) 
must be derivable, it is possible to construct nonderivable dual translation planes but 
which contain derivable nets. 

Definition 6.1. Recall that a spread S in PG(2k - 1, K), for K a skewfield, and k 
a positive integer > 1 is a set of skew ( k - 1) -dimensional subs paces such that each 
point of PG(2k - 1, K) is incident with one of the subspaces of S. 

A dual spread S* is a set of skew ( k - 1) -dimensional subspaces such that each 
hyperplane of PG (2k - 1, K) contains a line of S* . 

When K is finite any spread is a dual spread and conversely. However, for any 
infinite skewfield, there are spreads which are not dual spreads and dual spreads which 
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are not spreads. (All of these examples are in PG(3, K)) [14] (p.41, 4. 1.6) . Actually, 
the spreads mentioned in Cameron are generalizations of those given in Bruen and 
Fisher [12] for spreads over countable fields. Also, see Barlotti [5] and Bernardi [7]) .  

There is an intimate connection between spreads which are dual spreads and Baer 
subplanes. 

Definition 6.2. Let 1r be a projective plane and 7r0 a subplane of 1r. 
1r o shall be said to be a point-Baer subplane if and only if every point of the plane 

is incident with a line of 1r 0 •  
1r o shall be said to be a line-Baer subplane if and only if every line of the plane is 

incident with a point of 7r0• 
When the projective plane is finite then every point-Baer subplane is also a line

Baer subplane. However, in the infinite case, this is no longer the case as is shown by 
Barlotti [5] . Barlotti shows that there exist line-Baer subplanes which are not point 
Baer. Actually, Barlotti uses the Bruck-Bose model to prove this statement whereas 
the following treatment uses the Andre approach. 

There are situations when one can always guarantee the line-Baer case. 

Theorem 6.3. Let S be a spread in PG(2k - 1, K) . Let 1rs denote the associated 
affine translation plane obtained by taking vectors in the 2k- dimensional vector space 
over K as points and translates of the elements of S (taken as vector subspaces) as 
lines. 

Let 7r0 be a k-dimensional K- vector subspace of 1rs . Assume that k is even 
and assume that nontrivial intersections with the spread elements with 1r o are always 
k /2-dimensional K subspaces of 1r o .  

(1) Then 7r0 is an affine plane which is a line-Baer subplane when considered 
projectively. 

(2) Wben k = 2 then a spread S is a dual spread if and only if any 2-dimensional 
K -subspace which is not a line of 1rs is a Baer subplane of 1rs . 

Using this, Johnson proved the following (see Johnson [46]) :  

Theorem 6.4. Let S be a spread of PG(3, K) for K  a skewfield. Let :E be a particular 
plane. Let 1ro be a line of :E but not a line of S and write 7r0 = X0 E9 Yo where X0 
and Yo are !-dimensional K subspaces. 

(1) Then 1r o is a line-Baer subplane of the associated translation plane 1r s .  
Denote the parallel classes of 1r s containing the lines containing X o and Yo respec

tively by (oo) and (0) . Form the lines (oo)a for all a in Y0• Dualize the translation 
plane, sending (oo) to the line at infinity of D(1r;}-) and the line at infinity of the 
translation plane to ( oo )* .  

(2) The affine net D with infinite points ( oo )* ,  ( oo )a for all a in Yo is a derivable 
net. 

( 3) H S is a dual spread then the affine dual translation plane containing D 
obtained by deleting ( oo) is derivable by derivation of D. 

( 4) H S is not a dual spread and :E is a plane which does not contain a line of S 
then the affine dual translation plane containing D obtained by deleting ( oo) is not 
derivable by derivation of D. 
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Using the algebraic representation of a flock of a quadratic cone, it is possible to 
show that every corresponding spread is a dual spread. J .A. Thas pointed out to one 
of the authors that it is possible to use the Klein quadric to observe the same result. 
(See Johnson [46] .) 

Theorem 6.5. Let S be a spread in PG(3, K) for K a field. Then S is a dual spread 
in either of the following two situations: 

(1) S is a union of reguli that share exactly one line. 
(2) S is a union of reguli that mutually share two lines. 

Hence, we obtain 

Theorem 6.6. Let 1r be any translation plane with spread in PG(3, K) , for K an 
arbitrary field. Assume there exists an elation group E such that some component 
orbit union the axis is a regulus in PG(3, K) . 

Choose a component M distinct from the axis of E.  Let L denote the axis of E 
of the parallel class ( oo) . Choose a 1-dimensional K subspace Y in M and let Y 00 
denote the set of lines parallel to L which contain a point of Y. 

(1) The subplane defined by the points < Y E > is a Baer subplane of 1r which 
has Y 00 as its lines on the parallel class ( oo) . 

(2) The dual subplane of < Y E > defines a derivable net in the affine restriction 
by deletion of ( oo) of the dual of the projective extension of 1r. 

(3) There is an associated flock F of a quadratic cone in PG(3, K) . Let G denote 
the collineation group of 1r which is inherited from the flock. Then Gy oo induces a 
collineation group of the dual translation plane. Furthermore, Gy oo E K* IE K* is the 
full automorphism group of the flock F which fixes the line Ly oo corresponding to 
1-dimensional K space < Y E > nL. 
Remark 7. In the finite case, every spread is a dual spread. It follows from Johnson 
{39} that if the plane is not Desarguesian and of order > 16 then the full collineation 
group of the dual translation plane is Gy oo • And, we have mentioned previously that 
the full collineation group of the flock is G IE K* . 

Hence, in the finite case, if the flock is not linear then the full collineation group 
of the dual translation plane is an extension of the stabilizer of a line of the cone in 
the automorphism group of the flock. 

More generally, the isomorphism classes of the finite planes introduced in this 
section (each of which is derived from the point-line dual of a translation plane already 
associated with a flock of a cone) are in one-to-one correspondence with the orbits 
on the generators of the cone under the semi-linear group preserving the cone K and 
the given flock. Hence this increases the number of geometries related to a q-clan and 
also motivates the determination of the orbits on the generators of the cone under 
the appropriate group. 

We have viewed the translation planes associated with flocks of quadratic cones 
above using an associated vector space. For those interested in the Bruck-Bose ap
proach, we consider the equivalent representation within projective space. This con
struction is valid for spreads in PG(3, K) which are also dual spreads and is equivalent 
to the construction given above. 

22 



Let P = PG(4, K) and let� be a hyperplane of P. If S is a spread of� which 
is a dual spread, we will denote by 1r = 1r(P, �' S) the translation plane associated 
with S, whose points and lines will be called, respectively, 1r-points and 1r-lines. The 
1r-points are the points of P \ � and the lines of S. The 1r-lines are the planes of P 
which intersect � at a line of S, and�- The incidence relation is inclusion. 

Now let 1rd denote the dual plane of 1r. Let �1 be a hyperplane of P different 
from�- As� n �1 is a plane of�' there is exactly one line L of S contained in the 
plane� n �1. Following A. Barlotti and R. C. Bose [6] we can construct a projective 
plane � = � (P, �' �1 , S) using P, �' �1 and S. The points and the lines of � will be 
called, respectively, �-points and �-lines. 

The �-points are of three types. The �-points of type (1) are the planes of P 
which intersect � at a line of S different from L. The �-points of type (2) are the 
planes of P which intersect� at L and are not contained in �1• The �-points of type 
(3) are the points of L. 

The �-lines are of three types. The �-lines of type (1) are the points of P which 
do not belong to� or to �1 · The �-lines oftype (2) are the planes of �1 which do 
not contain L. The line L is the unique �-line of type (3) . 

A �-line a of type (2) is incident with a �-point f3 of type (2) iff a n  f3 is a line. 
In all other cases, a �-line and a �-point are incident iff they are incident in P. 

Let R(�1) be the set of all 1r-lines a such that a is either a plane of �1 containing 
L or a = �- In 1rd, R(�1) defines a derivable net and � is the derived plane of 1rd 

obtained by replacing the derivable net R(�1) .  
To see how the two approaches connect, note that considering (6.4) and (6.6) , 

notice that the infinite points of a derivable net in the dual translation plane may 
be defined by a component L and !-dimensional space Y 00 union the line at infinity 
Loo . The 3-dimensional space < L, Yoo > union L00 corresponds to R(�1) .  

In the finite case, there is some general theory concerning the collineation groups 
of derived dual translation planes. There has been essentially no accompanying theory 
in the infinite case. Hence, we now restrict ourselves to the finite case. 

The following theorem on �-planes appears in N. L. Johnson [41]. 

Theorem 6.7. For finite planes, the planes �(P, �' �b S) and �(P, �' �2 , S) 
are isomorphic iff there is a collineation u of � such that 
(l)u : S f-?  S 
(2) if ai = � n �i for i = 1 ,  2 then u : a1 r-t a2 • 

Using the fact that an equivalence between q-clans corresponds in a precise way to 
a projective equivalence between their corresponding spreads, as well as Lemma 4.13 
and Theorem 6.7, we obtain the following corollary: 

Starting with a given q-clan C, the number of pairwise distinct �-planes 
derived from the plane of the spread S(C) is the same as the number of 
orbits on the generators of the cone K under the group of semilinear 
collineations preserving the flock :F( C) . 

The following result appears in Johnson [41] in the finite case. Also see Johnson 
and Lunardon [50] . It is an open question whether the analogous statement remains 
valid in the infinite case. 
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Theorem 6.8. Let 1r be a translation plane in PG(3, q) and correspond to a flock 
of a quadratic cone. Let D(1r) be an affine restriction of the dual of the projective 
extension of 1r and let N denote an associated derivable net in D ( 1r) constructed as 
above and let 1r N denote the derived plane. 

H 1r is not a semifield plane then the projective extension of 1f'N is a plane which 
admits exactly one incident point-line transitivity. That is, 1f'N is of Lenz-Barlotti 
class II-1.  

7. Baer Groups and Extension Theory. 

7 .1.  Baer groups 

It turns out that the structure of a Baer group in a translation plane provides a link 
to translation planes corresponding to flocks of quadratic cones. It is also possible 
to study point-Baer and/or line-Baer subplanes and groups which fix such subplanes 
pointwise. In particular, we are interested in the analysis of translation planes that 
contain point-Baer subplanes which are fixed pointwise by certain maximal point-Baer 
groups. Moreover, the reader is referred to the papers of Jha-Johnson( [36] , [34] , [35]) 
which more generally concern point-Baer collineation groups, the generalized Andre 
theorem and infinite Baer nets . .  

In particular, 

Theorem 7.1 .  (Jha-Johnson {36}). Let 1r be a translation plane with spread in 
PG(3, K) where K is a field. Let B denote a Baer collineation group in r L( 4, K) 
which acts regularly on the 1-dimensional K subspaces not in FixB which lie on any 
component of FixB. (1) Then any nontrivial orbit of components of 1r union FixB 
is regulus in PG(3, K) . 

(2) The reguli of part (1) correspond to a partial flock of deficiency one of a 
quadratic cone. 

Conversely, 

Theorem 7.2. (Jha-Johnson {36}). Let P be a partial flock of deficiency one of a 
quadratic cone in PG(3, K), for K a field. 

(1) Then there is an associated translation plane 1rp with spread in PG(3, K) 
which admits a Baer group B that acts regularly on the 1-dimensional K subspaces 
not in FixB which lie on any component of FixB. 

(2) The partial flock P may be extended uniquely to a flock if and only if the net 
defined by FixB is a K-regulus net. 

The idea of the proof is that corresponding to a partial flock of deficiency one 
is a translation net which is the union of a set of regulus nets sharing a component 
L. It is then shown that there is a corresponding elation group B with axis L which 
leaves each regulus net invariant. However, the natural setting is to consider L as a 
potential Baer subplane of a putative translation plane admitting B as  a Baer group. 
The deficiency one assumption allows that indeed this is the case and conversely 
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such translation planes admitting such Baer groups correspond to partial flocks of 
deficiency one. 

In the finite case, Payne and Thas [73] have shown 

Theorem 7.3. A partial flock of deficiency one of a quadratic cone in PG(3, q) may 
be uniquely extended to a flock. 

Remark 8. (1) The proofs for q even or odd are quite different. The case, q odd 
depends ultimately on the associated partial B LT set and corresponding set of partial 
flocks in PG ( 4, q) . The even order case depends on properties of conics in even order 
Desarguesian planes. 

(2) In the infinite case, since there is not necessarily an associated BLT set, the 
corresponding analogous attempt for odd characteristic is not available. In general, 
there is nothing known about possible extensions of deficiency one partial flocks in 
the infinite case. 

It might also be mentioned that there are connections with flocks of hyperbolic 
quadrics and translation planes admitting certain Baer groups which are considered 
by Jha-Johnson in [36] 

In the next sections, we shall see that for q even, there is a much stronger extension 
result for partial flocks. 

8. Herds of k-Arcs and Partial Flocks; q-Even 

In this section we assume that q = 2e. Let K be the usual cone x0x2 = xi with vertex 
V = (0, 0, 0, 1) .  A partial flock :F of K is a set of disjoint (irreducible) conics on K. 
The partial flock :F is complete if it is not contained in a larger partial flock. Suppose 
that the k planes 'lri = [xi , Yi , Zi, 1]T, 0 � i � k - 1, define the k conics of :F. Then 
the k conics Ci = 1ri n K form a partial flock of K precisely because 

Without loss of generality we may assume that 7ro : x3 = 0, i.e. , x0 = Yo = zo = 0. 

Theorem 8.1. Let I be a subset of F containing k elements including 0. The k
planes 1rt = [xt ,  Yt, Zt ,  l ]T ,  t E I,  with 1r0 = [0, 0 ,  0, 1]T, define a partial flock :F of the 
cone K :  x0x2 = xi of PG(3, q) if and only if for (0, 0) # (a1 , a2) E F2, the set 

K(a1 ,a2) = { (1, J aixt + a1a2Yt + a�zt, t) : t E I} U { (0, 1, 0) , (0, 0, 1)} 

is a (k + 2)-arc of PG(2, q) . 

Such a set of q2 - 1 (k + 2)- arcs of PG(2, q) is called a herd of arcs. In this way 
to each flock of K corresponds a herd of hyperovals of PG(2, q), and conversely. 

The existence of the herd of hyperovals starting with a flock is implicit in S. E. 
Payne [61], where it follows from the theory of generalized quadrangles. That a herd 
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of hyperovals implies the existence of a flock first appears in W. Cherowitzo et al. 
[17] .  Theorem 8.1 as given here first appears in L. Storme and J. A. Thas [75] , where 
it is credited to S. E. Payne and T. Penttila by Private Communication. 

As mentioned previously, S. E. Payne and J. A. Thas [73] proved that a partial 
flock of q - 1  conics always is contained in a flock. By using the relationship between 
partial flocks and herds, L. Storme and J. A. Thas [75] were able to improve this 
considerably. 

Theorem 8.2.  (L. Storme and J. A. Thas) Let :F be a partial flock of K consisting 
of k conics in PG(3, q) . H 

(a) k > q - vq - 1 when q is a square, and 

(b) k > q - ..j2Q when q is a nonsquare, q > 2, 

then :F can be extended uniquely to a flock. 

9. Partial flocks containing linear subflocks 

Any partial linear flock of an oval cone certainly may be extended to a linear flock. 
But, suppose one has a partial flock of an oval cone which is not linear but which has 
a reasonable large subflock which is linear. In the general case, it is not clear what 
might be meant by a large linear subflock. In the finite case for flocks of oval cones 
in PG(3, q) , we note the following result. 

Remark 9. Let P be any nonlinear partial flock of an oval cone in PG(3, q) . Then 
the maximal cardinality of a linear subflock is (q - 1)/2 if q is odd or q/2 - 1 if q is 
even. 

Proof: Let F denote the linear flock containing the linear subflock of P all of 
whose plane contains the line L. Let 1r 0 denote a plane of P which does not contain 
L. Then the oval of intersection in 1r o can share at most two points from each of the 
planes of the partial flock F - P. Thus, at most (q + 1)/2 for q odd or q/2 + 1 planes 
of F - P are required to accomplish this . 

Thus, we have the following question: 
If a partial flock P of an oval cone in PG(3, q) contains a linear subflock of cardi

nality (q - 1)/2 or q/2 - 1 respectively as q is odd or even, can P be extended to a 
flock of an oval cone? 

Actually, we shall see in a later chapter that when q is even then any partial flock 
of a quadratic cone which contains a linear subflock of cardinality q/2 - 1 has the 
property that all of the planes of the partial flock share a common point. When q is 
odd, Payne and Thas [73] proved 

Theorem 9.1. (Payne and Thas). There is a unique nonlinear flock of a quadratic 
cone in PG(3, q) for q odd, which contains a linear subflock of (q - 1)/2 conics. 
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Now all of this may be considered for partial flocks which properly contain a 
suitable linear sub-partial flock. 

We shall state this in the most general manner. 

Definition 9.2. Let M be a linear partial flock of a quadratic cone in PG(3, K) for 
K an arbitrary field with the property that any linear partial flock which properly 
contains M may be extended uniquely to a linear flock. Then M shall be called a 
maximal linear partial flock. 'When K is finite and isomorphic to GF(q) then any 
linear partial flock of (q - 1)/2 conics for q odd or (q/2 - 1) conics for q even is a 
maximal linear partial flock. 

Assume that P is a nonlinear partial flock of a quadratic cone in PG(3, K) for 
K an arbitrary field which proper contains a maximal linear partial flock. Can P be 
extended to a (necessarily nonlinear) flock? 

In Johnson [45] , the following extension result is proved. 

Theorem 9.3. Let P be any nonlinear partial flock which properly contains a linear 
subflock of ( q - 1) /2 conics for q odd. Then P may be uniquely extended to a flock 
of a quadratic cone in PG(3, q) . 

9.1. Flock partial spreads in spreads. 

A partial spread corresponding to a flock of a quadratic cone consists of a set of reguli 
in PG(3, K) for K a field , that share a line. Suppose that such a partial spread 
is contained within a spread in PG(3, K). Is the containing partial spread a flock 
spread? This may be considered a question on extension of sorts. In an article in this 
volume, Johnson and Storme [53] consider this question and show roughly speaking 
that if the original partial flock spread contains at least 3q /4 conics and is embedded 
in a spread then the spread is, in fact, a flock spread and the original partial flock 
may be extended. More generally, Johnson and Storme consider such questions for 
other sets of reguli that correspond to flocks of elliptic and hyperbolic quadrics. 

10. The Fundamental Theorem of q-Clan Geometry 

Throughout this chapter C = {At : t E F} will be a fixed q-clan normalized so that 

A0 = ( � � ) and each At is symmetric or upper triangular according as q is odd 

or even. In addition, we assume without loss of generality that when q is odd the 
members of C are indexed so that Xt = t for all t E F. And if q = 2e , so that t I-> Yt is 
a permutation, we assume that Yt = t for all t E F. GQ(C) is the GQ of order (q2 , q) 

constructed from C. Also P is always the matrix P = ( �l � ) ·  
Moreover, C' = {A� : t E F} will be a second q-clan normalized in the same way. 

Basically, the Fundamental Theorem (FT) shows how to interpret each equivalence 
between C and C' as an explicit isomorphism between the corresponding geometries 
of whatever kind: generalized quadrangles, conical flocks, or spreads of PG(3, q) . 
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Theorem 10.1. For any prime power q, let C = {At = ( � �: ) : t E F} and 

C' = {A:_ = ( � � ) : t E F} be two (not necessarily distinct) normalized q-clans. 

Then the following are equivalent: 
(i) C ....., C'; 
(ii) The flocks :F(C) and :F(C') are projectively equivalent; 
(iii) GQ(C) and GQ(C') are isomorphic by an isomorphism mapping 
( oo) to ( oo ) , [A( oo )] to [A' ( oo )] ,  and (0, 0, 0) to (0, 0, 0) ; 
(iv) The associated spreads S(C) and S(C') are equivalent. 
Moreover, these four conditions bold iff there exist a E Aut(F) , B E  GL(2, q) , 0 =I 

u E F, and a permutation 1r : t 1--t f on F for which 
(v) A{ =: uB-1 Af B-T + A{; for all t E F. 

The corresponding isomorphism (} : GQ(C) 1--t GQ(C') is given by 

(vi) (} = O(u, B, a, 1r) : (a, c, /3) t--t 
(au B, ud,. + au BA[,BT( aa)T, uf3a B-T + au BKf,). 

And the corresponding isomorphism between the associated translation planes 
is induced by the following projective equivalence of the associated linespreads of 
PG(3, q) . 

( u-1B u-1BA� ) (vii) T : (xo , X1 , x2 , x3) t--t (x0 , x1 , x2 , x3) 
0 B-T 0 : 

S(C) t--t S(C') .  

H B-1 = ( : � ) , the corresponding isomorphism To : F(C) >-t F(C') is defined 

for planes of the flocks by 

(viii) [ � ]
= 

To : [ � ] >-+ ( ua2 uab 
2uac u(ad + be) 
uc2 ucd 
0 0 

10.1. Applications to GQ(C) 

ub2 
2ubd 
u� 
0 

x[, ) [ xf l 
yf, yf 
zf, zf · 
1 1 

In this section we consider the FT under the additional hypothesis that C = C' , or 
more specifically that At = A� , t E F. Then for the normalized q-clan C, we define 
the following groups of collineations of GQ(C) , where g denotes the group of all 
collineations of GQ(C) that fix the point oo . 
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( i) Yo = {6 E y : (0, 0, 0)0  = (0, 0, 0)} ;  
(ii) 1l = {6 E Yo : [A(oo)t = [A(oo)} ;  

(iii) M = {6 E 1l :  [A(0)]0 = [A(O)]} ;  
(iv) N = {6 = 6a E M  : 6a : (a, c, ,B) I-t (aa, a2c, a,B) , 0 -=/=  a E F}. 

The following observation is a trivial consequence of the FT. 
M always contains the following subgroup: 

(10.1) 

M* = {6 = 6(a2 , al, a, 1r : t I-t  tu) : (a, c, ,B) I-t (aau , a2cu , a,Bu) : 0 -=/=  a E F, a E 
Aut(F) with At.,. = Af for t E  F} . 

With the q-clans normalized as they are it is easy to establish the following. 

For O(u, B, p, tr) E 1i with B-1 = ( : � ) , (10.2) 

(i) t1r = p,(a2t(1' + abyf + b2 zf) + o-rr ' if q is odd. 

(ii) t1r = p,(ad + bc)t(J' + o-rr ' if q is even. 

Now let 6i = 6(P,i , Bi, ai , 1ri) ,  i = 1, 2. We may compute 6 = 61 0 ()2 , where the 
notation means do 61 first. 

Using the above results it is possible to prove the following. 

Theorem 10.2. T : () 1--t To is a homomorphism from 1l onto the subgroup of 
PrL(4, q) leaving invariant the cone K and the flock :F(C) . The kernel ofT is N. • 

We define N to be the kernel of GQ(C) This definition of kernel may not be as 
satisfactory as that for translation generalized quadrangles (TGQ) studied in [72] but 
for many nonclassical q-clans C the kernel of GQ(C) plays a role similar to one played 
by the multiplicative group of the kernel of a TGQ. Note that the kernel N is a group 
of collineations of GQ(C) fixing each line through the point (oo) for every q-clan C. 

10.2.  Recoordinatization: The Shift-Flip 

Any automorphism of K. replaces one 4-gonal family for K. with another. But in 
general we cannot expect that a 4-gonal family :J(C) arising from a q-clan C will be 
replaced with one for which a q-clan is clearly present. In this section we study three 
basic automorphisms of JC that even replace normalized q-clans with normalized q
clans. One goal is to develop a procedure to use the FT to describe all elements of Yo . 
A second goal is to assign to each line through (oo) in some GQ(C) an equivalence 
class of flocks (or q-clans) in such a way that two lines through ( oo) are in the same 
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Q0-orbit if and only if their flocks (or q-clans) are equivalent. This provides a very 
concrete algebraic approach to the concept of derivation first presented in [4] when 
q is odd and includes the case for q = 2e first worked out in [2] for a representation 
of JC that works only in characteristic 2. That representation will be considered in a 
later section where q is restricted to be a power of 2. 

Throughout this section we assume that C is a normalized q-clan with the specific 
indexing given above. Our first observation is just a special corollary of the FT. 

Observation 1. Let B E G L(2, q) and 1r : F --t F : t I-? t a permutation. For each 
At E C set Ar = B-1 AtB-T. Then C' = {Ar : t E F} is a q-clan equivalent to C, and 
(} :  GQ(C) --t GQ(C') : (a, c, /3) I-? (aB, c, f3B-T) is an isomorphism. • 

Lemma 10.3. Shift by s. Fix s E F. Define Ts : JC --t JC : (a, c, /3) I-? (a, c 
aAsaT, /3 - aKs) · For At E C ,  put A? = At - As, so A� .. = Ax+s - As . Then 
CT .. = {A? : t E F} is a normalized q-clan equivalent to C ,  and Ts = 0(1,  I, id, 1r :  t I-? 
t - s) : GQ(C) --t GQ(CT, ) is an isomorphism. 

Proof: This is immediate from the FT. For q odd, Xt = t, so x? = (t + s) - s = t. 
For q even, Yt = t, so y[" = (t + s) - s = t. Hence CT .. is normalized and 0 = -s. • 

Lemma 10.4. Scale by a. Let 0 -=/ a E F. Define a a : JC --t JC : (a, c, /3) I-? 
(a, ac, a/3) .  For At E C, put Afa = aAt , so A:; = aAt , or Afa = aAtJa · Then 
cu a = { Af a : t E F} is a normalized q-clan equivalent to C ,  and a a = (} (a, I, id, 1r : 
t I-? at) : GQ(C) --t GQ(Cua ) is an isomorphism. • 

Before considering the third type of automorphism of JC, we collect some rather 
trivial results that are helpful in doing computations. 

Lemma 10.5. Put P = ( �l � ) , and for B E GL(2, q) , put a =  det(B) . 

(i) pT = p-1 = -P. 
(ii) pTBP = �B-T = PBPT = �B-1 . 
(iii) BTPB = �P; BTPTB = �PT. 

(iv) If q is odd and A is nonsingular and symmetric with K = A + AT = 2A, then 
pT K-1 AKP = (det(K))-1 A. 

(v) Ifq = 2e and A is upper triangular with K = A+AT = (det (K))112 P nonsingular, 
then pT K-1 AKP := det (K))-1 A. 

Lemma 10.6. The flip. Define r.p : JC --t JC :  (a, c, /3) I-? (f3P, c - af3T, aPT) . 
Then r.p is an automorphism of JC that interchanges A(O) and A(oo) . It maps a 
normalized q-clan C = {At : t E F} to a q-clan C'P = {Af = pTKt-1 AtKt-1P =

(det (Kt) )-1 At : t E F} . The permutation 1r : t I-? t is chosen so that C'P will have a 
normalized indexing. If q is even with Yt = t, clearly 1r : t I-? t = t-1 for all t E F. 
For q odd with Xt = t, the permutation 1r : t I-? t depends on the functions t I-? Yt 
and t I-? Zt . Explicitly: 1r : t I-? t = t / ( 4XtZt - y'f) . 
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Proof: It is routine to check that <p is an automorphism of K, interchanging A(O) and 
A(oo) . So A'P (O) = A(oo) , A'P (oo) = A(O) . And 

<p :  (a, aAtaT, aKt) I-t (aKtP, aAtaT - aKtaT, aPT) 
(aKtP, aKtP( -PT Kt-1 AtKt-1 P) (aKtP)T, aKtP(PT Kt-1 PT)) 
(')',  1'( -(det(Kt))-1 At)I'T, - (det(Kt))-1!'Kt) ,  
for 1' = aKtP, 0 "# t E F. • 

Shifting by s and scaling by a are automorphisms of K, that map normalized q
clans to equivalent normalized q-clans, and affect on F (the index set for the lines 
through ( oo)) the permutations t 1--t t = t - s and t 1--t t = at , respectively. So the 
group generated by these permutations stabilizes oo. On the other hand, the flip <p 
affects a permutation 1r on F that interchanges 0 and oo, and for q = 2e 1r :  t 1--t t-1 
for all t E F. In general for q odd, 1r is determined by t 1--t Yt and t 1--t Zt , and C and 
C'P are not equivalent! 

For s E  F define the shift-flip is by 

(i) is = Ts 0 <p, S E F. (10.4) 
(ii) is : (a, c, f3) I-t ( (f3 - aKs)P, c - af3T + aAsaT, aPT) 
(iii) i;1 : (a, c, f3) 1--t (f3P, c - af3T + (f3P)As (f3P)T, aPT + f3PKs) · 

Compute the effect of is on an element of A(t) . is : (a, aAtaT, aKt) I-t (a(Kt -
Ks)P, -a(At - As)T,  aPT) . Put ')' = a(Kt - Ks)P, so for t "#  s, a =  ')'P(Kt - Ks)-1 . 
Then the image is 
(')', 1'( -PT(Kt - Ks)-1 (At - As) (Kt - Ks)-1 P)')'T, -')'PT(Kt - Ks)-1 P) 
= 
(')', ')'( - (det(Kt - Ks))-1 (At - As ))')'T, ')'( - (det(Kt - Ks))-1 ) (Kt - Ks)) .  So we note 
that 

(i) is : C -+ Cis : At 1--t Ais = t 
- (det (Kt - Ks))-1 (At - As) ,  

t = - (t - s) (det (Kt - Ks))-1 . 
(ii) If q = 2e , t = (t + s)-1 . 

(10.5) 

Also define i00 = id : K, -+ K.. Then to each line of GQ(C) through (oo) we are 
going to assign an equivalence class of q-clans and its associated class of flocks. Start 
with a normalized q-clan C.  For each s E F, applying is to K, yields a normalized 
q-clan Cis .  We assign to the line [A(s)] of GQ(C) the class of q-clans equivalent to Cis ,  
and also the class of flocks projectively equivalent to :F( Cis ) .  The following application 
of the FT makes this assignment natural and useful. 

Theorem 10.7. Let C be a normalized q-clan. Then for arbitrary s, t E F, there is 
a collineation (an automorphism) of GQ(C) mapping [A(s)] to [A(t)] if and only if 
:F(Cis ) and :F(Cit ) are projectively equivalent (i.e., if and only if Cis ,...., Cit ) . 
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Proof: Since Ts always effects the permutation t 1--+ t - s and c.p always interchanges 
0 and oo, the shift-flip is always maps s to oo, i.e., is : GQ(C) --t GQ(Cia ) : [A(s)] I--+ 
[Aia (oo)]. Let () be an automorphism of GQ(C) mapping [A(s)] to [A(t)] .  Without 
loss of generality we may assume that () fixes (0, 0, 0) (and of course ( oo)) .  Then 
0 = t;1 o () o it : GQ(Cis ) --t GQ(Cit ) : [Aia (oo)] 1--+ [Ait (oo)]. Since clearly 0 : 
(oo) 1--+ (oo) and (0, 0,0) 1--+ (0, 0,0) ,  by the FT. :F(Cia ) and :F(Cit ) are projectively 
equivalent. Conversely, given that :F( Cis ) and :F( Cit ) are projectively equivalent, 
there is an appropriate 0 : GQ (Cia ) --t GQ (Cit ) : [A is ( oo)] 1--+ [A it ( oo)] . Hence we 
may put 6 = is o 0 o it"1 : GQ(C) --t GQ(C) : [A(s)] 1--+ [A(t)] . • 

10.3. A Tensor Product Notation in Case q = 2e 

Fbr q an arbitrary prime power, let F = GF(q) and put P = ( �l � ) . The stan

dard group JC used for the q-clan geometry (at least for the generalized quadrangles) 
is 

JC = { (a, c, ,B) E F2 x F x F2 : a, ,B E F2, c  E F}, 

with binary operation 

(10.6) 

(a, c, /3) · (a' , c' , /3') = (a + a', c + c' + ,B(a')T, /3 + ,8') .  (10.7) 
The map 1j;® : (a, c, {3) 1--+ ( (a, f3P) , c) E F2 x F2 x F is an isomorphism from JC to a 
group G0 given by 

G0 = { ( (a, ,B) , c) E F2 x F2 x F :  a, /3 E F2, c  E F}, (10.8) 
with binary operation 

where 

( (a, ,B) , c) · ( (a' , {3') ,  c') = ( (a + a', ,B + {3') ,  c + c' + f3 o a') ,  (10.9) 

(a, {3) 1--+ a o f3 = -aPf3T (10.10) 

is a nonsingular, alternating bilinear form. In particular, a o ,B = 0 iff {a, ,B} is 
F-dependent 

In the published literature on q-clan geometry with q = 2e there is a third represen
tation of the underlying group. In this representation, which here we denote by G, the 
typical element is denoted (a, c, {3) and the binary operation is (a, c, ,B) o (a' , c' , {3') = 
(a + a', c + c' + J f3 o a' , f3 + {3') .  However, in this article we prefer to write ( (a, ,B) , c) 
in place of (a, c, {3) . 
Then 

'if; :  G0 --t G :  ( (a, ,B) , c) 1--+ ( (a, ,B) , ci )  (10.11) 
is an isomorphism from G0 to the group G with binary operation 

( (a, {3) , c) o ( (a' , /3') ,  c') = ( (a + a' , f3 + {3') ,  c + c' + J f3 o a') .  (10. 12) 
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This latter representation only works when q = 2e . 
For the remainder of this section, we assume that q = 2e . 

There are two families of subgroups of G® , each subgroup having order q3 and 
being elementary abelian, that play important roles in q-clan geometry. 

For .Q '# 'Y E F2, C-y = { (  'Y ® a, c) E G® : a E F2, c E F}, 

For !! '# a E F2, 'Ra = { ("( ® a, c) E G® : 'Y E F2, c  E F}. 

(10.13) 

(10.14) 

For nonzero a, 'Y E p2, C-y = Ca (resp. ,  'R-y = Ra) iff {a, 'Y} is F-dependent. 
Hence we may think of the C-y (resp., Ra) as indexed by the points of PG(1, q) . The 
scalar multiplication d(('Y ® a) ,  c) = (d'Y ® a, �c) = ('Y ® da, �c) makes each C-y 
and 'Ra into a 3-dimensional vector space over F. So there are associated projective 
planes L-y � Ra � PG(2,  q) . Clearly the center Z = {((!!,!!) , c) E G® : c E F} of G® 
is contained in each L-y and Ra . 

Let u E Aut(F), 0 '# x E F, and let H and S be 4 x 4 matrices over F. Define 
O(u, x, H, S) : G® -t G® by 

(10.15) 

A routine computation shows that 

O(u� , x1 ,  H1 , 81 ) · O(u2 , x2 , H2 , 82) = (10.16) 

O(u1 · u2 , X�2X2 , Hf2 H2 , x2Sf2 + Hf2 S2 (Hf2 )T) .  

For a given (} = O(u, x, H, S) , we may write H and S in block form, with 2 x 2 
blocks. Without loss of generality, we may assume that S is in block-upper trian-

gu!ax form. Say H = ( � � ) , and S = ( � � ) . R£call that ( : n = 

( � ! ) means a =  x, d  = w, b + c = y + z. Clearly, C {resp. ,  E) :Uay be re

placed with any matrix C' = C (resp., E' = E), so we usually take C and E to be 
upper triangular. Then a computation similar to that used in the proof of 10.5.2 of 
Gevaert and Johnson [24] shows that (} is an automorphism of G® if and only if H is 
nonsingular and 

C + CT = KPAT 

D = KPBT 
D = APMT + xP 
E+ ET = MPBT 
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For each automorphism of G® of interest here there will be matrices A = ( : ! ) 
and B, both in GL(2, q) , for which A = dB, B = cB, K = bB, M = aB , i.e. , 
H = A ® B. Put J-t = det (A) ,  � = det (B) .  Then we may rewrite Eq. 10.15 as 

(10.21) 

And the conditions of Eqs. 10.17 through 10.20 are equivalent to the following. 

C + CT = �bdP (10.22) 

D = �bcP (10.23) 

X = 1-£� (10.24) 

E + ET = �acP. (10.25) 

This means that the symbols x and D may be suppressed in the notation for 0. 
So temporarily we write 

0 = O(u, A ® B, C, E) : ( (a, ,B) ,  c) t-t 
( (au , ,Bu) (A ® B) , J-t�Cu + au C(au)T + �be( au o ,au) +  ,au E(,Bu )T) ,  

where 1-£ = det(A) ,  � = det(B) ,  c + cr = �bdP and E + ET = �acP. 
NOTE: 

O(u, A ® B, c, E) : c'Y -t c'Y(T A ,  

O(u, A ® B, C, E) : Ra -t RauB · 

(10.26) 

(10.27) 

(10.28) 

Identify elements of F = F U { oo} with points of PG(1, q) in the following way. 
For t E F, write 'Yt = (1, t) , and 'Yoo = (0, 1) .  So for .Q f. -y = (a, b) , -y = 'Yb/a · For 
t E F, we then write Ct = C'Yt and Rt = R'Yt . If A = (:! :�) and B = (:! :�) ,  then 
we have 

(10.29) 

(10.30) 

A q-clan C is said to be r-normalized for some T t Aut(F) provided At = 

( �� : ) for all t • F, and Ao = ( � � ) . H C is r-normalized for r = id, 

we usually just say that C is normalized. Also put Aoo = ( � � ) , so that strictly 

speaking Yoo = 0. But, put 'Yvoo = (0, 1) . 

34 



When the q-clan C = {At E F} is understood to be given, we write 9t (a) = aAtaT ,  
for t E F ,  a E F2 • Then the following is easily checked. 

9t (a + /3) = 9t (a) + 9t (f3) + Yt (a o /3) .  (10.31) 

If C' = {A� : t E F} is a second (not necessarily distinct) q-clan, we write g: (a) = 
aA�aT. 

Let C = {At = ( �t �: ) : t E F} be a given q-clan. Then we may define 

subgroups of G® as follows. 

For t E  F, A(t) = { ('f'Yt ® a, gt (a)) E G® : a E F2} .  (10.32) 

It follows that A(t) is a subgroup of Cyt having order q2 • And as usual, :J(C) = 
{A(t) : t E F} is a 4-gonal family for G® with CYt being the tangent space of 
:J(C) at A(t) . (See [2] for details using the isomorphic group G with only superficially 
different notation.) The notation here has been chosen so that if C is normalized (with 
r = id) , then for ')' =  (a, b) E PG(1 , q) , 

(10.33) 

For some r E Aut (F) , let C = {At : t E F} and C' = {A� : t E F} be two 
(not necessarily distinct) r-1-normalized q-clans. Let (} = O(a, A ® B, C, E) be an 
automorphism of G® as in Eq. 10.26. We want to give necessary conditions on C 
and E for (} to map the members of :J(C) to the members of :J(C') .  These conditions 
are worked out in S. E. Payne [67] to be the following: 

(10.34) 

and _ 2 - ' - r  E = a3BA(atfaa).,.B . (10.35) 

From the above we obtain the following theorem (where we use BPBT = AP) . 

Theorem 10.8. Let a £ AutF, A = ( a4 a2 ) £ GL (2 , q) , B £ GL(2, q) , t-t = a3 a1 
det(B) . Suppose that (} =  O(a, A ®  B, C, E) as in eq. 2.26 is an automorphism ofG® 
mapping the 4-gonal family :J(C) to the 4-gonal family :J(C') , where both C and 
C' are r-1 -normalized. Then the following hold: 

1 . ( C D ) = (I ®  B) ( a�A(a2/a4).,. 2 
a;a3P ) (I ® B)T. 

0 E 0 a3A(atfaa)T 
1 . 2. O(a, A ® B) : ( (a, {3) ,  c) I-? ( (au ,  f3u) (A ® B) ,  t-tAcu + 

a�au (BA(a2/a4).,.BT) (au )T +Aa2a3 (au of3u ) +a�f3u (BA(atfaa).,.BT) (f3u )T) . And 
the permutation A(t) I-? A' (t') is given by 

aTtU + aT 
3. t' = 1 2 . a3tu + a4 
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10.4. The Fundamental Theorem for q Even 

Let C = {At = ( Xt Yt ) : t f F} and C' = {A� = ( x� y� ) : t f F} be two 
0 � 0 � 

q-clans with A0 = A� = ( g g ) . Let GQ( C ) and GQ( C ') be their associated 

GQ of order (q2 , q) (see [2] and (61]) .  A full statement of the Fundamental Theorem 
includes the assertion that if 0 : GQ ( C ) f-t GQ ( C ') is an isomorphism mapping 
(oo) , (!!, 0, !!) f GQ( C ) ,  to (oo), (!!, 0, !!) f GQ( C' ) ,  respectively, then 0 is induced by 
an automorphism (also called 0) of Q® mapping the 4-gonal family .J(C) to .J(C') . 
For out purposes here it suffices to give that part of the theorem that characterizes 
such automorphisms of Q® mapping A(oo) to A' (oo) . 

Theorem 10.9. The Fundamental Theorem (Partial Version!) There is an automor
phism 0 : G® -t Q® mapping .J (C) to .J ( C') ,  and mapping A( oo) to A' ( oo) , for each 
4-tuple (>.., B, u, 1r) , 0 -=/= >.. E F, B E GL(2, q) , u E Aut (F) , 1r : F -t F : t f-t t a 
permutation, for which 

(i )  A( := >..B-1 Af B-T + A� for all t E F. 
The corresponding automorphism 0 : Q® -t Q® is given by (put A =  det(B)): 

(ii) 9 = ll(u, ( � >.'%. ) ® B) : ( (a:, ,8) , c) >-t ( (a:u , pu) [( � >.'%. ) ® B] , >.cu + 
�(aa B)) . 

(iii) 1r :  t f-t t satisfies y[ = (>../ A)yf + y� . 
Conversely, all such automorphisms of G must be of this form. 

For 0 -=f. a E F, Oa = O(id, l®al) : ( (a, ,B) ,  c) f-t ( (aa, a,B) , a2c) is an automorphism 
of G® that leaves invariant each A(t) for each t E F and for each q-clan C. 

N = {Oa : 0 -=f. a E F} is the q-clan kernel, or just the kernel (cf. II.3 and II.4 
of [70] . 

For any 0 as in Theorem 10.9 , Eq. 10.26 has a particularly simple form. 

O(u1 , A1 ® B1 ) · O(u2 , A2 ® B2) = O(u1 · u2 , A�2 A2 ® Bf2 B2) .  (10.36) 

So O (u, A ® B) · O(id, I ® a!) = O (u, A ® aB) , and O(id, I ® a!) · O(u, A ® B) = 
O(u, A ®  aa B) . Hence O (u, A ®  B) commutes with O(id, I ® a!) for all nonzero a E F 
iff (]" =  id. 

We say that 0 = O (u, A ®  B) as in Theorem 10.9 is linear provided u = id, and is 
special provided A = det (B) = 1. Clearly the product of two linear (resp. special) 
automorphisms 0 is again linear (resp., special) . 

For any 0 as in Theorem 10.9, 

O(u, A ® B) = O (u, I ®  I) · O(id, A ® A -i B) · O(id, I ®  Ai I) ,  (10.37) 

where Oa = O (u, I ®  I) : ( (a, ,B) , c) f-t ( (aa , ,aa) ,  ca ) , O(id, A ® A -iB) is special linear, 
and 0( id, I ® A i I) is in the kernel. To study all automorphisms of Q® mapping .J (C) 
to .J ( C') it clearly suffices to study just those that are special. This suggests that in 
characteristic 2 we should use a variation on the notion of equivalence of q-clans. In 
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the conditions of Theorem 4.1 replace A with J-t = A/D. and B-1 with t:.! B-1 . So 
det (D.! B-1) = 1. Then we obtain a variation of (part of) the Fundamental Theorem 
in the following simpler form (q = 2e only!) . 

Theorem 10.10. The Fundamental Theorem (partial version for q = 2e ) . For q
clans C and C' as in Theorem 4.1, there is an automorphism fJ ofG® mapping :J(C) to 
:J(C') and A(oo) to A' (oo) for each 4-tuple (J-t, B, u, 1r) E p• x SL(2, q) x Aut(F) x Sp 
for which 

(i) A[ :=  �-tB-1 Af B-T + A0 for all t E F. 
The associated automorphism fJ : G® --t G® is given by 

(ii} IJ = IJ(u, ( � � ) ® B) : ( (a, ,B) , c) r-t ( (aa , ,8") [( � � ) ® B] , I-'Ca + 
!Jir(aa B)) .  

(iii) 1r : t 1--+ t satisfies y[ = J-tYf + Y� · 

10.5. The Shift-Flip in G® 

To begin with let C = {At = ( � �: ) : t < F} be a fixed q-clan with A, = 

( � � ) = Aoo. Recall the shift-flip of a previous section, but for the group G®. 

Shift by s :  T8 = IJ(id, 0 yi ) ® I) : ( (a, .B),  c) r-t ( (a, y8a + ,B) , c + aA8aT) .  
(10.38) 

Flip : ¢ = fJ(id, P ® I) : ( (a, ,B) , c) 1--+ ( (,8, a) ,  c + a  o ,B) .  

Shift-Flip : i8 = T8 • ¢> = IJ (id, ( yi �) ® I} : ( (a, ,B) ,  c) r-t 

( (ysa + ,8, a) , c + aAsaT + a o ,B) .  

Also define i00 = id : G® --t G®. 

(10.39) 

(10.40) 

Each of the maps defined in Eqs. 10.38, 10.39 and 10.40 is an automophism of 
G® that replaces the 4-gonal family :J(C) with some 4-gonal family :J'. We want to 
compute a q-clan Cis so that is replaces :J(C) with :J(Cis ) .  

Consider the image under is , s � F, of the typical element of A(t) .  Here 

= bv, ( yi � ) ® a, g, (a) + g. (a) )  = ( (y. + y, , 1} ® a, g, (a) + g. (a)) 

= (1 ,  {Ys + Yt} -1) ® (Ys + Yt)a, gt (a) + 9s (a) )  (Put (3 = (Ys + Yt)a) 
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To go further we need some kind of additional normalization on C. So from now 
on suppose C is r-1-normalized, r-1 E Aut(F) ,  i.e. , Yt = t� , t E F. We want 
the image q-clan Ci, to be r-1-normalized also. Then ('"Yt �1 ® a, Yt (a)) E A(t) is 

mapped by is to (1' .=.1 ® /3, (s + t) �2 (gt(f3) + Ys (/3) ) ) ,  for {3 = (s + t) � a. This (s+t) .,. 
image must be in Ai" ( (s + t)-1 ) ,  since we want Ci, also to be r-1-normalized. Hence 
A(�+t) -1  = (s + t) �2 (At +  As) · (Treat the case s =  t separately.) Put x = (t + s)-1 , 

so t = s + x-1 . Then 

(10.41) 

H . 0 0 -1 Ai, Ai, -2/r A £ 0 # F Th . 

i,

er

: 
·

�:id,( 8�78 �' )0 ® :)� a�:;�:.:)• = 

8
�21:�!�. 

8

=

• 

�., a::a

m
= 1, and 

a�A(�•/•s)• = ( � � ) . Hence, i, does have the form prescribed by Theorem (10.9) . 

By the FT, the most general special automorphism of Q® mapping .J(C) to .J(Ci, ) 

and A(oo) to A'· (oo) is li = O(u, ( � O�r ) ®B) ,  where Af· +Aif ==. p,B-1 Af B-T , 

for 0 # 1-u=. F, u<:. Aut(F) , B <=- SL(2, q) . Using Eq. (2.41) (or (10.41) ) ,  we may compute 

6 = O(u, 0 o: ) ® B) :  .J(C) -f .J(C'· ) :  A(oo) t-t A'· (oo) 
iff (use t = J-trtu + 0) ttB-1 Af B-T = Ai" + A�" 

for all t E F. 

(Here 0 is determined by condition (i) of Theorem 4.2.) 

(10.42) 

In applications, it is u�all� easier to c(omp��
�
:t�)

·
. for all t • � b

(
ef::

/
: ap�ly

)
ing 

the FT. And then () = () o �;1 = O(u, � O 
J-t 

® B) o O(�d, 1 O ® 

( -1/T - 1/T ) I) = O(u, 0 
0 

(1 ;s
�i� ® B) . We collect these results and slightly more in 

the following theorem. (Note: To achieve brevity in at least one aspect, we have 
concentrated on the group Q® and more or less ignored the associated GQ(C) , the 
flock :F( C) of a quadratic cone, etc. But the reader should keep in mind that the FT 
also asserts something about isomorphisms of these q-clan geometries.) 
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Theorem 10.11. The most general special automorphism of Q® leaving :F(C) in
variant and mapping A(oo) to A(s) , for s E F, is given by 

( 
0 

(1 + 0 ) ) 117 

(i) O (u, 7 7 8 ® B) : A(t) -t A(t' ) ,  where JL JL s 

( . .  ) , SJL7tu + Os + 1 
n t = - , JLTtU + 0 

subject to the condition that there exist u E Aut(F) , B E SL(2, q) , 0 f= JL E F, 
and a permutation 1r :  t 1--t t = JL7tu + 0 for which 

(iii) JLB-1 Af B-T := A}" + Ak 
(as in Eq. 10.42), for all t E F. 
In this case, 

(iv) 8(u, ( :  (l;�·) f' ® B) : ((a, {J) , c) >-t 

((a6 , {J") [( : (1;�·)  f' ® B] , J'C"+ 
( -2/r - 1/r ) 

(<>6 , {J6 ) (f ® B) 0 Ai;+ii- ' ) p(l +It�: P (I ® BT) (a6 , {J6 )T) . 

Moreover, jf/i = 8(u, ( � :, ) l/r 
® B) is a typical special automorphism ofG® 

mapping :J ( Ci., ) to :J (Cis ) and leaving A i., ( oo) invariant, then 

( T + -0 U T + q + -0 a+1 ) ) 1/T 
(v) (} = is · 0 · i";1 = O(u, JL 0 8 JL 8 ; 

+ Os 
8 ® B) is the typical 

special automoprhism of Q® leaving :J (C) invariant and fixing A( s) . 

We now know that every automorphism of the generalized quadrangle GQ(C) 
fixing ( oo) and (.Q., 0, .Q) has the form 0( u, A® B) , where by Theorem 10.9 this notation 
completly identifies the map O(u, A ®  B) as an automorphism of Q® . 

10.6. Ovals in Ra 

We continue to assume that all q-clans are r-1 - normalized. 
For a in PG(1 , q) , A(t) n Ra = { d('Ytlf'r ® a, Yt (a) )  = ('Yttt-r ® da, Yt (da)) : dEF} . 

So, A(t) n Ra is the point Pa (t) = ( 'Yttt-r ® a, Yt(da)) in Ra .  And, Oa = {'Pa (t) : tEF} 
is an oval in Ra. The map (use (a, b) (2) = (a2 , b2) )  

1fa : Ra -t PG(2, q) : (-y ® a, c) 1--t (-y(2) , c) 

is an isomorphism mapping 0 a to the oval 

Oa = {Pa (t) = ('Yt2/-r , Yt (a) : t € F} in PG(2, q) . 

Suppose that 

Theorem 10.12. (} = O(u, A ®  B) : ( (a, {3) , c) 1--t 
( (au , ,Bu) (A ® B) , JLCu + 
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(au , {3u ) (l®B) ( a�A(a2/a4)... 
2 
a2a3P ) (I®BT) (au , {3u)T) is an automophism 

0 a3A(at/aa) ... 
of Q® leaving :J(C) invariant. Then fJ induces an isomorphism from Rot to RatT B 
mapping oot to oottT B · Put J.t = det(A) , A = ( a4 a2 ) ' c = a�A(a2 /a4)'T ' a3 a1 
D = a2a3P, E = a�A(at/aa) ... . Then Fig. 1 gives the maps involved: Let 

F(A, B, 'Y, p) = ( ('Yu A ®  au B), pcu + ('Yu ® au B) ( � � ) ('Yu ® au B)T and 

G(A, B, 'Y, p) = ( ('Y(2u) A(2l ) ,  pcu + ('Yu ® au B) ( � � ) ('Y" ® au B)T . 

(1' ® a, c) -+ -+ -+ F(A, B, ')', J.t) 

\.t fJ(u, A  ® B� ./ 
.!- 'Trot Rot RottTB 'lrottTB .!-

.!- .!-
PG(2, q) - - - - -+  PG(2, q) 

./ O(u, A ® B) \.t 
( 1'(2) ' c) - - - - - - - - - - - - - -+  G(A, B, ')' , J.t) 

Fig. 1 .  

In this same context, suppose that au B = .Aa, so fJ(u, A ®  B) induces an auto
morphism of Rot (resp. (PG(2, q)) stabilizing Oot (resp. Oot) ·  Making appropriate 
specializations in Fig. 1 , we obtain Fig. 2.  

Let H(A, 'Y, p) = (A('Y1•1,A ® a) ,  pg(tjU + A2 ('Yt•l• ® a) ( � � ) ('Yt•l• ® a)T 
and 

J(A, 'Y, P) = (A2 ('Y1,.1,A(2l ) , pg, (a)u + A2 ('Yt•l• ® a) ( � � ) ('Yt•l• ® a)T . 

('Yttf..- ® a, gt (a) ) -+ -+ -+ H(A, ')', J.t) 

\.t fJ(u, A  ® B� ./ 
.!- 'Trot Rot Rot 'Trot .!-

.!- l auB = .Aa l .!-
PG(2, q) - - - - -+ PG(2, q) 

./ O(u, A  ® B) \.t 
( 'Yt2f..- , 9t (  a)) - - - - - - - - - - - - - -+ J(A, ')', J.t) 

Fig. 2.  

In the applications that follow for Subiaco q-clans, T = 2. In this case, the bottom 
row of Fig.2. appears as: 

fJ(u, A ® B) : ('Yt , Yt (a) ) � 
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(A2 (1't•A(2l ) , pg, (a)" + A2 (1't•l' ® a) ( � � ) ("Yu/2 ® a)T {10.44) 

(.A21't"" A(2) , l-£9t (a)u + .A2 (1't"" ) (aGar, aEaT)T) .  

From now on all q-clans are 1/2-normalized. Given a q-clan C = {At = 

( X tl/2 ) � ....... ....... � 

o
t 

Zt : tt:F} ,  write .J(C) = {A(t) : tt:F}, and .J(C) = {A(t) : tt:F} for 

the 4-gonal family in Gm. Note that 'lj; : Q® --+ G : ( (a, /3) ,  c) I-t ( (a, ,B) ,  .Jc) : 
('Ytl/2 ® a, aAaT) 1--t ('Ytl/2 ® a, v'aAtaT) .  So, 'lj; : A(t) 1--t A(t) .  With a little 
care, we can use the same symbol for an automorphism 0( a, A ® B) of Q® and the 
corresponding one 'lj;-1 · O(a, A ®  B) · 'lj; of G. 

In 

In 

Q® : O(a ,  A ®  B) : ( (a, ,B) ,  c) I-t ( (au ,  ,Bu ) (A ® B) , I-£Cu + 

(a" , ,B") (I ® B) ( ( � � ) (I ® B)T (a" , fi" )T) .  

G O(a, A ®  B) : ( (a, ,B) ,  c) I-t ( (au , ,Bu ) (A ® B) , �-t112cu + 

(<>" , ,B•) (I ® B) ( ( � � ) (I ®  B)T(a• , ,B• )T) . 

1 1 .  Known Examples of Finite Flocks and q-Clans 

11.1.  Derivation 

(10.45) 

(10.46) 

We have discussed partial BLT sets in a previous section using the theory of Knarr. 
Here we re-introduce this concept in the finite case only. 

Let q be odd and let :F = {C1 , . • •  , Cq} be a flock of the quadratic cone K with 
vertex V = Vo .  Embed the cone K in a nonsingular quadric Q of PG ( 4, q) so that 
K is the intersection with Q of the hyperplane of PG(4, q) tangent to Q at Vo. Then 
there are points V1 , . . .  , Vq of Q, such that Ci is the set of points of Q collinear in 
Q with both Vo and Vi ,  1 � i � q. The set S =  {V0 , V1 , . . .  , Vq} of points of Q has 
the property that no two points of S are collinear in Q and each point of Q \ S is 
collinear in Q with either 0 or 2 points of S. This has the very interesting corollary 
that if Ki is the cone consisting of the points of Q collinear in Q with Vi, then the 
conics of the form Kj n Ki for j -=f. i form a flock of Ki. The set S is a BLT-set as 
noted in a previous section. This process of obtaining a set of q + 1 flocks from a 
given one was called "derivation" in [4] , and it works only for q odd. Shortly after the 
appearance of [4] , S. E. Payne and L. A. Rogers [71] showed that although derivation 
could yield new flocks (as first shown in [4] ) ,  it could never yield new GQ. In fact, 
the "new" flocks were just obtained by recoordinatizing the GQ so as to interchange 

41 



roles of certain lines through ( oo) . Moreover, the algebraic process also worked in 
characteristic 2. The proof in (71] contains most the essential steps of the proof of 
the Fundamental Theorem associating a flock (or a q-clan) to each line through (oo) . 
Unfortunately, the opportunity to discover the full Fundamental Theorem was missed. 
For characteristic 2 it first appeared in L. Bader, G. Lunardon and S. E. Payne (2] , 
and in for all q in S. E. Payne (68] . 

In previously published surveys (for example see the Handbook (13]) of the known 
flocks and q-clans, the known examples were organized more or less by flocks and to 
some extent by the order in which they were discovered. Because of the Fundamental 
Theorem for q-clan geometry, we propose organizing them first into groups according 
to which generalized quadrangle (up to isomorphism) they belong to. (See S. E. 
Payne (65] for remarks concerning the automorphism groups of the various examples.) 
However, we follow the labeling of the flocks given in the Handbook. For additional 
results concerning flocks for q small, see (19, 20] and their references. Note: In this 
survey we have not attempted to distinguish carefully between the various overlaps 
in the construction of flocks for small q. 

11.2. Classical GQ(C) 
Let x2 + bx + c be a fixed irreducible polynomial over F. 

Put C =  {At = u � )  : t e F} . 
Then GQ(C) is isomorphic to the classical GQ H(3, q2 ) arising from a nonsingular 

Hermitian surface in PG(3, q2 ) and is isomorphic to the point-line dual of the GQ 
Q(5, q) arising from a nonsingular elliptic quadric in PG(5, q) . Se S. E. Payne and J. 
A. Thas (72] for a proof that GQ(C) is classical. The automorphism group of GQ(C) 
is transitive on the lines through ( oo) and the unique flock is linear, i.e. , the planes of 
the flock contain a common line. When q is even, the automorphism group of GQ(C) 
is also transitive on the associated ovals and each of the ovals in the herd is a conic. 

J. A. Thas (76] has also characterized these flocks as follows: If q is even and if the 
planes of the flock contain a common point, then the flock is linear. If q is odd and 
the planes of the flock contain a common interior point of the cone K, i.e., a point on 
no tangent plane of K, then the flock is linear. 

11.3. GQ associated with G2(q) 
These GQ were given by W. M. Kantor (55] and probably deserve credit for starting 
the line of investigation that led to the notion of q-clan. 

Flock: FTW (cf. (81, 76, 77] . Oval: translation oval associated with map x r-+ x4 
(cf. [69] ) .  

For q = 2{mod 3) , put C = {A, = ( � ;�: ) : t E F } · 

Here Aut(GQ(C) )  is triply transitive on the lines through (oo) , implying that there 
is a unique flock, known as the Fisher-Thas-Walker flock (cf. (76]) .  Recently J. A. 
Thas (77] has shown that (except for a few small odd values of q for which the proof 
is incomplete) the FTW flock is characterized by the fact that no four planes of the 

42 



flock have a point in common. When q is even, Aut(GQ(C)) is also transitive on the 
ovals, so that only one arises. It is the translation oval associated with the permuation 
x ..--+ x4 (cf. S. E. Payne and C. Maneri [69]) .  

11.4. Dual TGQ of  W .  M.  Kantor with arbitrary kernel 

These GQ were constructed by W. M. Kantor [56] . For a discussion of the kernel of 
the point-line dual of the GQ see S. E. Payne [62]. 

Here q is an arbitrary odd prime power, m is a nonsquare of F, and u is an 

automorphism of F. Theu C = {At = ( � -�tu ) : t E F} . 

Aut(GQ(C)) is triply transitive on the lines through (co) . Moreover, the point-line 
dual of GQ(C) is a translation GQ with respect to each line through the point oo. 
(See [72] for definitions and results concerning transltation GQ.) The one flock that 
arises is denoted K1. J. A. Thas [76] has characterized this flock as follows: If q is 
odd and the planes of the nonlinear flock contain a common exterior point of the cone 
K, i.e. , a point on exactly two tangent planes of K, then the flock must be the flock 
K1 of Kantor. 

11.5. Two constructions with q a nonsquare modulo 5 

The discovery of these examples by W. M. Kantor [56] for q odd inspired the discovery 
by S. E. Payne [61] of their analogues for q even. Flocks: K2 and J P for q odd; PI 
and P2 for q even. Ovals for q = 2e , e odd: Segre's oval associated with the map 
x ..--+ x6 and the Payne oval associated with the map x ..--+ x116 + x316 + x516 • 

Here q is a nonsquare mod 5, and C = {At = ( � �:: ) : t E F} . 

In [65] it is shown that there is a group of automorphisms of GQ(C) having two 
orbits on the lines through oo, one of which is {A(oo) , A(O) } .  This implies that at 
most two flocks arise. In [65] this group is alleged to be the entire automorphism 
group (when q is odd this is for q � 7) , implying that exactly two flocks arise. For 
q even it is easy to see that this is the case, but for q odd a more complex proof is 
required. In N. L. Johnson [43] a proof is given for those q for which (q + 1)/2 is not 
a prime power, using rather deep group theory. In G. Lunardon [58] there is a proof 
given of a more general result that relies heavily on the theory of groups acting on 
projective planes. In that article the result needed here does not appear explicitly, 
although it is rather easy to derive as a corollary. However, in S. E. Payne [68] there 
is a proof given that just relies on the intersection properties of the planes of the flock. 

For q odd and q � 13 the nonlinear flock arising directly from the q-clan is denoted 
K2. And for q even with q � 4 this flock is denoted Pl . For q odd, q � 13, the process 
of derivation gives the flock associated with the "other" orbit on the lines through 
(oo) and discovered independently by N. L. Johnson [43] and S. E. Payne [65, 68]. 
This flock is denoted J P in the Handbook, but because of the earlier reference [58] 
probably should be denoted JLP (rather than L, since it is not clear that the author 
was aware at the time that his result provided a new flock) . 
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For q even (and nonsquare) , the "other" flock, denoted P2, was first pointed out 
in S. E. Payne [65]. The automorphism group of GQ(C) also has two orbits on the 
ovals, as indicated above. 

11.6. Likeable GQ with q = 5e 

These GQ were first defined by H. Gevaert and N. L. Johnson [24] from some "likeable" 
planes of W. M. Kantor. Flocks: K3 and B LT. 

Here q = 5e and k is a fixed nonsquare of F. Then 

C = {A, = ( 3!2 k-lt(:� kt2 )2 ) : t E F  } · 
The automorphisms of GQ(C) have two orbits on the lines through (oo) ,  one of 

which contains only [A(oo)] . The original flock is denoted K3. The derived flock, 
denoted BLT, was first shown to be new at the time derivation was discovered in [4] , 
but the proof used the classification of finite simple groups. However, in S. E. Payne 
and L. A. Rogers [71] the complete automorphism group of GQ(C) was determined 
and a proof was given using more elementary methods. 

11.7. Dual translation GQ with q = 3h 
These GQ, whose point-line duals are translation GQ, were constructed by H. Gevaert 
and N. L. Johnson [24] starting with some semifield planes of Ganley. Flocks: G and 
PTJLW. 

Here q = 3h and n is a given nonsquare of F. Then 

C = {A• = ( � -nt �
3
n-1t9 ) : t E F} . 

In S. E. Payne and J. A. Thas [73] the automorphism group of GQ(C) was de
termined and shown to have two orbits on the lines through ( oo) ,  one of them being 
[A(oo)] . The original flock is denoted G; the derived flock, denoted PT JLW, was 
discovered independently in [65] and in N. L. Johnson, G. Lunardon and F. W. Wilke 
[52] . 

11.8. The Thas-Fisher GQ 

Flock: Fi. 
Here q is odd. Let ( be a primitive element of GF(q2) ,  so w =  (q+l is a primitive 

element of F and hence a nonsquare of F. Put i = ((q+l)/2 , so i2 = w, iq = -i. Put 
z = (q-l = a + bi, so z has order q + 1 in the multiplicative group of GF(q2 ) .  Then 
the matrices At of the q-clan C are given by: 

A, = ( � -�t ) , for those t E F with t?- - 2(1 + a)-1 a square in F, and the 

other matrices are those of the form 

( -�2; -��2; 
) , for 0 ::;  j ::;  (q - 1}/2 and with a• = (ak+1 + z-•)j (z + 1) and 

bk = i (zk+l - z-k)/ (z + 1) . 

44 



The GQ were discovered by J. A. Thas [76] starting with some flocks Fi originally 
discovered by J. C. Fisher. See also S. E. Payne [63] . These GQ were studied further 
in S. E. Payne and J. A. Thas [73] , where the automorphism group of GQ(C) was 
shown to be transitive on the lines through ( oo) . This implies that only one flock 
arises by derivation, a result also found by L. Bader [1] . The Fisher flocks Fi were 
characterized in [73] as the only nonlinear flocks for which at least (and hence exactly) 
( q - 1) /2 of the planes of the flock contain a common line. 

11.9. The Subiaco geometries, q even 

These examples as q-clans were first given by W. A. Cherowitzo, et al. [17] ,  and 
exist for all even q. They were previously unknown for q > 16, except that certain of 
the smaller examples had been found by computer and the general construction was 
obtained in pieces. Since they were not discovered in time to be included in detail in 
the Handbook [13] ,  we have decided to devote a short chapter to them, at least to 
the GQ and their ovals. At this point we mention only that the Subiaco construction 
provides the first known q-clans with q even, q a square larger than 16. 

11.10. Sporadic examples 

For q = 11,  16, 17, 23, F. De Clerck and C. Herssens [19] were able to find additional 
nonlinear flocks with the aid of a computer. Their example with q = 16 was rediscov
ered as a special case of the Subiaco construction [17] .  To our knowledge, the sporadic 
constructions with q odd have received only minimal attention (cf. J. A. Thas, C. 
Herssens and F. De Clerck [78] ) .  

For q = 4k , with 3 � k � 7, the computer has been used to find examples that 
seem very likely to belong to an infinite family. (For more on this topic see the article 
in this volume by S. E. Payne, T. Penttila and G. Royle) . 

12. Semifield skeletons 

As mentioned, given a flock of a quadratic cone in PG ( 3, q) , there are ( q+ 1) -associated 
flocks obtained via derivation of the flock and hence (q + I)-associated translation 
planes with spreads in PG(3, q) . Let 1r be a flock plane. Then the skeleton of 1r, S(1r) , 
is the set of these (q + 1)-planes. It follows that if T is in S(1r) then S(r) = S(1r) . It 
has been noted that in many cases, it can be determined if any of the planes of the 
skeleton of a given one are isomorphic to the original. 

Suppose that 1r is a semifield flock plane with spread in PG(3, q) . That is , the as
sociated generalized quadrangle is a translation generalized quadrangle. The following 
result is in Johnson [38] . 

Theorem 12.1. A semifield flock plane of even order is Desarguesian; a translation 
generalized quadrangle corresponding to a q-clan for q even is classical. 

However, we have noted above that there are nonDesarguesian semifield flock 
planes of odd order. For example, if 1r is a Ganley semifield flock plane then S(1r) 
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contains flock planes which are not isomorphic to 1r. On the other hand if p is the 
Knuth semifield flock plane, all the planes of S (p) are isomorphic. 

More generally, if 1r is a semifield flock plane and all of the planes of S ( 1r) are 
isomorphic then there exists an induced group acting doubly transitively on the as
sociated BLT set. As noted, there is an algebraic procedure which produces the 
planes of S ( 1r) from a given 1r. However, it is computationally not always useful for 
the determination of isomorphism classes of translation planes. Never the less, it is 
theoretically possible to apply the classification of finite simple groups to determine 
the classes within the skeletons of semifield planes. 

In particular, using this approach, Johnson, Lunardon and Wilke [52] prove 

Theorem 12.2. ( i) Let 1r be a semifield plane of flock type and odd order q2 • Then 
the planes of the skeleton are all semifield planes if and only if 1r is the Knuth semifield 
plane of flock type. 

( ii) Let F be a flock of a quadratic cone in PG(3, q) , for q odd. H F admits an 
automorphism group which acts transitively on the conics ofF and the flocks of the 
skeleton are all isomorphic then F either corresponds to the Walker plane or to the 
Knuth semifield plane of flock type. 

(iii) Let 1r1 and 1r2 be nonisomorphic semifield planes of flock type and odd order 
q2 which are not Knuth semifield planes. Then no plane in the skeleton of 1r1 is 
isomorphic to any plane of the skeleton of 1r2 • 

We have mentioned above that the dual translation generalized quadrangles of 
order 3r produce various nonismorphic flocks. In Payne and Thas [65] , there is a 
geometric argument that the planes of the skeleton of the Ganley semifield flock 
plane of order 32r are not all isomorphic. And, this may be seen using the above 
result. 

Corollary 12.3. If 1r is the Ganley semifield plane of order 32r for r > 2 then the 
planes of the skeleton are not isomorphic to a plane in the skeleton of a known flock 
plane (not in the skeleton of the Ganley plane) . 

We have noted above that the group theoretic approach may also be used to 
determine the isomorphism classes of planes of the skeleton of planes that admit a 
collineation group that either acts transitively on the set of regulus nets or fixes one 
regulus net and acts transtively on the remaining regulus nets. The reader is referred 
to Johnson [43] and Bader, Lunardon and Thas [4] for further details. 
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13. The Subiaco Family of Geometries 

13.1. Canonical Subiaco q-clans 

For q = 2e, e 2:: 4, F = GF(q) , let 8 E F be chosen so that x2 + 8x + 1 is irreducible 
over F, i.e. , tr(8-2 ) = tr(8-1) = 1 .  Then define the following functions on F. 

( i) f(t) = 82t4 + 83t3 + (82 + 84 )t2 , 
( ii) g(t) (82 + 84)t3 + 83t2 + 82t, 
(iii) k(t) = (v(t) )2 = t4 + 82t2 + 1, (13. 1) 
(iv) F(t) = f(t) jk(t) ,  
(v) G(t) = g(t) jk(t) .  

Then the canonical Subiaco q-clan (cf. [70]) is the set C(8) = C = 

{At = ( '"c{ �: ) : t < F} where 

Then the canonical Subiaco q -clan ( cf. [70]) is the set C ( 8) = C = {At = 

(Xt Yt ) : t E F} where 0 Zt 
(i) 
(ii) 
(iii) 

Xt F(t) + (tf8) i '  
� 

Yt t2 , 
Zt = G(t) + (tf8) i .  

13.2. Automorphisms of GQ (C) 

(13.2) 

Using the group G, the authors of [70] determined the full automorphism group of G 
leaving J(C) invariant. We want to recall several of the results from [70] but using 
the efficient tensor product notation surveyed in section 10.3 - 10.6. For each member 
A(s) of J(C) , s E F, there is an involution Is of G leaving J(C) invariant and fixing 
A(s) . 

(13.3) 

(13.4) 
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It is convenient to have a few specific involutions with which to compute. 

( i) 
( ii) 
(iii) (13.5) 

In [70] it is shown that any two suitable 8 give equivalent q-clans. So we lose 
no generality by choosing a particular one. Let ( be a primitive element for E = 
GF(q2 ) ;2 F. Put ..\ =  (q-1 and 8 = ..\ + ..\-1 . Then x2 + 8x +  1 = (x + ..\) (x + .x-1 ) is 
irreducible over F. For each rational number a with denominator prime to q + 1 , put 

(i )  [a] = ..\a + .x-a . Then 
(ii) [0] = 0, and [1] = 8. 
(iii) [a] = [b] iff a = ±b( mod q + 1) .  So [a] = [-a] .  (13.6) 
(iv) [a] [b] = [a + b] + [a - b] . 
(v) For u = 2i E Aut(F) , [a]u = [au] . 

13.3. Action on the Set of Ovals 

In [70] it is observed that /0 • /0 permutes the members of j(C) in one cycle of length 
q + 1 .  When e ::f. 2 (mod 4) , i.e., 5 does not divide q + 1, /0 • /0 permutes the R01 and 
hence the ovals 001, in one cycle of length q + 1 .  But when e = 2 (mod 4) , so 5 l (q +  1) ,  
it permutes the R01 in five cycles of length (q  + 1)/5 . Let fh be the orbit containing 
R01 with a = (1 , 1 ) .  The group Q0 of all automorphisms of G leaving J(C) invariant 
has two orbits on the R01 : the orbit fh and a second orbit 02 of length 4(q + 1)/5. 

( i) 

( ii) 

(iii) 

. ( 1 + 8 8312 ) 
/0 • /0 = 8( 'td, M ® N) ,  where M = 83/2 1 + 8 + 82 , 

N =  BoBo . 
Mj - .r - l ( [2j - !l - u 2 [2j] 

N3 = 8-� ( [10j + !l 
[10j] 

[2j] ) 
[2j + !l 

. 
[10j] ) 

[10j - !l 
. 

Theorem 13.1. For all e 2:: 4, N-1 = M5 • 

Theorem 13.2. When e =: 2 (mod 4), Ra E 02 for a = (1, 8� ) .  

(13.7) 

Proof. Since the orbit of R(1,1) under /o · 10 is 01 1 R(1,o� )  E 01 iff there is an 

integer j for which (1 , 1)N3 = (1 ,  8� ) .  This is iff 
( [10j + il + [10j] , [10j] + [10j - !D = (1 , [!] ) iff 
[10j] + [10j - !] = [!] ([10j + !l + [10j]) iff 
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[10j] + [10j - !J = [10j] + [10j + 1] + [10j - !J + [10j + !J i ff  
[10j + 1] = [10j + iJ iff i = 0 (mod q + 1) (impossible!) or 20j + !  = 0 (mod q + 1) .  

When 5 l (q + 1) ,  20j + !  = 0 (mod q + 1) implies 0 + !  = 0 (mod 5) , impossible! 
• 

13.4. Oval Stabilizer: q = 2e , e = 2 (mod 4) 

Let e = 2 (mod 4) , say e = 2r with r odd. 
In S. E .Payne et al. [70] it is shown that there are two ovals up to equivalence, 

that the associated hyperovals are absolutely irreducible algebraic curves of degree 
10, and that the stabilizers of the hyperovals are precisely the collineations stabilizing 
the ovals that are induced by the automorphism of the associated GQ. To get one of 
the ovals we may put a =  (1 , 1) and 8 = w, where w E  F satisfies w2 + w + 1 = 0. In 
this case { w2 (t4 + t) 1/2 } Oo: = (1 ,  t, t4 + w2t2 + 1 + t ) : t E F U { (0, 1, 0) } .  

The subgroup of Pr L(3, q) stabilizing Oo: is  a semidirect product C5 semidirect 
C2e · 

Here C5 =< ljJ > ,  where ljJ : (x, y, z) t--+ (y + wx, x, z + w2x) , and C2e =< 'if; > ,  
where 'if; :  (x, y, z) t--+ (x2 , x2 + w2y2 , x2 + wz2) .  

The situation for the other oval is rather curious. When 5 does not divide e there 
is again a rather simple description of the oval and of its stabilizer. Here we may 
again put 8 = w and then choose a =  (0, 1) to obtain 

{ t3 + t2 + w2t } Oo: = (1 ,  t, t4 + w2t2 + 1 + wt112) : t E F U { (0, 1, 0)} . 

The stabilizer is C5 semidirect Ce;2 , where C5 =< ljJ > ,  where ljJ : (x, y, z) t--+ 
(y + ux, x, z + wx, and Ce;2 =< (} > , where (} : (x, y, z) t--+ (x\ y4, z4) .  

Unfortunately, when 5 divides e, to get the oval with the stabilizer of order 5e/2 
we may not choose a = (0, 1) .  If we choose 8 = A + A -1 as above and put a =  (1, 8i ) ,· 
then the oval 0 o: has the following appearance: 

(i) Oo: = { (1, t, ho: (t) )  : t E F} U { (0, 1, 0)} , where 
(,;,; ) h ( ) _ o2t4to5t3±o2t2to3t ( / £) � (13.8) "" o: t - t4to�2+1 + t u 2 .  

From [70] we know that the complete stabilizer of Oo: has order 5r. 

Clearly (I · l0) (q+1)f5 = O(id 8-112 ( ( [(4q - 1)/10] [(2(q + 1)/5 ) ® l) induces ' 0 ' [2(q + 1)/5] [(4q + 9)/5 
a linear collineation cp of PG(2, q) stabilizing Oo:. Put x = [4(q + 1)/5]/[(4q - 1)/5] 
and y =  [(49 + 9)/5]/[4(q + 1)/5] . Then from previous equation (10.44) we can work 
out the effect of cp to be 
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<p :  (')', c) � 
(13.9) 

c + (')'(�) ® (1 ,  8� ) )  

Put w = [(q + 1)/5] , so  w2 + w + 1 = 0 .  Put W1 = [(4q - 1)/5] , W2 = [(4q + 9)/5] . 
Note that W1 + W2 = w8 and W1 W2 = w2 + 82• So, W1 and W2 are the two roots 
in F of x2 + w8x + w2 + 82 = 0. and then x = w /W1 , y = w JW2 • With the standard 

notation At = ( � �: ) for t<F, the description of <p in the above equation (13.9) 

<p :  (a, b, c) � (aW1/8 + bw/8, aw/8 + bW2/8, 1 
c + aW1 (xw;w1 + (w1:1w2 ) 2 + 8zw;w1 ) (13.10) 

+bw(Xwjw2 + ( w,$2w2 ) � + 8zw;w2 ) ) .  
This <p is a collineation of order 5 stabilizing Oa . 
In principle we have an algorithm for computing that part of the stabilizer of 

Oa contributed by Gal(F/GF(4) ) .  If we put 81 = w and 82 = 8, Theorem IV.4 
of [70] gives an isomorphism of G of the form O(id, A ®  B) mapping J(C(81 ) )  to 
J(C(82) )  and mapping [A81 (oo)] to [A82 (oo)] .  Eq.(38) of [70] is ()2 + 80 + w82 + 1 = 0 
and has solutions 0 = w2W, for W E {Wb W2}.  For u E Aut(F) with wu = w, 
Ou = 0( u, I ®  I) is an automorphism of G stabilizing j ( C ( 81) )  and mapping A( oo) to 
itself. Therefore (} = O(id, A-1 ®B-1) cdotO(u, I®I) · O(A®B) = O(u, A-u A®B-uB) 
is the corresponding automorphism of G stabilizing J(C(82) )  = J(C (8)) = J(C) and 
mapping A(oo) to itself. To compute (J is tedious but routine. But then one must 
compute the exponent i for which (J • (Io · I8)i leaves R(1 ,8i ) invariant. This seems 

more work than it is worth. 

13.5. Oval Stabilizer: q = 2e , e=:2 (mod 4) 

Since etf2 (mod 4) , clearly 5 does not divide q + 1. In this case it is shown in [70] 
that there is only one Subiaco oval 0 (up to projective equivalence) and that a group 
of order 2e stabilizing the oval is induced by the automorphism group of the GQ. In 
C. O'Keefe and J. A. Thas [59] it is shown that this group of order 2e is the complete 
stabilizer of 0, and indeed the complete stabilizer of the hyperoval containing 0. One 
step of the proof is to show that the hyperoval is an absolutely irreducible algebraic 
curve of degree 10. In S. E. Payne [67] the tensor product notation makes it possible 
to give this cyclic group C2e of order 2e explicitly. First we give the oval. 

(i) 0 = 
(ii) h(t) = 
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Let 8 = ..X + ..X-1 as above. Put u = 2 and 0 = 8-1 in Theorem V.I of [70] to obtain 

(13.12) 

Then 9 is an automorphism of G stabilizing J(C) and mapping A(oo) to itself. 
According to [70] for each a E PG(l, q) there is a unique j such that 9 · (Io · I8 )i 
stabilizes nOI . The involution I1 = O(id, p ® P) fixes n(1 ,1) and 0(1,1) has a pleasant 
form. But the j for which 9 · (Io · I8 )i stabilizes R(1,1) leads to rather messy formulae. 
However, using Eqs. 13.5 and 13.6 it is easy to prove the following for a =  (0, 1) .  

( i) 9 · (Io · I8 )3120 stabilizes n(o 1) and has companion auto u = 2. 
1 . ' 

(ii) (Io · ItS)-4o maps R(1 ,1) to n_f' ,1) , so that 
(iii) <p = (Io · ItS )io  · I1 · (Io · ItS )- 4o is a (linear) involution fixing R(o ,1) ·  

(13.13) 
In the following computations put T = (t] , so T5 + T3 + T = 8. Note that since M 

and N are symmetric with determinant 1 (see Eq. l3.6) , PMP = M-1 , PNP = N-1 . 
And now it is amusing to use the tensor algebra to compute 

<p = 
= 
= 

= 

O(id, Mia ® Nio ) · O(id, P ® P) · O(id, M-ia ® N-io ) 
O(id, Mio (PM-ioP)P ® Nio (PN-ioP)P) 
0( id, M� P ® Nio P) 

• 
-

� ( [ 110 ] [ �] ) ( 1 8i ) 0 ( zd, 8 2 
3 1 ® 0 1 

) 
[5] [ 10 ] 

� 
. _ � ( T! T2 ) ( 1 8 2 ) O ( zd, 8 2 T3 + T Ti ® 0 1 

) . 

In the context of Figs. 1 and 2, C = 8-1T ATa , D = xP for some constant x, 
E = 6-1 (T6 + T")A(HT•)-t , A<•> = d-1 ( 

T" � T2 �4 ) · 
So applying Eq. (10.44) and multiplying through by 8 we obtain: 

<{; :  (x, y, z) 1--t (Tx+(T6 +T2)y, T4x+Ty, 8z+TzTax+ (T6 +T2)z(tS+Ta)-IY) · (13.14) 

Actually, rp = Is where s = [2/5] / [3/5] = T /(T2 + I) ,  because 

( (1 + 0 )1/2 s01/2 ) Is = O(id, _1;
s
2 _ 1 ® Bs) and s is easy to obtain as a ration 

0 (1 + Os)1 2 
of off-diagonal elements of A. 

Also, 

9 .  (Io . I8 )3f20 = 0(2 , - ® 
u 4 u _ 1 ) 1 ( [ 1�] [*] ) ( i"� i"-� ) 

8 [ 130 ] [tl 
0 8 4 
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yields a collineation 0 of PG(2, q) stabilizing O(o,1) and having companion automor
phism a =  2 .  In the context of Eq. 10.44, 

(13.16) 

Then (0, {/;) is the complete group of collineations of PG(2, q) induced by 90 and 
stabilizing O(o,1) . In fact, 

(O) e = {/; and < 9, {/; > = <  9 >� C2e · 

14. Related semifield spreads. 

14.1. Translation GQ; Translation Dual; Roman GQ 

In this section we give an example of a GQ with parameters (q2 , q), where q is a power 
of 3, whose construction begins with a q-clan but requires somewhat more. 

Let C be a q-clan for which the map t 1---t At is additive, i.e., At +  As = At+s· 
Then for each x E F, 

induces a symmetry about A* (oo) mapping the line [A(t)] to [A(t+x)] . (A symmetry 
about a point p is a collineation fixing each point concurrent with p (points on lines 
incident with p) , and necessarily acting regularly on the set of points not collinear 
with p.) The symmetries about the points on [A(oo)] generate an elementary abelian 
group 7 of order q4 • The q2 + 1 groups of symmetries form a 4-gonal family for 7, so 
the point-line dual of GQ(C) is a translation GQ (see [72] ) with a kernel over which 
7 and the members of the 4-gonal family are vector spaces. Taking the vector space 
dual yields a new translation GQ (TGQ) .  

Among the known examples of q-clans of this type there is only one case where 
the new TGQ is not isomorphic to the original. This example starts with the q-clan 
constructed by Gevaert and Johnson ( [24] ) from some planes found by Ganley. Here 
q = 3e and n is any nonsquare of F. For t E F, ""( E p2, put 9t ("Y) = 

( t 0 ) [ ( 0 t ) ] 113 [ ( 0 0 ) ] 1/9 
""( 0 -nt "YT + ""( 0 0 "YT + ""( 0 -n-1t "YT 

• 

Put 7 = F4 = { (r, c, b, d) : r, c, b, d E F} with coordinatewise addition. Define 
subgroups: B(oo) = { (r, O, O, O) E 7 : r E F} , B* (oo) = { (r, O, ""() E 7 : r E F, "'( E 
F2} .  For "Y E F2 , B("Y) = { (-gc ("Y) , c, -c""() E 7 : c E F}. Write "Y = (9b 92) E f2 . 
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Then B* ("Y) = { (r, c, b, d) E T :  c, b, d E F and r = (cgr - cng� - bg1 +dng2) + (cg1g2 + 
bg2 + dg1 )1/3 + ( -cn-1g� + dn-1g2 )1/9 } .  

Then :J = { B ( "Y) : "Y E F2 U { oo}} is  a 4-gonal family for T with tangent space 
B* ("Y) at B("'f) . So in the usual way we have a TGQ S = (S(oo) , T) = S(T, :J) of 
order (q, q2) .  

The new TGQ (called the Roman GQ by S .  E .  Payne [68]) have subquadrangles of 
order q isomorphic to Q ( 4, q) . This embedding of Q ( 4, q) yields new ovoids of Q ( 4, q) , 
which correspond to symplectic spreads of PG(3, q) , giving new translation planes (cf. 
[79]) which are semifield planes due to the additivity of the associated functions. The 
planes constructed are not flock planes and do not appear to be previously known. 

15. The Known finite examples of translation oval flocks, herds 
and the no-4 theorem. 

The first known example of a flock of an oval cone which is not a quadratic cone is 
due to J .A. Thas and appears in Fisher and Thas [23] . The following explication may 
be found in Jha-Johnson [37] . 

Theorem 15.1. (see {23} (3. 11) and Jha-Johnson {37} (2.1)) . Let q be even where 
q = -1  mod 3 and let u E Gal GF(q) such that {(1 ,  t, tiT) ,  (0, 0, 1) : tE GF(q)} = 01 
is a translation oval. Let homogenous coordinates (x0 , xb x2 , x3) where Xi E GF(q) 
,i = 0, 1, 2, 3 define the projective 3-space PG(3, q) . Enbed the oval in the plane 
X3 = 0 and form the translation oval cone by projective (0, 0, 0, 1) = V0 to the oval 
01 in X3 = 0. 

Then the following set of planes form a flock of the translation oval cone C 0 : 

7r8 is siT+1x0 + siT X1 + sx2 + X3 = 0 Vs € GF(q)} .  

Furthermore, this flock admits a doubly transitive group acting on the planes of 
the flock given as semi-direct product of S by T where S =< [ � s 

1 
0 
0 

and [ td;l 0 
tiT-1 

T =< 0 0 
0 0 

SIT 

0 
1 
0 

0 
0 

tiT-1 

0 

SIT 
8a+l l 
� Vs < GF(q) > 

rL ] Vt < GF(q) - {O} > . 

15.1. Herds of translation oval cones. 

Concerning flocks of arbitrary oval cones in PG(3, 2r) ,  there may not be a correspond
ing herd of ovals. Following Cherowitzo, it is convenient to change the form of the 
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planes of a translation oval flock. For such oval cones with corresponding automor
phism a, the oval cone may be given the equation ya = xza-l while considering the 
points as homogeneous coordinates (x, y, z, w) in PG(3, 2r) .  When the order is even, 
the planes of an oval flock may be represented in the following form: 

7rt : xF(t) + t1fay + K,ZG(t) + w = 0 for certain functions F and G and constant 
K, such that Trace(K,) = 1 .  

When F(t) = t1\a
2 

and G(t) = t1\a+l\a2 
then Cherowitzo [15] shows that a herd 

of ovals is obtained exactly when {(1 ,  t, t1\a+l\a2 ) Vt in GF(q)} U { (0, 1, 0) , (0, 0, 1 )}  
is a hyperoval in PG(2 , 2r) .  

15.2. Flippable flocks. 

Cherowitzo has considered an extension for translation oval flocks of what might be 
called algebraic derivation for even order flocks of quadratic cones. A translation oval 
flock with functions (F(t) , t1fa ,  G(t)) is p(t)- flippable exactly when the functions 
(F(t)/ p(t) , t1fa / p(t) , G(t)/ p(t) ) provide a translation oval flock with the same element 
K,. 

The following theorem connecting flippable flocks with herds is proved by Cherow
itzo [15] (we note that our terminology is slightly different from that of Cherowitzo) . 

Theorem 15.2. If a translation oval flock provides a herd of ovals then the flock is 
t-flippable. 

Now consider the translation oval flock of Thas represented as above. Letting 
G(t) = s0+1 , F(t) = s ,  su = t1fa where a =  u, we may represent this flock using the 
Cherowitzo notation as: 

t1fa2 
x + t1fay + t1fa+l/a

2 z + w = 0. We shall call these the a-translation oval 
flocks of Thas. 

Furthermore, Cherowitzo shows the equivalence of t-flippablity and the existence 
of oval-polynomials . 

Theorem 15.3. An a- translation oval flock of Thas is t-flippable if and only if 
t1fa+l/a2 is an oval-polynomial. 

In particular, if q = 22h-l and a = u = 2h then the a-translation oval flock of 
Thas is t-flippable. Furthermore, the u-flocks are also t2-l/u -flippable as well as 
tu-3-flippable. Hence, three other classes of translation oval flocks are obtained by 
Cherowitzo all of which are somehow connected to the Thas translation oval flocks. 

This theory is further extended by Cherowitzo and Storme [18] who prove general 
results of flipping, shifting, and herds of ovals. The following result is a special case 
and is phrased using our terminology. 

Theorem 15.4. (see {18} (2.2) and (2.3) ) A translation oval flock ofThas is t-flippable 
if and only if there is a corresponding herd of ovals. 
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Furthermore, Cherowitzo and Storme [18] completely determine the hyperovals of 

the form { (1, t, t2
'+2; ) Vt in GF(q)} U {(0, 1, 0) , (0, 0, 1)}  . In particular, the transla

tion oval flocks of Thas which are t-flippable are completely determined. They also 
show that the only possible examples which are t-flippable are the previously known 
examples. 

15.3. The no-4 theorem. 

We have mentioned previously that with the exception of a few orders, Thas has 
completely determined the flocks of quadratic cones in PG(3, q) such that no four of 
the planes containing the conics of the flock share a point (a no-4 flock) . Considering 
the dual flocks, there is a set of q points no four of which are coplanar so there is 
an associated q-arc. By using the extension theory for q-arcs, Thas was able to 
determine the associated flocks. Furthermore, this can be done more generally and 
with a similar proof for flocks of oval cones in PG(3, q) . 

Theorem 15.5. (Thas {77], Jha-Johnson {37]). 
Let F be a no-4 flock of an oval cone in PG(3, q) . Assume that either q is even 

and � 4 or odd with q > 83 or q < 17 or q in {27, 81} .  
Then either 
(1) F is a Fisher-Thas-Walker flock of a quadratic cone or 
(2) F is a translation oval flock of Thas and q = 2r where r is odd. 

16. Examples of infinite flocks and maximal partial flocks. 

In the infinite case, it is possible to construct flocks of oval cones over fields of even 
characteristic and some of these have herds of ovals as in the finite case (see Cherowitzo 
et al [16] ) .  

16.1. Partial flocks of translation oval cones. 

Let u be an automorphism of an infinite field K of characteristic two. 
Then { (to- , t, 1 ) ,  (1 ,  0, 0)} is an oval with knot (0, 1, 0) in PG(2, K) represented by 

homogeneous coordinates (x, y, z) provided u - 1 is bijective. Embed the plane into 
PG(3, K) and project from (0, 0, 0, 1) to form an oval cone. Representing PG(3, K) by 
homogeneous coordinates (x, y, z, w) then it follows that xzo--l = yo- is the equation 
of the oval cone. Since the group 

< (x, y, z) ---t (x + ao-z, y + az, z) for all a in K >  

fixes (1 ,  0, 0) (and (0, 1 ,  0)) and maps (to- , t, 1) onto ((t + a)o- , (t + a) , 1) and the group 
is a translation group in the Pappian affine plane z = 1 , we call such an oval a 
translation oval and the corresponding cone a translation oval cone. Similarly, the 
corresponding Laguerre plane is called a translation oval Laguerre plane. 

When u is an automorphism of an infinite field K of characteristic two where 
u - 1 and u + 1 are bijective, it is possible to constuct infinite flocks analogous to the 
translation oval flocks of Thas as follows (see Cherowitzo et al [16] ) .  
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Theorem 16.1.  Let K be an infinite field of characteristic two. Let u E Gal K such 
that u - 1 is bijective so that { (1 ,  t, tu ) ,  (0, 0, 1) : tE GF(q)} = 01 is a translation oval. 
Let homogenous coordinates (x0 , x1 , x2 , x3) where Xi € GF(q) ,i = 0, 1 ,  2, 3 define 
the projective 3-space PG(3, K) . Enbed the oval in the plane x3 = 0 and form the 
translation oval cone by projecting (0, 0, 0, 1) = V0 to the oval 01 in x3 = 0. 

If u + 1 and x r-+ x2 are both bijective mappings then the following set of planes 
form a flock of the translation oval cone Co : 

7r8 is su+lx0 + su X1 + sx2 + X3 = 0 Vs € GF(q) } .  

The condition that the mapping x r-+ x2 is bijective is only required t o  ensure that 
there is a doubly transitive group acting on the flock. 

It is an open problem whether any of these flocks are t-flippable. 

16.2. Quasifibrations and Partial flocks of oval cones 

It is possible to construct partial flocks of such translation oval cones exactly as in the 
finite case. In the previous example, if u + 1 is injective but not bijective then there is 
a maximal partial flock of a quadratic cone. More generally, if some line of the cone is 
covered by the planes of a partial flock then the partial flock is necessarily maximal. 
However, it is not always true that the partial flock is actually a flock. When the 
oval cone is a quadratic cone, one may translate everything over to the corresponding 
translation net to obtain a net with the property that some line of the net is covered 
by intersections with the set of lines incident with an affine point. 

We mentioned previously class coverings with respect to partial flocks of Laguerre 
planes meaning that some parallel class is completely covered. Here we discuss a set 
of nets which are equivalent to certain maximal partial spreads of quadratic cones. 
The reader is referred to Jha-Johnson [31] . 

Definition 16.2. Let N be an arbitrary net. Let P be an affine point and let 
Lp denote the set of lines which are incident with P. Let a be any parallel class 
and let M be a line of a which is not incident with P. The net N shall be called 
class-covered with respect to M and P if and only if the points of M are contained 
in the intersections of M with Lp. 

Theorem 16.3. A class-covered net with respect to line M and point P is either an 
affine plane or is a proper maximal net which contains no transversal containing P. 

The theorem of Abelian translation class-covered nets is similar to that of trans
lation planes. In fact, 

Theorem 16.4. Let N be an Abelian translation class-covered net. Coordinates 
(Q, +, *) may be chosen so that 

(0) there exists a sub-skewfield K such that (Q, +) is a K -vector space, 
(i) for each m in Q, there is an associated parallel class (m) so that the ternary 

functions is linear and defined for all m, b in Q :  T(x, m, b) = x * m + b. Moreover, for 
a i= b and c, there is a unique solution to the equation x * a = a * b + c. 
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(ii) (c + a) *  m = c * m + a *  m for all a, c in Q and for all parallel class (m) . 
Moreover, the lines through the zero vector are isomorphic K-subs paces such that 

any two such subspaces direct sum to a vector space defining the net. 
Definition 16.5. Let V be a vector space of the form WEB W where W is a K -space 
for K a skewfield. A partial spread is a set of subs paces K-isomorphic to W such 
that the direct sum of any two distinct subspaces is V. 

Let B be a basis for W and choose a fixed vector e from W EB  0. A quasifibration 
Q is a set of mutually disjoint subspaces K- isomorphic to W which contains W EB 0 
and 0 EB W and which has the property that for each vector of the form e + w for w 
in 0 EB W, there is a subspace of Q which contains e + w. Furthermore, K is called 
the kernel of the quasifibration if and only if K is maximal among skewfields L such 
that the subspaces indicated are L-spaces. 

Coordinates systems just short of quasifields may be defined as follows: 

Definition 16.6. Let (Q, +, *) be a triple so that 
( i) ( Q, +) is an Abelian group, 
(ii) (Q - {0} , *) is a binary operation so that a *  0 = 0 * a  = 0 and ther is an 

element 1 in Q so that 1 * m = m for all a, m in Q, 
(iii) (a + b) * m = a * m + b * m for all a, b, m on Q, 
( iv) for a -::j; b ,  in Q there is a unique solution to the equation x * a = x * b + c.  
Then we shall call ( Q, +, *) a quasi-quasifield. 
Now consider a class-covered partial flock of a Laguerre plane. IT the Laguerre 

plane is an oval plane then there is a line L which is completely covered by the planes 
of the partial flock. IT the oval is a conic there is an associated partial spread 'lr£ . The 
points of the line L become Baer subplanes of the corresponding partial spread 'lr£ 
each of which intersects the common component in a 1-dimensional space < e > .  It 
turns out that the line x = e and the zero vector provides a quasifibration. 

Theorem 16.7. The following are equivalent: 
(1) Abelian translation class-covered nets, 
(2) quasifibrations, 
(3) quasi-quasifields. 

Corollary 16.8. An Abelian translation class-covered net in V4 over a field K which 
admits an elation group E such that any component orbit union the axis forms a 
regulus in PG(3, K) is equivalent to a class-covered partial flock of a quadratic cone 
which is either a flock or a proper maximal partial flock. 

The following provides an example of this type of partial flock. 

Theorem 16.9. Let K be a field in which the function x I-t x3 is injective but not 
surjective. Let V4 denote a 4- dimensional vector space over K. Then the following 
equations define a quasifibration which is a proper maximal partial spread. Further, 
there is a corresponding maximal partial flock of a quadratic cone. 

[ u - s2 -s3 /3 ] 
{ x = 0, y = x 

8 u 't/u, s f. K}. 
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16.3. Examples of infinite flocks and derivation. 

De Clerck and Van Maldeghem [21] have determined several examples of flocks of infi
nite quadratic cones. They have considered infinite flocks algebraically and have given 
conditions under which there is an associated generalized quadrangle. Furthermore, 
Jha-Johnson [33] continue this study and, in particular, construct some infinite nests 
of reguli which exist within a Pappian spread and which provide an infinite analog 
to the translation planes arising from the finite Fisher flocks mentioned above. (The 
reader interested in reading more about infinite nests of reguli and their construction 
is referred to Johnson [47] .) 

Using ideas on quasifibrations and class-covered nets, it is possible to show the 
following (see Jha-Johnson [33] ) .  Recall that a full field of characteristic 0 or odd 
is a field such that the product of any two nonsquare elements is a square. If the 
characteristic is two let C1 denote the elements k such that x2 + X + k is irreducible. 
A full field of characteristic two is a field such that the sum of two elements of C1 is 
never in C1 . Note that finite fields are full fields. 

Theorem 16.10. Let F be a flock of a quadratic cone in PG(3, K) . H K is a full 
field then any derivation is either a flock or a maximal partial flock. 

16.4. The bilinear flocks. 

In [22] , Dembowski notes that the following provides a flock of an elliptic quadric in 
PG(3,R) where R denotes the field of real numbers: Let 0 denote an elliptic quadric 
and let 7r0 denote the equatorial plane. Let L, M be distinct affine lines of 'lro which 
are exterior to 0. Let N denote the set of planes which contain L and meet 0 in the 
positive (north) half and let S denote the set of planes which contain M and meet 0 
in the negative (south) half. Then N U S U { 1r o} is a cover of 0 - { N L, S M} by conics 
where NL, SM are the north and south points of tangency of the planes containing 
L, M respectively. 

That is, this provides a "nonlinear" flock of the elliptic quadric in PG(3,R) in the 
sense that not all of the planes share the same line. (A linear flock is one for which 
the planes of the flock all share a common line.) 

More generally, we shall call any flock of an elliptic quadric, hyperbolic quadric or 
quadratic cone in PG(3, K) ,for K an arbitrary field, a bilinear flock if and only if 
the set of planes which contain the conics of the flock share one of two lines but do 
not share one line. 

It is possible to use the little theme of Dembowski to explore some bilinear flocks of 
quadratic cones in PG(3, K) for certain fields K. Basically, the idea is to consider two 
lines L,M on the hyperplane at infinity and construct a flock such that the positive 
affine cone is covered by planes containing L and the negative affine cone is covered 
by planes containing M. Biliotti and Johnson [9] show 

Theorem 16.11.  Let K be an ordered field. Suppose two distinct polynomials f(x) 
= x2 + a2x - a1 and g ( x) = x2 + b2x - b1 are both always positive. 

Consider PG(3, K) represented in homogeneous coordinates (xo,Xb x2 , x3) .  Rep
resent a quadratic cone C with equation x0x1 = x� . 

58 



Define the following set F(a1,a2 , b1 , b2) of planes with the following equations 
Nt : txo - a1tx1 + a2tx2 + X3 = O, t > 0, 
St : txo - b1tx1 + b2tx2 + X3 = 0, t < 0, 
10 : X3 = 0. 
Then F ( a1, a2 , b1 , b2) is a bilinear flock of the quadratic cone C. 

We denote the corresponding translation planes by 1r(a1 , a2 , b1 1 b2 ) . Recall any 
flock translation plane admits an elation group whose component orbits union the 
axis are the reguli corresponding to the flock. For the bilinear flock planes, there are 
two distinct elation groups which induce reguli. The following result is also in Biliotti 
and Johnson [9] . 

Theorem 16.12. Any bilinear conical translation plane with spread in PG(3, K) 
admits a collineation group in the translation complement isomorphic to SL(2, K) 
generated by regulus inducing elation groups. 

16.5. Tangential packings 

Since any bilinear conical translation plane admits SL(2, K), there is not one corre
sponding quadratic cone but actually a set of quadratic cones which are permuted by 
PSL(2, K).  Moreover, there are some interesting ovoids associated with such spreads. 

Definition 16.13. Let Q be an ovoid of points of the Klein quadric in PG(5, K) 
where K is a field. Assume that there is a conic C in Q such that, for each point P of 
the conic, there is a partition of Q into a set of conics containing C which mutually 
share the point P. In this case, we shall call the set of such partitions a tangential 
packing of the ovoid with respect to C. 

The following five results may be found in Biliotti and Johnson [9] . 

Theorem 16.14. Let K be a field and let 1r denote a translation plane with spread 
in PG(3, K)which contains a regulus R .  

Suppose that there is a collineation group G generated by elations in the net N R 
corresponding to R which is isomorphic to SL(2, K) and leaves NR invariant. 

Then, for each component L of the regulus net N R , there is a set of regulus nets 
which share L and which are left invariant by an elation group with axis L which acts 
regularly on the components of each regulus net distinct from L. 

· We now consider the associated flocks. 

Theorem 16.15. Under the assumptions of the previous theorem, for each of these 
components L, there is a flock of a quadratic cone FL in some 3-dimensional projective 
space :Ei isomorphic to PG(3, K) which has as its basic points the Baer subplanes of 
the regulus nets that share the component L. 

Hence, each of these flocks of quadratic cones share a conic. 
Each of these projective spaces :Ei lies in the same projective space :E5 isomorphic 

to PG(5, K)and there is a collineation group of:E5 which fixes the common conic and 
acts transitively on the cones and flocks. 
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Furthermore, the ovoid in :E5 corresponding to the spread of rr admits a tangential 
packing with respect to the conic corresponding to the regulus R. 

The following theorem is the converse to the preceding result. 

Theorem 16.16. Assume that there is a flock of a quadratic cone F in a 3-dimensional 
projective space :E3 . Embed :E3in the 5-dimensional projective space :E5 so that the 
cone is embedded within the Klein quadric. Take the intersection with the Klein 
quadric of the perpendicular planes of the planes which contains the conics of the 
flock. This forms an ovoid Q of points consisting of conics which share a point. 

For a fixed conic C , assume there is a tangential packing of the ovoid with respect 
to CThen there is a corresponding translation plane with spread in PG(3, K) which 
admits SL (2, K) generated by elations and which fixes a regulus net of the spread. 

Finally, we note the connection with SL(2, K) and coverings of the spread by sets 
of reguli that share a given component. 

Theorem 16.17. Let rr be a translation plane with spread in PG(3, K) . 
H there is a regulus R in the spread of rr such that for each component L of R, 

there is a set of reguli in the spread which share L and cover the component set, 
then rr admits SL(2, K) as a collineation group which is generated by elations leaving 
invariant the regulus R. 

16.6. Double Covers 

As we have seen, in the finite case, a flock of a quadratic cone corresponds to a 
translation plane with spread in PG(3, K) which is covered by reguli that share a 
component L, and if the plane is not Desarguesian then there is a unique such cover. 
In the general case, we shall say there is a "double cover" if and only if there are 
two components L,M (possibly the same) such that the spread is covered by a set of 
reguli which share L and a distinct set of reguli which share M. 

Theorem 16.18. Let rr be a translation plane with spread in PG(3, K) whose spread 
admits a double cover of reguli. 

Then either rr is Pappian or there is a group generated by elations isomorphic to 
SL(2, K) which leaves a regulus invariant. 

16.7. The derivations 

There exist putative derivations for F(a1 7 a2 , b1 7 b2) (see (16.12)) which define flocks 
at least in the case when � = a2 = 0 and K is an ordered field such that the 
positive elements are always square. It follows from De Clerck and Van Maldeghem 
[21] that corresponding to these bilinear flocks in PG(3, K) are classes of generalized 
quadrangles. 

On the other hand, when K is a subfield of the reals such that not all positive 
elements are square, then conceivably none of the s-derivations produce flocks. In 
particular, none of these s-derivations can produce flocks over the field of rational 
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numbers. Hence, we have examples of flocks of quadratic cones in PG(3, K) 
which have no corresponding generalized quadrangles. 

The reader is referred to Biliotti and Johnson for further details [9] . 
Furthermore, in Biliotti and Johnson [10] ,  the construction of bilinear flocks is 

extended to n-linear flocks defined over subfields of the reals. 
. 

16.8. Infinite generalized quadrangles. 

As mentioned earlier, given a flock of a quadratic cone, there is not necessarily a 
corresponding generalized quadrangle. However, we have also seen that when the 
associated field K is a full field, it is possible to show that there is a maximal partial 
generalized quadrangle (see Jha-Johnson [33]) . The first attempt to construct flock 
quadrangles in the infinite case was by F. De Clerck and H. Van Maldeghem [21 ], who 
used the coordinatization of a generalized quadrangle by means of a quadratic quater
nary ring (see [26] ) to extend to the infinite case the theory of flocks of quadratic cones 
and their associated geometries, especially the generalized quadrangles. Starting with 
the notion of a full field K , they define a K -clan as a triple of functions that give 
a flock of a certain quadratic cone, imitating the situation for finite fields. Using co
ordinates they bypass the coset geometry construction of the generalized quadrangle 
(as given in our section 4.2) and proceed directly to give a description of the associ
ated flock quadrangle, which in fact they show will exist if and only if all derivations 
of the original flock are well defined flocks. The approach in L. Bader and S. E. 
Payne is complementary to that in [21]. Bader and Payne first obtain an appropriate 
generalization to the infinite case of the notion of 4-gonal family (Kantor family) of 
subgroups of a given group and then interpret this in the context of the K -clan. This 
allows them to characterize infinite elation generalized quadrangles as group coset 
geometries and to give another proof of the result of De Clerck and Van Maldeghem 
[21] just mentioned. They also generalize the Fundamental Theorem of q-clan ge
ometry to apply to the study of isomorphisms between infinite partial and complete 
generalized quadrangles constructed from flocks and partial flocks of quadratic cones. 
They conclude by surveying the known infinite families of finite flocks to see which 
ones easily generalize to give families of infinite generalized quadrangles. 

16.9. Examples over the reals. 

Let R be the field of real numbers. Then the union of two semi-ellipses can provide 
an oval which is not a translation oval and it is possible to construct partial flocks of 
such oval cones. 

More generally, the following two results are in Johnson and Liu [49] . 

Proposition 16.19. Let K be the field of real numbers. Consider the set Oa 
{(1 ,  t2 , t) for t �  0} U {(1 ,  at2 , t) for t <  0} U { (0, 1, 0)} .  

If a is positive then Oa is an oval in PG(2 , K) . 

Theorem 16.20. (1) Let f be a continuous, strictly increasing function such that 
limt�---t±oo f(t) = ±oo over the field of real numbers R . 

61 



Then the planes 7rt : tx0 - x1f(t) +x3 = 0 for all t in  R define a flock of a quadratic 
cone in PG(3, R) . 

(2) The planes of (1) define a flock of the semi-elliptic oval cone defined by Oa for 
any positive real number a. 

There is a tremendous variety of examples of infinite flocks. Instead of listing 
these here, we refer the reader instead to Johnson and Liu [48] of this volume where 
these examples are collected. 

16.10. Flock type planes over skewfields. 

Although not actually necessarily providing examples of infinite flocks, it is possible 
to consider generalizations of the translation planes associated with infinite flocks. 

Given a regulus in PG(3, F) for F a  field, we have noticed that a standard form 
may be given so that over the corresponding vector space, the form is x = 0, y = 

x [ � � ] for all u in F. A set of left 2-dimensional subs paces of the same form 

but over a skewfield K is called a pseudo-regulus. Hence, it may be possible to 
consider spreads which are unions of pseudo-reguli that share exactly one line (com
ponent) even though there may not be corresponding flocks of cones or generalized 
quadrangles. This is actually done in Jha-Johnson [36] where there is a general the
ory developed for such spreads. In particular, there is an easy construction of what 
might be called "skew-Hall" planes which are planes derived from planes which have 
the general appearance of a Pappian plane but which are defined more generally over 
quadratic extensions of skewfields. These planes not only have spreads in PG(3, K) 
which are unions of pseudo-reguli that share a common line, the spreads also are 
unions of other sets of pseudo-reguli that mutually share two lines. It is interesting 
to note that the "skew-Hall" planes have kernels Z(K) , the center of K and hence 
may not all be defined by spreads in PG(3, K) . 

Theorem 16.21. Let K be a skewfield and let 1r denote a 4-dimensional left K -vector 
space. 

(1) Then the set of left 2-dimensional K -subspaces 

[ u + pt "'(t ] . 
{x = O, y = x  

t u 
for all t, u zn K} 

is a spread in PG(3, K) if and only if x2 + xp - 'Y is irreducible over K where x and 
y are 2-vectors. Let 1rp,'Y denote the corresponding translation plane. 

(2) 'lrp,'Y is a Desarguesian plane if and only if both p and 'Y are in the center of K. 
(3) 'lrp,'Y is a semifield plane which admits the elation group 
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The component orbits the union the axis x = 0 of E defines a set Cu of pseudo-regulus 
nets that share exactly the component x = 0, and each of these nets may be derived 
to produce an associated translation plane. 

( 4) 1r NY also admits the elation group [ 1 0 pt "(t l 
0 1 t 0 

Tt =< 0 0 1 0 
0 0 0 1 

for all t in K > . 

The component orbits the union the axis x = 0 of E defines a set Ct of pseudo
regulus nets that share exactly the component x = 0, and each of these nets may be 
derived to produce an associated translation plane. 

(5) 'lrp,-y also admits the homology group 

H =< [ � � � U fur rui u m K* > . 

The component orbits union the axis (y = 0) and the coaxis (x = 0) defines a set 
R of pseudo-regulus nets that share two components x = 0, y = 0 and each of these 
nets may be derived to produce an associated translation plane. 

(6) For each derived translation plane, the kernel of the plane is Z(K) . 
In particular, if K is not a field then the plane derived from a Desarguesian plane 

does not have its spread in PG(3, K) and hence cannot be considered a Hall plane 
even in this case. 

Also, note that if K is infinite dimensional over Z(K) then the derived planes are 
infinite dimensional over their kernels. 

17.  Rigidity of flocks 

Let II be a partial :flock of t-conics of a finite quadratic cone. If the planes of II 
all share a common point exterior to the cone then it can be shown that there is an 
automorphism group of the cone which leaves the vertex invariant and which fixes 
each plane of II. Conversely, a group acting as above forces the planes of the flock to 
share a point. We call such a partial flock a "star" partial :flock and term the group 
"t-locally rigid" . In Jha-Johnson [29] , there is an analysis of such groups and star 
partial :flocks. In particular, 

Theorem 17.1. (The Fundamental Theorem on Rigidity.) Let II be a partial flock 
of t-conics of a finite quadratic cone in PG(3, q) . Let G be a t-locally rigid group 
on II. H G contains a nontrivial linear subgroup then the t planes share a common 
point. 

Conversely, if there exists a partial flock II oft- conics such that the corresponding 
planes share a common point then there is a nontrivial linear t-locally rigid group 
on II. 
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We have mentioned that Thas has classified all star flocks of quadratic cones. The 
theorem of Thas [76] is 

Theorem 17.2. Let F = { Ci for i = 1, 2, . . .  , q} be a flock of a quadratic cone Q in 
PG(3, q) such that the planes 1ri containing the conics Ci for i = 1, 2, . . .  , q contain a 
common point; F is a star flock. 

(1) If q is even then F is linear. 
(2) (a) If q is odd and the common point is interior then F is linear. 
(b) If q is odd and the common point is exterior then either F is linear or a Kantor

Knuth flock (the generalized quadrangle is due to Kantor and the translation plane 
is due to Knuth) . 

When the order q is even there is an associated "axial" theorem for star flocks 
(see Jha-Johnson [29] ) .  We say that an automorphism group of a flock is t-rigid if 
and only if it is t-locally rigid when acting on some subflock of t conics. 

Theorem 17.3. (The Axial Theorem.) Let F be a flock of a quadratic cone in 
PG(3, q) 

(1) If q is even and there exists a nontrivial t-rigid, linear automorphism group 
ofF then the t planes of the associated partial flock share a line. 

(2) If q is odd and there exists a nontrivial t-rigid linear automorphism group of 
F of order > 2 then the t planes of the associated partial flock share a line. 

It is possible to skirt the linearity assumption when t is large enough. 

Theorem 17.4. Let F be a flock of a quadratic cone in PG(3, q) that admits a 
t-rigid automorphism group with t 2:: (q - 1)/2 2:: 2 .  

(1) If q is even then F is linear. 
( 2) If q is odd and the order of the group is > 2 then F is linear or a Fisher flock. 

Finally, it might be mentioned that the theorem of Thas for star partial flocks 
contained within flocks can be improved as follows (again see Jha-Johnson [29] ) .  

Theorem 17.5. Let F be a flock in PG(3, q)  which contains a star partial flock oft 
conics. 

(1) If q is even and t 2:: q/2 then the flock is linear. 
(2) If q is odd and t 2:: q - 1 then the flock is linear or a Kantor-Knuth flock. 

18.  The Doubly Transitive Finite Flocks of oval cones 

We have pointed that that the translation oval flocks of Thas admit a linear doubly 
transitive automorphism group acting on the planes of the flock. Furthermore, the 
Fisher-Thas-Walker flocks also admit such a group. Any semifield flock of a quadratic 
cone admits a transitive group on the conics and, in addition, the Kantor-Knuth flock 
admits a doubly transitive group. Furthermore, we have noted in the finite case 
certain situations which produce doubly transitive flocks. However, in all of the 
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known examples, the cone is a translation oval cone. In fact, this is always the case 
when the flock is finite and there is evidence to suggest that this is the case when 
flock is infinite although here the situation is much more complex. 

The following is due to Jha and Johnson and may be found in [30] and [32]. It 
might be noted that the proof uses the theory of rigidity and so does not necessarily 
extend to the infinite case. 

Theorem 18.1. Let F be a flock of an oval cone in PG(3, q) that admits a linear 
group acting doubly transitively on the ovals of the flock. Then one of the following 
occurs: 

(1) F is linear or 
(2) the oval is a translation oval. 
(a) If the translation oval is not a conic then the flock is one of the translation 

oval flocks of Thas. 
(b) If the oval is a conic and the flock is not linear then q is odd and the flock is 

one of the following types: 
(i) a semifield flock of Kantor-Knuth type. 
( ii) a Fisher-Thas-Walker flock. 

18.1.  Generalized Kantor-Knuth flocks 

There is a natural way to generalize the Kantor-Knuth flocks to the infinite or ar
bitrary order situation. For example, some generalizations occur in De Clerck and 
Van Mandeghem [21] . Other generalizations occur in Johnson and Liu [48] . Also, in 
Johnson and Liu [49] , there is a complete determination of the isomorphism classes 
analogous with the work of Kantor [55] in the finite case. It is noted that all of these 
flocks admit doubly transitive groups on the planes of the flock. 

19.  Transitive finite partial flocks of deficiency one and mono
mial flocks of even order. 

Let II be a partial flock of deficiency one of a finite quadratic cone. It has been 
mentioned previously that by Payne and Thas, II has a unique extension to a flock. 
Furthermore, there is a Baer group of order q associated with any finite partial flock. 
If II admits a transitive group acting on the q - 1 planes of the partial flock then 
there is a description of such flocks by their associated functions due to Hiramine and 
Johnson [27] .  For q odd, the results involve several cases, but for even order, it is 
possible to show that the associated functions are monomial. 

Theorem 19.1. Let II be a partial flock of deficiency one in PG(3, 2r) .  Represent 
the cone by XoX1 = x� where the projective space is represented by homogeneous 
coordinates (x0 ,  X1 , x2 , x3) .  

Ifii admits a linear transitive group then the planes of the flock may be represented 
in the following form: 

1rt : txo + at2k+lxl + f3tk+lx2 + X3 = 0 for all t in GF(2r) and a, f3 constants. 
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The known examples are for k =  1 or 2 or when k = 0 and are the Fisher-Thas
Walker, Payne and linear flocks respectively. 

Recently, Penttila and Storme [7 4] have shown that 

Theorem 19.2. Let F be any flock of a quadratic cone in PG(3, 2r) whose associated 
plane are given by monomial funtions. Then the flock is either one of the flocks of 
Fisher-Thas-Walker, Payne or is linear. 

Hence, we obtain the following 

Theorem 19.3. Let II be a transitive partial flock of deficiency one of a quadratic 
cone in PG(3, 2r) .  Then II may be uniquely extended to either a Fisher-Thas-Walker, 
Payne or linear flock. 

Proof: Combine the above results with the extension result of Payne and Thas 
[72]. 

20. MAXIMAL PARTIAL SPREADS 

D. Jungnickel [54] has given some constructions of maximal partial spreads which 
have no transversals. They have cardinality q2 - q, q2 - q + 1, q2 - q + 2. The idea for 
most of these partial spread constructions goes back to A. Bruen [11] who constructs 
maximal partial spreads as follows. 

Let S be any non-regular spread of PG(3, q) . Then there exists a line m not in S 
such that the partial spread Pm = {l E S l l  n m # 0} is not a regulus, and there 
are exactly 1 or 2 transversal lines of P m .  Let Sm denote the set of all lines of S not 
in Pm union m and another possible transversal line of Pm· Then this produces a 
maximal partial spread of PG(3, q) of cardinality q2 - q +  1 or q2 - q +  2. Of course, in 
general, it is difficult to determine the exact cardinality, and there is still the question 
of when the translation net defined by Sm can be embeddable in an affine plane 1rsTn . 
H so, then the plane 1rsTn must be a translation plane. In this case, this is equivalent 
to determining if 1rsTn is derivable and further, if so, this forces the cardinality of Sm 
to be q2 - q + 2 (see [54] ) .  

Now let :F be a flock of a quadratic cone in  PG(3, q) , S = S(:F) = R1 UR2 U . . .  URq 
the associated spread which is the union of the q reguli Ri that have a common line 
loo . We will call S(:F) a flock spread and R1 7 R2 , • • •  Rq the base reguli. 

Take any line m which is not a transversal line of one of the base reguli. If :F is 
not linear, then there are exactly q reguli in the spread S =  S(:F) (see [25] ) .  By the 
above remarks there is a maximal partial spread Sm of degree q2 - q + 1 or q2 - q + 2 
containing m. 

By the results on rigidity of V. Jha and N.L. Johnson [29] , Johnson and Lunardon 
[50] prove the following theorem. 

Theorem 20.1. Let :F be a flock of a quadratic cone of PG(3, q) . Suppose there are 
two lines m and n of PG(3, q) not transversal lines of a base regulus which share the 
same lines of S(:F) . Then :F is a linear flock or a Kantor-Knuth semifield flock. 
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Therefore if Sm has degree q2 - q + 2, then :F is the Kantor-Knuth semifield flock. 
It follows from [8] that in a derivable net of a translation plane with spread in 

PG(3, K), where K is isomorphic to GF(q) , there are at least two K -Baer subspaces 
of the net. This means that there are two transversals m1 and m2 to the same set of 
q + 1  components. If the elation axis L intersects mi (i = 1 , 2) ,  then N.L. Johnson [42] 
has proved that :F is either linear or a Kantor-Knuth semifield flock. By the previous 
results, Johnson and Lunardon [51] prove the same result without the hypothesis that 
L and m1 have a point in common. 

It is also possible to characterize flock spreads by the existence of maximal partial 
spreads. 

The following appears in Johnson and Lunardon [51]. 

Theorem 20.2. Let S be a spread of PG(3, q) . There are exactly q4 + q3 lines m 
such that Sm has degree q2 - q + 1 or q2 - q + 2 if and only if there are q reguli in S. 
Moreover if for some line l of S there are exactly q2 ( q + 1) maximal partial spreads 
produced from S which do not contain l ,  then S corresponds to a flock of a quadratic 
cone. 

There are various other consequences of the numbers of maximal partial spreads. 
We mention only the following result. 

Theorem 20.3. If the flock :F of the quadratic cone is neither linear nor a Kantor
Knuth semifield flock, there are exactly q4 + q3 mutually distinct maximal partial 
spreads each of degree q2 -q + 1 which may be obtained from the spread corresponding 
to :F. 

21.  Partial Hocks of quadratic cones in PG ( n, q) 

Finally, we might note that O'Keefe and Thas [60] recently study partial flocks in 
PG(n, q) for n odd. There are generalizations of herds, partial flocks, partial ovoids 
and derivations. Furthermore, various interesting examples are introduced. The 
reader is referred directly to this article for complete details. 
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