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Abstract. This paper presents the relationships between some numerical methods
suitable for a heterogeneous elliptic equation with application to reservoir simulation. The methods discussed are the classical mixed finite element method (MFEM),
the control-volume mixed finite element method (CVMFEM), the support operators
method (SOM), the enhanced cell-centered finite difference method (ECCFDM), and
the multi-point flux-approximation (MPFA) control volume method. These methods
are all locally mass conservative, and handle general irregular grids with anisotropic
and heterogeneous discontinuous permeability. In addition to this, the methods have
a common weak continuity in the pressure across the edges, which in some cases
corresponds to Lagrange multipliers. It seems that this last property is an essential
common quality for these methods.
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1. Introduction
The equation discussed is
−div (K(x)grad p) = g in Ω,

(1)

p(x) = 0 on ∂Ω,
where Ω is a bounded horizontal domain in R 2 and K is a symmetric
positive-definite tensor. The boundary ∂Ω of Ω is polygonal and convex.
The boundary condition is chosen for simplicity of exposition, and
does not materially affect the discussion. This is to be viewed as a
prototype for the pressure equation in a reservoir simulation setting.
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The components of K are assumed to be bounded, but may be highly
anisotropic and discontinuous, as is typical of subsurface formations
with layers, fractures, faults, and so on. Equation (1) can be derived
from mass conservation over a control volume and Darcy’s law. The
terminology is adopted from the application in mind; by p we denote
the pressure, K the permeability, and u = −K grad p the Darcy velocity. In a more general setting p would be the potential and K the
mobility; these generalizations are straightforward and omitted to keep
the presentations as clear and simple as possible.
For this application, the discretization methods should also meet
some specific demands. Engineers prefer methods that preserve the
mathematical model’s local mass conservation. We restrict ourselves to
locally conservative methods, meaning that
− the sum of the fluxes over each cell’s edges equals the accumulation
term (present in transient extensions of (1)) plus any sources or
sinks in the cell, and
− the flux is continuous across each edge.
In view of the geological properties discussed above, the methods of
interest should be suited for
− general irregular grid,
− anisotropic permeability, and
− heterogeneous discontinuous permeability.
The methods to be discussed all fulfill these criteria, while for instance
the classical Galerkin finite element method is not locally conservative.
In addition we will see that the relationship between the methods also
depends on a
− weak continuity in the pressure.
Locally conservative numerical methods for flows in porous media represent an active research area. Recently the journal Computational Geosciences published a special issue on the theme, see [1].
All the methods discussed here were represented in this special issue.
The methods are the classical mixed finite element (MFEM), that
for instance can be found in [2], the control-volume mixed finite element method (CVMFEM) [3], the support operator method (SOM)
[4] [5], the enhanced cell-centered finite difference method (ECCFDM)
[6] [7], and the multi-point flux-approximation (MPFA) control volume
method [8, 9, 10, 11, 12, 13]. This is not a complete picture of all generalizations of standard cell-centered finite differences suited for reservoir
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simulation on irregular grids and related situations, but those chosen
can be considered as representative of the most used and discussed
methods. In the special issue cited above, the papers about these or
conceptually similar methods were as follows: CVMFEM [14], SOM
[15], ECCFDM [16], MPFA [11, 17, 18, 19, 20]. The goal here is to
present the relationships between these methods. They are all rather
closely related, even if their original derivations go along quite different
lines. Initially it may seem that the methods are built on quite different
ideas, but the methods can be broken down and shown to be based on
the same pillars.
The rest of the paper is organized as follows: In Section 3 MFEM
is briefly presented, and it provides the base framework within which
we formulate and relate the other methods. The mixed-hybrid finite
element method (MHFEM) and associated Lagrange multipliers, which
will prove useful in breaking down the other methods, are also explained. In the next section the CVMFEM is presented as a perturbation of the classical MFEM. The underlying eliminated Lagrange multipliers for this method are also pointed out. In Section 5 a finite
difference method, SOM, is presented. The connection to MFEM and
some of the basic properties of the method are discussed. The method
in Section 6 is an enhanced cell-centered finite difference method (ECCFDM) developed from an expanded MFEM (EMFEM). The choice
of approximation space in the EMFEM and the need for Lagrange
multipliers are discussed. For rectangular grids and elementwise constant permeabilities, with a different choice of approximation space,
the same methodology used to derive the finite difference method from
the EMFEM gives rise to the MPFA method. In Section 7 the ideas
behind the MPFA method and this connection to EMFEM are presented. In Section 8 a numerical example is shown that illustrates the
good numerical convergence of these methods. Finally the paper is
summarized.

2. Preliminaries
Let L2 denote the Lebesgue square-integrable functions on the domain
Ω ⊂ R2 with inner product (· , ·). Also let H 1 denote the Sobolev space
of functions whose first-order derivatives are in L 2 . For vector-valued
functions v, define
H(div) = {v ∈ (L2 )2 : div v ∈ L2 }.
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We introduce the unknown fluid velocity u which gives the mixed
formulation of equation (1),
for p ∈ H 1 ,
for u ∈ H(div).

u = −K(x) grad p
div u = g

(2)

The permeability K is a symmetric positive-definite tensor, with elementwise constant components, such that for element E
K

E

!

E
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.
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If {Ωi } are subdomains of Ω such that Ωi = Ω, n is the outward unit
normal vector on ∂Ωi , and v and p are smooth inside each Ωi , Green’s
theorem gives
(grad p, v) =

XZ
i

∂Ωi

v · n p ds − (div v, p).

(3)

When v · n p is continuous across the boundary ∂Ω i , the first term on
the right-hand side of equation (3) vanishes. If v is smooth inside each
Ωi and the normal component of v is continuous across the boundary
∂Ωi , v ∈ H(div). Likewise if p is smooth inside each Ω i and continuous
across the boundary ∂Ωi , p ∈ H 1 . So when v ∈ H(div) and p ∈ H 1 ,
the first term on the right-hand side of equation (3) is zero. Then a
weak formulation of equations (2) is the problem of finding (u, p) ∈
H(div) × L2 such that
(K −1 u , v) − (div v, p) = 0
(div u, q) = (g, q)

for all v ∈ H(div),

for all q ∈ L2 .

(4)

Note that (K −1 u , v) = (p, div v) means that grad p = −K −1 u ∈ L2
in a weak sense. So even for discontinuous K and p ∈ L 2 , the weak
formulation in (4) gives p ∈ H 1 .
The bilinear form (K −1 · , ·) in (4) will be termed a(· , ·). Let T h
denote a quadrilateral element partition of Ω, where h is the maximum
element diameter. Denote the set of all element edges of T h by Eh . If
the grid is logically rectangular, then M and N can characterize the
size of the grid such that i = 1, . . . , M − 1 and j = 1 . . . , N − 1 run
over all the (M − 1)(N − 1) interior nodes.

relation.tex; 29/07/2003; 15:53; p.4

5
3.

Mixed Finite Element Methods

This method uses both the velocity and the pressure as primary unknowns simultaneously. Thus, unlike finite difference or Galerkin finite
element methods, MFEM directly represents the velocity with trial
functions. Intuitively, this could improve the accuracy of the approximate velocity in heterogeneous problems, because the velocity is betterbehaved than either the permeability or the pressure gradient when
K is discontinuous. To our knowledge, there is no rigorous theory
to prove this intuition, but numerical results, e.g. [21] [22], provide
some supporting evidence. Another appeal of MFEM is that it is in
accordance with the physics of the problem, i.e. local conservation of
mass and flux continuity.
Let H(div) be approximated by a finite-dimensional space V h ⊂
H(div), and analogously L2 by Qh ⊂ L2 . The spaces V h and Qh are
discussed in Section 3.2. The MFEM approximation of (4) is then the
problem of finding (umi , pmi ) ∈ V h × Qh ⊂ H(div) × L2 such that
a(umi , v) − (div v, pmi ) = 0
(div umi , q) = (g, q)

for all v ∈ V h ,
for all q ∈ Qh .

(5)

Note that in this discrete setting, the analogue of the first term on the
right-hand side of (3) need not vanish in the strong sense, because
v
R ·n
P
is continuous across edges but pmi is not. Dropping the term e∈Eh e v·
n[pmi ] ds from (5), where [ · ] denotes the jump of a function across the
edge, means that the MFEM imposes the continuity of p mi across edges
in a weak sense. This point will arise repeatedly in discussions of other
methods.
From a mathematical point of view, MFEM is an established method
with many well-known estimates on the variables. This includes superconvergence for both the velocity and pressure in case of smooth
permeability and a sufficiently smooth grid; see [23] and [24]. For a
more general book on MFEM, see [2]. A relationship between MFEM
and cell-centered finite differences, via low-order numerical integration,
was pointed out in [25]. The combination of a well-known framework
and the well-established connection to cell-centered finite differences
makes the MFEM a suitable reference point for the remaining methods
to be considered in this paper.
The MFEM does not have an explicit flux expression, which is a
favorable property when extensions to multiphase flow are to be developed. This is part of the reason for considering other methods and
can explain the popularity of other methods with similar behavior.
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3.1. Mixed-Hybrid FEM and Lagrange Multipliers
Another way to write the discrete form (5) is to use the original form of
Green’s theorem, equation (3), drop the assumption that the velocity
space is a subspace of H(div), and define a new variable λ as the
pressure on the edges, viewed as a Lagrange multiplier. To ensure the
needed smoothness of the velocity u mi , since normal components are
not necessarily continuous across edges in this case, an extra equation
needs to be added to (5). This form of the MFEM is often called the
mixed-hybrid FEM (MHFEM). If [ · ] denotes the jump across an edge,
2 2
the problem reads: find (u mi , pmi , λmi ) ∈ V −1
h × Qh × Λh ⊂ (L ) ×
2
2
L × L (Eh ) such that
a(umi , v) − (div v, pmi ) +
(div umi , q) = (g, q)
X Z

e∈Eh e

X Z

e∈Eh e

[v · n]λmi ds = 0

[umi · n]µ ds = 0

for all v ∈ V −1
h ,
for all q ∈ Qh ,
for all µ ∈ Λh .

This does not change the solution (u mi , pmi ), as easily can be shown.
By V −1
h we mean a space that does not require the continuous normal
2 2
component of V h , so V −1
h is part of (L ) . The space Λh is defined in
the next subsection.
3.2. Rectangular and Quadrilateral Element Spaces
The element spaces V h and Qh cannot be chosen independently of each
other and they are supposed to satisfy a discrete inf-sup condition,
known as the Babuška-Brezzi condition,
sup
v∈V h

(q, div v)
≥ βkqk
kvkH(div)

for all q ∈Qh ,

(6)

where β > 0 is independent of h and k · k denotes the L 2 norm. In
addition, we assume that
kvkH(div) ≤ ckvk

for all v ∈ Zh = {v ∈ V h : (div v, q) = 0, q ∈ Qh }.
(7)
The conditions (6) and (7) are important tools in analysis of MFEM
and are necessary to ensure stability. One possible choice for V h and
Qh is the lowest-order Raviart-Thomas element, denoted by RT 0 [26].
For rectangular elements this can be defined as
RT 0,r (E) := (P0 (E) + P0 (E)x) × (P0 (E) + P0 (E)y),
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with P0 a polynomial of order zero; this gives
V h,r := {v ∈ H(div) : v|E ∈ RT 0,r (E), E ∈ Th }
and

Qh,r = Qh := {q ∈ L2 : q|E ∈ P0 (E), E ∈ Th }.

The Lagrange multiplier space on the edges is

Λh,r = Λh := {µ ∈ L2 (Eh ) : µ|e ∈ P0 (e), e ∈ Eh }.
The velocity space has continuous normal component across each edge,
and in the piecewise-constant pressure space the characteristic test
function of each cell enforces local mass conservation on that cell.
For the geologically irregular subsurface applications in mind, the
grids may need to have general convex quadrilateral elements. The
Raviart-Thomas space over quadrilateral elements is defined with help
of a reference square element Ê. For any element E ∈ Th , F E : Ê −→ E
is an invertible bilinear mapping. Let D be the Jacobian matrix and
J the Jacobian. Let xi = (xi , yi ), i = 1, 2, 3, 4, be the four vertices of
element E in a counterclockwise direction. If x̂1 = (0, 0)T , x̂2 = (1, 0)T ,
x̂3 = (1, 1)T , and x̂4 = (0, 1)T , then
F E (x̂, ŷ) = x1 + x21 x̂ + x41 ŷ + (x32 − x41 )x̂ŷ
for xij = xi − xj . Scalar functions transform from Ê to E in the
obvious way, but vector functions require the Piola transform P E
that preserves normal components (fluxes), enabling V h ⊂ H(div) [2].
This is defined by
1
u = P E û = D û.
J
The lowest-order Raviart-Thomas element over a quadrilateral is defined
by
V h = RT 0 := {v(x) = P E v̂ ◦ (F E )−1 (x) : v̂ ∈ V h,r }.
The definition of Qh and Λh is the same on a quadrilateral grid as on
rectangular grids.
Some more care has to be taken when working with quadrilateral
elements compared to triangular or rectangular elements. This is due
to the fact that the Jacobian of F E , J, is not constant. This means for
instance that div(V h ) 6 ⊂Qh . In [23] both stability and the conditions
(6) and (7) are shown for MFEM with the above definition of V h and
Qh on quadrilateral elements. It should also be noted that these results
apply only to the two-dimensional (2D) case, in which RT 0 as defined
here contains the constant vector fields and therefore passes the “patch
test” [27]. For analogous hexahedral elements (trilinear images of a
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reference cube) in R3 , the Piola-transformed RT 0 does not contain
the constant vectors, so that the theoretical situation is uncertain [14].
3.3. K and K −1 Methods
This subsection divides the methods considered in this paper into two
classes, as discussed in [28]. As seen in the weak form (4), if we let f
denote the Darcy flux vector, the MFEM essentially reduces Darcy’s
law to a relationship of the form
K −1 f = −δp,

(8)

where δp denotes a pressure difference. K −1 appears discretely as a
mass matrix, so that a combination of fluxes equals a pressure drop. We
therefore consider MFEM to belong to the class of “K −1 methods,” in
which there are explicit expressions for pressure drops in terms of fluxes,
but not conversely. The methods discussed in Sections 4 (CVMFEM)
and 5 (SOM) are also of this type. When K is discontinuous in 1D,
the standard harmonic mean (see (25)) follows easily from numerical
integration in K −1 methods.
The alternative perspective of “K methods” is based on
f = −Kδp,

(9)

instead of (8), with a combination of pressure drops equaling a flux.
This type is represented in Sections 6 (EMFEM, ECCFDM) and 7
(MPFA). With explicit flux expressions in terms of pressures, the K
methods are more easily viewed as extensions of standard cell-centered
finite-difference or finite-volume methods, and hence are more compatible with traditional codes and solvers than K −1 methods are. On the
other hand, K methods may require enhancement to recover the 1D
harmonic mean and attain optimal-order accuracy (ECCFDM), or may
be subject to tighter constraints on geometry and anisotropy than K −1
methods in order to maintain monotonicity and stability (MPFA, [19],
[29]).
One can consider relating the two classes of methods by inverting
K −1 in (8) to obtain (9). For MFEM/CVMFEM and the MPFA Omethod on a uniform 2D grid of parallelograms, this was done in [28]. To
make the K of (9) sparse, K −1 was partially lumped and incompletely
inverted. The comparison suggested that the methods would differ more
with increasing aspect ratio or non-orthogonality. This is qualitatively
consistent with the results of [29] and the theoretical optimal-order
convergence of MFEM on parallelogram grids [2]. We do not pursue
this inversion approach further in this paper.

relation.tex; 29/07/2003; 15:53; p.8

9
E i,j+1

Qi,j+1/2

yj+1




i,j+1/2




yj

Q i+1/2,j

(fy )

 

p

(fx )

i+1/2,j




i,j

p i+1,j

E i,j

E i+1,j .
xi+1

xi

Figure 1. Cells, unknowns, and control volumes for rectangular CVMFEM

4. Control Volume Mixed Finite Element Method
The Control Volume Mixed Finite Element Method (CVMFEM) can
be considered as both a control volume method, and as a mixed finite
element method. The first presentation of the method, given in [3], describes it as a control volume method in an integral setting. We present
this briefly here for a rectangular grid. The pressure equation, and the
pressure trial and test space Qh , are the same as for the rectangular
MFEM in Section 3.2. The velocity trial space RT 0,r is also the same,
but the velocity test space is different. Assume (for this rectangular
case) that K is a diagonal tensor, and write the x-component of the
Darcy equation in (2) in the form
kx−1 ux +

∂p
= 0,
∂x

(10)

where u = (ux , uy ). Integrate (10) over the control volume Q i+1/2,j =
(xi , xi+1 )×(yj−1/2 , yj+1/2 ), as depicted in Figure 1. This is equivalent to
integrating the scalar product of the Darcy equation with the piecewiseconstant test function
v i+1/2,j (x) =

(

(1, 0) if x ∈ Qi+1/2,j ,
(0, 0) if x ∈
/ Qi+1/2,j .

(11)

Integrating out the x-derivative of p, we obtain
(K

−1

ucm , v i+1/2,j ) +

Z

yj+1/2
yj−1/2

(pcm (xi+1 , y) − pcm (xi , y)) dy = 0. (12)

In an analogous manner, for volume Q i,j+1/2 in Figure 1 and test
function
(
(0, 1) if x ∈ Qi,j+1/2 ,
v i,j+1/2 (x) =
(13)
(0, 0) if x ∈
/ Qi,j+1/2 ,
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we have
(K

−1

ucm , v i,j+1/2 ) +

Z

xi+1/2
xi−1/2

(pcm (x, yj+1 ) − pcm (x, yj )) dx = 0. (14)

In (12) and (14), we have discrete forms of Darcy’s law on velocity control volumes, relating the velocity u to the pressure difference between
the two ends. The pressure difference results from integrating out the
pressure derivative, analogous to the integration by parts in Section 3
that obtains −(div v, pmi ) from (v, grad pmi ). The analogue of div v is
a δ-distribution on two opposite edges of Q i+1/2,j or Qi,j+1/2 .
Since the connection to mixed finite element methods fits better
with the setting here, see [30], this approach will be used. The velocity
test function can be viewed as belonging to the image of a mapping
from RT 0,r onto a new space
Y h = {(vx , vy ) : vx is piecewise constant on volumes Qi+1/2,j ,

vy is piecewise constant on volumes Qi,j+1/2 }.

The mapping γh : V h −→ Y h preserves fluxes across edges, i.e.,
γh (v) =

X

[vx (xi+1/2 , yj )v i+1/2,j + vy (xi , yj+1/2 )v i,j+1/2 ],

(15)

i,j

where v = (vx , vy ). To obtain the p integrals in (12) and (14) from a
bilinear form, the appropriate analogue of (div v, p mi ) is
b(v, p) =

X
i,j

"

vx (xi+1/2 , yj )

+vy (xi , yj+1/2 )

Z

Z

yj+1/2
yj−1/2
xi+1/2

xi−1/2

(p(xi , y) − p(xi+1 , y)) dy
#

(p(x, yj ) − p(x, yj+1 )) dx (. 16)

Then the CVMFEM is to find (ucm , pcm ) ∈ V h,r × Qh,r ⊂ H(div) × L2
such that
a(ucm , γh v) − b(γh v, pcm ) = 0
(div ucm , q) = (g, q)

for all v ∈ V h ,
for all q ∈ Qh .

(17)

The definition of the CVMFEM on quadrilaterals is a generalization
of the above development. Figure 2 shows the support Q i+1/2,j of
the test function v i+1/2,j analogous to the one in (11). This is the
E ([ 1 , 1] × [0, 1]) and Q
union of two cell halves, Qi+1/4,j = Fi,j
i+3/4,j =
2
1
E
Fi+1,j ([0, 2 ] × [0, 1]), in the notation of Section 3.2. The corresponding
basis test function is defined by
v i+1/2,j



E
Fi,j
(x̂, ŷ)



 

1
1
,
(D E (x̂, ŷ))
=
0
Ji,j (x̂, ŷ) i,j
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Q i,j+1/2
Ei,j

Ei+1,j
ei+1/2,j

Figure 2. Two adjacent gridcells, and the area
of support for the velocity function,
.
Qi,j+1/2

for

1
2

≤ x̂ ≤ 1, 0 ≤ ŷ ≤ 1, and
v i+1/2,j



E
Fi+1,j
(x̂, ŷ)



 

1
1
=
,
(D E (x̂, ŷ))
0
Ji+1,j (x̂, ŷ) i+1,j

for 0 ≤ x̂ ≤ 12 , 0 ≤ ŷ ≤ 1. The crucial analogue of integration by parts
is
Z

grad p · v i+1/2,j dx dy

Qi+1/2,j

=

Z

Qi+1/4,j

+
=
=
=

Z

Z

Z

0

Z


1
Ji,j (x̂, ŷ)

Qi+3/4,j

1Z 1

1/2

∂p
∂ x̂

∂p
∂x

∂p
∂y


1
Ji+1,j (x̂, ŷ)

 

·

∂p
∂x

dx̂ dŷ +
Qi+1/4,j

Z

∂p
∂y
1

0

Z

 

0

Qi+1/4,j

1
0

p|x̂=1/2 dŷ

≈ pi+1,j − pi,j ,

Qi+3/4,j

−

Z

1
0

∂x
∂ x̂

·

1/2
0

1

( p|x̂=1 − p|x̂=1/2 )

T

∂y
∂ x̂

∂x
∂ x̂

dŷ +

Z

∂p
∂ x̂

dx dy
Qi+1/4,j
∂y
∂ x̂

T

dx dy
Qi+3/4,j

dx̂ dŷ
Qi+3/4,j

1
0

( p|x̂=1/2 − p|x̂=0 )

p|x̂=1/2 dŷ

Qi+3/4,j

dŷ

Qi+1/4,j

where we note the cancellation of p at the edge e i+1/2,j between the two
halves of Qi+1/2,j . This is equivalent to an elimination of the Lagrange
multipliers of Section 3.1 and will be related to corresponding developments in other methods. In effect, a weak continuity inRthe pressure has
been obtained via the choice of test function, such that ei+1/2,j [p] ds = 0
in (18).
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5. The Support Operator Method
The Support Operator Method, SOM [31], is used to give a finite
difference-like approximation. The key is the approximation of the
operators div and −K grad, and the adjoint relationship of these operators and their approximations in suitable continuous and discrete inner
products. In [31] the parabolic case is solved, with an additional timedependent term that is discretized by a backward finite difference. The
conservation equation and Darcy’s law are approximated separately, as
for the rest of the methods discussed in this paper. A well-conditioned
mass matrix is derived by eliminating the pressure to obtain an equation in the discrete flux. The method from [31] is expanded in [5] to
cover a full permeability tensor.
The elliptic case will be described here. The discrete SOM is defined
via the operators D and G, respectively analogues of div and −K grad,
as
uso = Gpso ,
(19)
Duso = G.
SOM is outlined here directly in the discrete spaces, with details in
Appendix A. The discrete scalar (pressure) function space is termed HC
and is cell-centered, and HS denotes the discrete edge-centered vector
(velocity) space, whose functions are evaluated via normal components
(fluxes). For each discrete space, two inner products are defined. The
first, the natural inner product, is a discrete analogue of the L 2 inner product for the scalar functions and of the energy inner product,
a(·, ·) = (K −1 ·, ·), for vector functions. For HC, this is
(p, q)HC =

X

pE q E AE ,

E∈Th

where AE is the area of the element E and pE , q E are the discrete
cell-centered function values in E. For HS, it is
(A, B)HS =

X X

E
(A, B)E
v Av ,

E∈Th v

P

E
where v runs over the vertices of E, A E
v Av =
v is an area such that
E
E
A , and (A, B)v is a discrete vector multiplication that includes the
permeability. For details, and the second formal inner products for
each space, see Appendix A. The main assumption from which the
operators are derived is the existence of an adjoint operator D ∗ such
that
(Du, p)HC = (u, D ∗ p)HS .
(20)
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The key is that D ∗ equals G, the approximation of −K grad, so that
equation (20) can be considered as an approximation of
Z

Ω

div u p dx = −

Z

Ω

(K −1 u)T K grad p dx = −

Z

u grad p dx,
Ω

interpreting (·, ·)HC and (·, ·)HS as numerical integrations.
In relation
toR the classical MFEM, this is analogous to dropping
P
the term e∈Eh e v · n[pmi ] ds from the integration by parts that leads
to (5). In the CVMFEM, the corresponding term is dropped by the
cancellation of edge pressures in the derivation (18), which is that
method’s equivalent of integration by parts. In the SOM, (20) states
that the operators and inner products are defined such that the dropped
term does not arise. All of these formulations therefore impose a weak
continuity on the pressure, and in the framework of the MHFEM, they
set the Lagrange multiplier term to be zero.
5.1. The Support Operator Method
Derived from Mixed Finite Element Method
Instead of deriving SOM as in [31], one can start from the MFEM
formulation with the lowest-order Raviart-Thomas elements and numerical integration. In [4], this relationship to MFEM is used to prove
convergence of SOM in the case of smooth permeability. The numerical
integration can be formulated as a perturbation a h (·, ·) of a(·, ·). The
first equation of (19) is actually defined in terms of operators S, D 0
and M, such that uso = Gpso is written as Suso = D 0 Mpso , where
G=S −1 D 0 M; see Appendix A for details. D 0 approximates grad and is
the adjoint of D in the formal inner product, while S and M approximate K −1 and the identity, respectively, and both contain geometric
factors that transform between the natural and formal inner products.
Note that SOM does not offer an explicit discrete velocity (or flux)
expression; the inversion of S gives a non-local flux approximation.
Define the subspaces V xh and V yh of V h associated with the logically
vertical x-edges (i + 1/2, j) and the logically horizontal y-edges (i, j +
1/2), respectively, of Th . The SOM can be formulated as follows: find
(uso , pso ) ∈ V h × Qh such that
ah (uso , v x ) + (pso , div v x ) = 0
ah (uso , v y ) + (pso , div v y ) = 0
(div uso , q) = (g, q)

for all v x ∈ V xh ,
for all v y ∈ V yh ,
for all q ∈ Qh ,

(21)

where the two first equations correspond to Su so = D 0 Mpso . Next, we
evaluate Suso .
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The numerical integration formula for one element E is
ah (u, v)|E =

1
X

T
−1 E
AE
v)kl .
kl (u K

(22)

k,l=0

In (22), the vertices kl are indexed 00, 10, 11, and 01 in the counterclockwise direction from the lower left. The weight A E
kl is one half of
the area of the triangle in element E that contains the vertex kl; e.g.,
AE
00 is one half of the area of the triangle with vertices 00, 10, and
01, or equivalently, the area of the quadrilateral with corners at 00,
at the midpoints of the two edges of E that meet at 00, and at the
intersection of the two diagonals of E. A vector function u E
kl at the
vertex kl is described by its normal components uξ k and uηl across the
logically vertical and horizontal edges that meet at kl; because RT 0
functions have constant normal components along the edges, such a
function can equivalently be evaluated as a vector at the vertex or
componentwise at the midpoints of the two side edges. We make the
latter choice and consider the two edges as a local logical ξη coordinate
system. The transform to the physical xy coordinate system can be
described by
(u)ξη = G(u)xy ,
where G contains the unit vectors normal to the physical edges. That
is,
!
!
uξ
(u)xy · nξ
(u)ξη =
=
.
uη
(u)xy · nη
In particular, in (22) this yields
(uT K −1 v)xy = uTξη (G−1 )T K −1 G−1 v ξη = uTξη T v ξη .
The transformation matrices G and T are described further in Appendix A. If we now use the numerical integration (22) with the RaviartThomas elements in equation (21) for one basis test function v x ∈ V h ,
associated to x-edge (i − 1/2, j),
ah (uso , v x ) = ah (uso , v x )|Ei−1,j + ah (uso , v x )|Ei,j
=

1 X
1
X

Ai−m,j
kl

m=0 k,l=0

=

1
X

k,l=0

i−k,j
Akl

uξki−m,j
uηli−m,j

uξki−k,j
uηli−k,j

!T

!T

T

T i−k,j

i−m,j

vξki−m,j
vηli−m,j

!

!

vξki−k,j
.
0

See Figure 3 for an illustration of the resulting flux molecule. Similarly,
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kl=11

kl=01

i−1,j

ij
kl=10

kl=00

Figure 3. The resulting flux molecule for ah (uso , v x ), when vx has support in Ei,j
and Ei−1,j . This is equivalent to the first vector component of (Su)ij .

the numerical integration with basis test function v y associated with
y-edge (i, j − 1/2) becomes
ah (uso , v y ) =

1
X

i,j−l
Akl

k,l=0

uξki,j−l
uηli,j−l

!T

T

i,j−l

0
vηli,j−l

!

.

This completes the evaluation of Su so .
As Figure 3 shows, the flux molecule for edge (i − 1/2, j) contains
no other vertical edges such as (i + 1/2, j), unlike the MFEM and
CVMFEM. This is due to the vertex-based numerical integration (22),
which is akin to a trapezoidal rule. This suggests that the SOM is close
to a MFEM or CVMFEM with a diagonalized (“lumped”) mass matrix.
It is not precisely that, however. The integration of Piola-transformed
RT 0 functions in MFEM or CVMFEM places the logical center of
a quadrilateral at F E (1/2, 1/2), which is the intersection of the two
segments that join the midpoints of opposite edges. For SOM, as noted
above, the analogous point is the intersection of the two diagonals,
which is different in general.
Next, the first vector component of D 0 M pso is equal to
(div v x , p) = pi−1,j

Z

Ei−1,j



= pi−1,j 

div v x dx + pij

X

e∈Ei−1,j

Z

e

Z

Eij



div v x dx


v x · ne ds + pij 

= (pi−1,j − pi,j )|hxij |.

X Z

e∈Eij

e



vx · ne ds

The second component of D 0 M pso is similar in the j-direction. This
development is analogous to the CVMFEM integration by parts in (18),
and can be viewed as imposing weak continuity of the pressure in the
context of SOM.
Finally, applying the discrete divergence operator D is equivalent
to integrating the divergence of u multiplied by the test function q =
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χE ∈ Qh divided by the the area |Eij | of the element,
(div u, qij ) =

Z

div u dx =
Eij

X Z

e∈Eij

e

(u · ne )ds = (Du)ij |E|ij .

The term G from equation (19) is equal to g ij , which corresponds to
(g, qij ) approximated by gij |Eij | and then divided by |Eij |.
6. The Expanded Mixed Finite Element Method
In [6] and [7] an expanded mixed finite element approximation, EMFEM, is discussed. The negative gradient of the pressure, ũ = − grad p ∈
(L2 )2 , is introduced as a new variable. With the new variable equation
(1) is now written as
u = K(x)ũ
ũ = − grad p,
div u = g.
After writing the above equation in a weak form and approximating the
continuous spaces, the EMFEM is: find (u ex , ũex , pex ) ∈ V h × Ṽ h ×
Qh ⊂ H(div) × (L2 )2 × L2 such that
(uex , ṽ) − (K ũex , ṽ) = 0
(ũex , v) − (pex , div v) = 0
(div uex , q) = (g, q)

for all ṽ ∈ Ṽ h ,
for all v ∈ V h ,
for all q ∈ Qh .

(23)

The motivation for this formulation is its easier reducibility to a finite difference method that contains an explicit flux approximation
involving K. This is easier than in the MFEM because K appears
directly in the equations. In the MFEM, the matrix representation
of the K −1 term is sparse, with a full inverse matrix, and the flux
approximation couples the entire grid unless a further reduction is
made.
In [6] K is assumed smooth, and existence and uniqueness is proved
for (uex , ũex , pex ). A superconvergence result is proved under certain
conditions. Also, if ũex ∈ Ṽ h implies that K ũex ∈ Ṽ h and if V h ⊂ Ṽ h ,
then the solution (uex , pex ) equals the MFEM solution (umi , pmi ). To
see this, let P̃ denote the L2 -projection into Ṽ h ; then from the first
equation in (23), uex = P̃ K ũex = K ũex pointwise, and K −1 uex = ũex
can again be used in the second equation in (23) to recover the classical
MFEM. This implication typically holds in the case of an orthogonal
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Figure 4. Computational molecule for CCFDM in the reference space, showing p
(solid dots), u (open circles), ũ (crosses), and the evaluation of K (boxes at vertices).

grid with elementwise-constant diagonal permeability tensor. If the
functions in Ṽ h have continuous flux, then the implication requires
K to be a global constant, not merely elementwise. This will be the
situation in the next subsection.
6.1. Enhanced Cell-Centered Finite Difference Method
A cell-centered finite difference method, CCFDM, is the next step. The
source for this method is the EMFEM from equation (23), with a specific choice of approximation spaces and numerical integration. V h and
Qh are chosen to be the RT 0 spaces from Section 3.2, Ṽ h is chosen to
be equal to V h , and numerical integration is as in [25] (trapezoidal rule
in x and midpoint rule in y for the x-direction terms of vector integrals,
the reverse for y-direction terms, and midpoint rule in both coordinates
for scalar integrals). The advantages of this choice for Ṽ h are an explicit
flux expression with a nice computational molecule, consisting of nine
points in 2D and 19 points in 3D, and a symmetric mass matrix. Before
numerical integration, the grid is mapped to an orthogonal reference
space. Let J denote the Jacobian and D the Jacobian matrix of this
mapping. Letting G = JD −T D −1 , [7] uses ũ = −G−1 grad p, with test
functions Gṽ instead of ṽ. This gives an analogue of the permeability,
K = JD −1 KD −T ,

(24)

in the reference space. The resulting footprint of the CCFDM molecule
is visualized in the reference space in Figure 4.
As long as K is continuous, the CCFDM performs well, and the
choice of continuous-flux Ṽ h = RT 0 does not cause a problem. However, for discontinuous K, it is not possible to have a continuous normal
ˆ and û = Kũ,
ˆ where the hat marks the transcomponent for both ũ
formed quantities in the reference space. The effect of Ṽ h = RT 0
on the accuracy of the method for discontinuous permeability can be
illustrated in the case of an orthogonal grid and a diagonal permeability,
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which is equivalent to the 1D situation in each direction. In 1D the
permeability reduces to a scalar function k i in cell i. Consider two
neighboring cells i and i+1, with lengths h i and hi+1 and permeabilities
ki and ki+1 , separated by edge i + 1/2. The first two equations of (23)
turn into
(hi + hi+1 )ui+1/2 = (ki hi + ki+1 hi+1 )ũi+1/2 ,
1
(hi + hi+1 )ũi+1/2 = −(pi+1 − pi ).
2
Elimination of ũi+1/2 then yields, not the harmonic mean of the permeability, but rather
ui+1/2 = −

hi ki + hi+1 ki+1
(pi+1 − pi )
1/2(hi + hi+1 )2

across the edge i + 1/2. For the classical cell-centered FDM in 1D it is
known that the order of convergence is reduced if the arithmetic mean
is used instead of harmonic mean; see Samarskij [32].
The harmonic mean in 1D can be derived from assumptions of
continuous velocity, continuous pressure, and a pointwise Darcy law
([33], p. 83). In this case, the “edge” between two cells is a point,
and weak continuity of the pressure is the same as strong continuity.
Thus, the CCFDM lacks the weak pressure continuity exhibited by
MFEM, CVMFEM, and SOM. In the 2D CCFDM, this weak continuity
is restored by incorporating Lagrange multipliers along the edges of all
discontinuity lines. This partial hybridization of the method, analogous
to the outline in Section 3.1, is called Enhanced Cell-Centered Finite
Differences (ECCFDM), and can be found in [7]. To see the effect of this
modification in a simplified setting, recall the 1D example, and instead
of enforcing weak continuity of the pressure with Lagrange multipliers
choose ũ ∈ RT −1
0 . The superscript −1 denotes a discontinuous normal
velocity component, producing twice as many basis functions. With the
same numerical integration, the harmonic mean in 1D is recovered as
+
follows. If ũ−
i+1/2 and ũi+1/2 denote the discrete values in cell i and i+1,
respectively, the two first equations of (23) now become
ui+1/2 = ki ũ−
i+1/2 ,
ui+1/2 = ki+1 ũ+
i+1/2 ,

and

hi+1 +
hi −
ũi+1/2 +
ũ
= −(pi+1 − pi ),
2
2 i+1/2
+
so that elimination of ũ−
i+1/2 and ũi+1/2 yields

ui+1/2 = −

2ki ki+1
(pi+1 − pi ).
hi ki + hi+1 ki+1

(25)
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Figure 5. Facsimile from [7] of an example demonstrating the need for Lagrange
multipliers in light of convergence properties. Figure 10.3 shows the grid, and Table
10.1 compares the results from MFEM and the CCFDM with and without Lagrange
multipliers. CCFDM with Lagrange multipliers is termed Enhanced cell-centered
FDM (ECCFDM).

In a series of examples in [7], the authors show similarly that the
convergence rate of the method is reduced if Lagrange multipliers are
omitted. Figure 5 depicts a facsimile of one of the examples from [7].
From these examples, the prototypical 1D example, and the properties of the previously considered methods, the following hypothesis
emerges.
OBSERVATION 1. Weak continuity in the pressure is related to the
rate of convergence across a discontinuity in the media.
Weak continuity in the pressure in addition to flux continuity can
be considered as a 2D or 3D analogue of the harmonic mean of the
permeability in 1D. The other methods discussed in this paper will
reduce to the FDM with harmonic mean in 1D, if the trapezoidal rule
is used on the integrals.
If the Lagrange multipliers are to be avoided in the EMFEM, different approximation spaces are needed for ũ when K is discontinuous.
The 1D example suggests using Ṽ h = RT −1
0 instead of RT 0 . Then the
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EMFEM is: find (uh , ũh , ph ) ∈ RT 0 × RT −1
0 × Qh such that
(uh , ṽ) − (K ũh , ṽ) = 0
(ũh , v) − (ph , div v) = 0
(div uh , q) = (g, q)

for all ṽ ∈ RT −1
0 ,
for all v ∈ RT 0 ,
for all q ∈ Qh .

(26)

Now the trapezoidal rule gives the harmonic mean on an orthogonal
grid with diagonal K. For an arbitrary elementwise-constant tensor
K on an orthogonal grid, it is not possible to eliminate ũh and find
a finite difference expression in uh and ph . One way to circumvent
this problem is to split the flux equation for each edge into two equal
parts, and then eliminate ũ for the four half-edges meeting at one
cell vertex. To obtain the same number of unknowns as equations, the
unknowns uh and ũh must also be split for each edge. The resulting
equation coincides with the multi-point flux-approximation (MPFA)
O-method, derived along quite different lines in the next section. The
underlying principle of MPFA is a control-volume method in which the
flux approximation assumes continuous flux and a weaker continuity in
the pressure. Thus, MPFA shares many of the important properties of
the other MFEM-related methods.
7. The Multi-Point Flux Approximation Control Volume
Method
Multi-point flux approximation (MPFA) uses more than two points
in the flux approximation, as the name indicates, in a control-volume
formulation. The MPFA methodology includes choices of parameters,
and can be considered as a class of methods in the same way as the
MFEM. MPFA methods are further described in [8, 9, 10, 11, 12, 13].
They are generalizations of the more classical finite volume or control
volume method, in which two points approximate the flux, using the
harmonic mean of discontinuous permeabilities as in the last section.
Continuity of the pressure and the flux underlies both the harmonic
mean and the generalizations to MPFA.
The classical finite volume method reads:
X

e∈E

fe =

Z

for all E ∈ Th ,

g dx
E

fe = te (pe− − pe+ )

for all e ∈ Eh .

The coefficient te is often called the transmissibility for the edge e,
and pe± are the pressures in the cells on either side of the edge. The
pressure in cell k is associated with a grid point x k , preferably the
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x4

xk

x−m(k)

x3
e4

e3
e2

e1

−

xk
−

(i)

(ii)

x1

x2

(iii)

Figure 6. (i) Computational molecule for MPFA, showing nine grid cells (solid lines;
large cell-centered dots denote cell pressures) and four interaction regions (dashed
lines). Edge pressures (smaller filled dots) are eliminated to obtain transmissibilities.
Fluxes (open circles) are calculated for each sub-edge (half-edge). (ii) One grid
cell, divided into four sub-cells. Grid-point and edge-point labels are for lower-right
(shaded) interaction region; m(k) = k − 1 unless k = 1, m(1) = 4. (iii) One
interaction region.

centroid. To begin the generalization to MPFA, choose an edge point
x̄i for each cell edge i. Around each vertex, draw a closed polygon
joining the grid points xk and the edge points x̄i ; this defines the
interaction regions. Each edge point divides its edge into two parts,
called sub-edges; similarly each cell is divided into four sub-cells.
Figure 6 illustrates the details, as in [11]. If instead one edge point is
chosen for each sub-edge, i.e., two edge points for each edge, the method
of [12] is obtained.
The MPFA O-method will be described here. The flux over a subedge is approximated by a weighted sum of the pressures at the four
grid points in an interaction region:
fi =

4
X

tk pk

for the sub-edge i,

(27)

k=1

where counterclockwise is taken to be the positive flux direction. The
interaction region is used to determine the transmissibilities t k locally.
Details of the derivation of the transmissibility coefficients are given in
[8], and we summarize them here. Allow the pressure to be a linear (not
bilinear) function in each of the four sub-cells of the interaction region,
for a total of 12 degrees of freedom. In each sub-cell, the three pressures at the grid point and the two edge points determine the pressure
function, and by Darcy’s law they also determine the flux (a constant
vector on each sub-cell). The degrees of freedom are not sufficient to
obtain continuity in both the pressure and the flux, so that weaker
continuity is imposed on the discrete pressure. The 12 constraints are
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the pressures at the four grid points, pressure continuity at the four
edge points (this choice motivates the name of the O-method, because
of the shape of the polylines connecting the grid points in the flux
molecule), and flux continuity at the four sub-edges.
With cellwise constant permeability, the linear pressure yields a
constant normal flux component on each sub-edge, so that the flux
is continuous pointwise, as in the MFEM, CVMFEM, SOM, and ECCFDM. In general, the weak continuity of p is not equivalent to that
of the other methods. If two edge points are chosen on each
edge, at
R
the midpoint of each sub-edge [12] [13], then we have ei [p]ds = 0
on each edge due to linearity and continuity at the midpoint. This is
analogous to the situation with MFEM and the other methods, but
applied to sub-edges instead of edges. In the MPFA O-method under
Rconsideration here, the edge point is at one end of the sub-edge, so that
ei [p]ds = 0 need not hold.
To complete the description of MPFA, we will now give more details
of the transmissibility derivation. The flux through each sub-edge is
found from the assumptions of Darcy’s law and linear pressure in each
sub-cell of the interaction region. Denote these sub-cells by k = 1, . . . , 4,
and similarly denote the local sub-edges in the interaction region i =
1, . . . , 4, as in Figure 6-(iii). Proceeding counterclockwise in the figure,
denote the edge point preceding grid point x k by x̄m(k) ; see Figure
6-(ii). Then m(k) = k − 1 unless k = 1, and m(1) = 4. Henceforth,
for convenience, ignore the exception in the notation, and write x̄k and
x̄k−1 for the edge points of sub-cell k. Let n i be a unit normal vector
on sub-edge i, pointing out of sub-cell i (counterclockwise in Figure 6(iii)). Let fik be the flux through sub-edge i, out of sub-cell k if i = k,
and into sub-cell k if i = k − 1. Then Darcy’s law yields
fik = −nTi K k grad(p)|ei |.

(28)

The next step is to determine grad(p) from the linear pressure variation
between the grid point xk and the two edge points x̄k and x̄k−1 of
sub-cell k; see Figure 6-(ii). Details can be found in [11], p. 410.
For each sub-cell k
grad(p) · (x̄k − xk ) = p̄k − pk ,
grad(p) · (x̄k−1 − xk ) = p̄k−1 − pk ,

(29)

where p̄k = p(x̄k ), pk = p(xk ). From this expression the discrete
gradient on sub-cell k can be written as
grad(p) =

1
1 X
(x̄k−1+l − xk )⊥ (p̄k−l − pk ),
Tk l=0

(30)
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where Tk is equal to twice the area of the triangle spanned by the points
xk , x̄k and x̄k−1 , and the vectors (x̄k−l −xk )⊥ , l = 0, 1, have the lengths
of x̄k−l − xk and point into the interaction region. Incorporating the
gradient expression (30) in the flux expression (28) gives
fik =

1
X
l=0

where
ωikl = −

ωikl (p̄k−l − pk ),

(31)

nTi K k
(x̄k−1+l − xk )⊥ |ei |.
Tk

In each interaction region we get eight equations like (31), from the two
sub-edges of each of the four sub-cells of the interaction region. Define
the vectors
p = [p1 , . . . , p4 ]T ,
p̄ = [p̄1 , . . . , p̄4 ]T ,
f 1 = [f11 , f22 , f33 , f44 ]T ,

and

T

f 2 = [f12 , f23 , f34 , f41 ] .
The eight equations from (31) can then be written in matrix form as,
f 1 = Ap̄ + Bp,
f 2 = C p̄ + Dp.

(32)
(33)

The matrix is written out in Appendix B. The flux continuity condition
at each of the four sub-edges gives f 1 = f 2 , that is,
Ap̄ + Bp = C p̄ + Dp,
or

p̄ = (A − C)−1 (D − B)p.

(34)

Eliminating p̄ in (32) via (34) gives the transmissibility matrix T as
follows for f = f 1 :




f = T p = A(A − C)−1 (D − B) + B p.

(35)

The rows in T contain the coefficients associated with the sub-edges 1
to 4, respectively. This expression is generally not possible to describe
in a simpler way, and usually becomes rather complicated.
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7.1. Multi-Point Flux Approximation
and the Expanded Mixed Finite Element Method

In this section we consider rectangular grids. The permeability is still
assumed to be an elementwise constant full tensor. We will show the
connection between MPFA and EMFEM, by first writing EMFEM with
numerical integration as a set of discrete equations, and then rewriting
the corresponding set of MPFA equations in a similar way by introducing a discrete-gradient variable. Theorem 1 shows that amalgamation
of the MPFA solution yields the EMFEM solution. Thus, on rectangular
grids, the MPFA results immediately give the EMFEM results, but not
conversely, and the amalgamation of the MPFA has the same weak
continuity property as the EMFEM.
Recall the EMFEM with different approximation spaces for the velocity and the new variable, ũ = − grad p, as given in (26). The finite
difference formulation is found from (26) when trapezoidal numerical
integration (as for (23) in Section 6.1) is used on the terms ( ũh , v),
(uh , ṽ), and (K ũh , ṽ). Let ( ·, · )T denote that the trapezoidal rule
is applied. With this notation the new finite difference system can be
written as: find (uh , ũh , ph ) ∈ RT 0 × RT −1
0 × Qh such that
(uh , ṽ)T − (K ũh , ṽ)T = 0,
(ũh , v)T − (ph , div v) = 0,
(div uh , q) = (g, q),

for all ṽ ∈ RT −1
0 ,
for all v ∈ RT 0 ,
for all q ∈ Qh .

(36)

Let v i±1/2,j and v i,j±1/2 denote the basis functions of RT 0 associated
with the edges (i ± 1/2, j) and (i, j ± 1/2), scaled such that v e · ne = 1
for the edge e with a unit normal vector n e . Similarly let the basis
±
±
functions of RT −1
0 be denoted ṽ i±1/2,j and ṽ i,j±1/2 , since we do not
have any continuity restrictions across the edges, and have two basis
functions associated with each edge. Let |T | denote the number of
elements in Th , and |E| the number of edges in Eh . We will still use the
MPFA terminology, where the two parts of a cell edge are sub-edges,
and interaction regions form the dual grid. The two sides of a cell edge
will be marked with superscript − or +; see Figure 7-(i). Let generally
{v e } be the basis functions of V h , {ṽ ±
e } the basis functions of Ṽ h , and
{qE } the basis functions of Qh . The discrete
solution of (36)
can then
P
P ± ±
ṽ e , and
with
u
=
u
v
,
ũ
=
ũ
be termed
{u
,
ũ
,
p
}
e
e
e
e
E
E∈T
,e∈E
h
h
e
h
h
P
ph = pE qE . If the integrations in (36) are written out with the test

relation.tex; 29/07/2003; 15:53; p.24

25
x4
~
u−

~+
u
e,2

~
u−

~+

e,2

e,1

e3

e4
e1

ue,1
(i)

x3

x1

e2
x2 (ii)

Figure 7. (i) One edge e with the four discrete gradient variables ũ±
e,k . (ii)
Interaction region.

functions (v i+1/2,j , ṽ ±
i+1/2,j , qi,j ), the EMFEM from (36) takes the form
ui+1/2,j = kxi,j ũ−
i+1/2,j +
ui+1/2,j = kxi+1,j ũ+
i+1/2,j

i,j
i,j
kxy
kxy
ũ−
+
ũ+
,
2 i,j+1/2
2 i,j−1/2
i+1,j
i+1,j
kxy
kxy
+
ũ−
+
ũ+
i+1,j+1/2
i+1,j−1/2 , (37)
2
2

hi −
hi+1 +
ũi+1/2,j +
ũ
= −(pi+1,j − pi,j ),
2
2 i+1/2,j
X
±|e|ue = (g, qi,j ),

(38)
(39)

e∈Eh ∩Eij

where the plus sign holds in (39) if and only if n e points into Eij .
The unknowns of interest are actually still u h and ph , while ũh can
be considered as an intermediate quantity. We then get 2|E| discrete
unknowns of ũh , |E| unknowns of uh , and |T | unknowns of ph , and we
have 2|E| equations of type (37), |E| equations of type (38), and |T |
equations of type (39).
We now seek to rewrite the MPFA system from the previous section
in an expanded form similar to the EMFEM system (37)-(39). Define
the discrete MPFA velocity (sub-edge flux divided by sub-edge length)
for each sub-edge of edge e as ue,1 for the lower or left sub-edge, and
ue,2 for the upper or right sub-edge. Similarly define the discrete MPFA
gradients (actually, scalar normal components of gradients) as four
unknowns for each edge; see Figure 7-(i) for an illustration on edge
e = (i + 1/2, j). Consider sub-cell 1 in Figure 7-(ii), connected to
sub-edges e1 and e4 . From the MPFA assumption of linear pressure
variation in each sub-cell, the gradient is constant. The discrete MPFA
gradient values for each sub-edge can then be used in the gradient
expression such that




ũ−
e1 .
− grad(p) =
ũ−
e4

(40)

relation.tex; 29/07/2003; 15:53; p.25

26
Now calculating the flux from Darcy’s law, as in (28), from sub-cell 1
across sub-edge e1 ,
f11 = −K 1 grad(p) ·

 

1
1 −
|e1 | = (kx1 ũ−
e1 + kxy ũe4 )|e1 |,
0

(41)

corresponding to the discrete velocity
1 −
ue1 = kx1 ũ−
e1 + kxy ũe4 .

(42)

If sub-edge e1 is the upper sub-edge of edge (i + 1/2, j), then this yields
i,j −
ui+1/2,j,2 = kxi,j ũ−
i+1/2,j,2 + kxy ũi,j+1/2,2 .

(43)

An analogous derivation for sub-cell 2 and sub-edge e 1 gives
2

f12 = −K grad(p) ·
hence

 

1
2 −
|e1 | = (kx2 ũ+
e1 + kxy ũe2 )|e1 |,
0

i+1,j −
ui+1/2,j,2 = kxi+1,j ũ+
i+1/2,j,2 + kxy ũi+1,j+1/2,1 .

(44)

With sub-cells 4 and 3 and sub-edge e 3 , if e3 is the lower sub-edge of
edge (i + 1/2, j), we get
i,j +
ui+1/2,j,1 = kxi,j ũ−
i+1/2,j,1 + kxy ũi,j−1/2,2 ,

(45)

i+1,j +
ui+1/2,j,1 = kxi+1,j ũ+
i+1/2,j,1 + kxy ũi+1,j−1/2,1 .

(46)

Note the similarity between the first equation (37) and the sum of (43)
and (45), and analogously for the second equation (37) and the sum of
(44) and (46). Next, let h1 and h2 be the lengths of cells 1 and 2 in the
x-direction. Now using the gradient expression (40) directly in (29) for
sub-cells 1 and 2 connected by sub-edge e 1 gives
−ũ−
e1

h1
= p̄1 − p1
2

and

ũ+
e1

h2
= p̄1 − p2 .
2

Eliminating p̄1 as in the original derivation of MPFA, equation (34) to
(35), gives
h1 −
h2
ũe1 + ũ+
= −(p2 − p1 ).
2
2 e1
If e1 is the upper sub-edge of edge (i + 1/2, j), this yields
hi+1 +
hi −
ũi+1/2,j,2 +
ũ
= −(pi+1,j − pi,j ).
2
2 i+1/2,j,2

(47)

Analogously, from sub-edge e3 and sub-cells 4 and 3,
hi+1 +
hi −
ũ
+
ũ
= −(pi+1,j − pi,j ).
2 i+1/2,j,1
2 i+1/2,j,1

(48)
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The average of (47) and (48) is similar to (38). Finally, we have the cell
conservation equations
X

e∈Eh ∩Eij

±|e|(ue,1 + ue,2 )/2 = (g, qi,j ),

(49)

with signs as in (39). We have 4|E| unknowns of ũ, 2|E| unknowns of
u, and |T | unknowns of p, and we have 4|E| equations of type (43)(46), 2|E| equations of type (47)-(48), and |T | equations of type (49).
Introduce the index ξ = 0, 1, associate the superscript − with ξ = 0,
and the superscript + with ξ = 1. The MPFA method can then be
E
rewritten in expanded form as: {ue,k , ũ±
e,k , p }E∈Th ,e∈Eh ,k∈{1,2},ξ∈{0,1}
such that
i+ξ,j 2−k
ui+1/2,j,k = kxi+ξ,j ũξi+1/2,j,k + kxy
ũi+ξ,j−3/2+k,2−ξ ,

(i + 1/2, j) ∈ Eh ,

i,j+ξ 2−k
ui,j+1/2,k = kyi,j+ξ ũξi,j+1/2,k + kxy
ũi−3/2+k,j+ξ,2−ξ , (i, j + 1/2) ∈ E ,
h

k = 1, 2,

hi −
hi+1 +
ũi+1/2,j,k +
ũ
= −(pi+1,j − pi,j ),
2
2 i+1/2,j,k
hj+1 +
hj −
ũ
+
ũ
= −(pi,j+1 − pi,j ),
2 i,j+1/2,k
2 i,j+1/2,k
X

e∈Eh ∩Eij

|e|(ue,1 + ue,2 )/2 = (g, qi,j ),

ξ = 0, 1,

(i + 1/2, j) ∈ Eh ,
(i, j + 1/2) ∈ Eh ,
k = 1, 2,
Eij ∈ Th .

(50)
A proof of existence and uniqueness for the MPFA solution (u and p)
in case of rectangular grids can be found in [10]. To show that there
is also a unique gradient ũ for the expanded form, note that for each
corner in each cell we can derive a local connection between the ũand u-solution. Let the edges e1 and e2 meet in the upper right-hand
corner of a cell E; see Figure 8. Define U c = [ue1 ,2 , ue2 ,2 ]T and Ũ c =
− T
E
[ũ−
e1 ,2 , ũe2 ,2 ] ; then U c = K Ũ c , from the first two equations of (50)
with k = 2 and ξ = 0, hence Ũ c = (K E )−1 U c .
It remains to prove the relationship between the EMFEM from (36)
and the expanded MPFA method from (50).
THEOREM 1. Let {ue,k , ũ±
e,k , pE,mp }e∈Eh ,E∈Th be the MPFA solution
of (50), and let the EMFEM solution of (36) be {u e , ũ±
e , pE,em }e∈Eh ,E∈Th .
For each element, E, define the local element edges e 1 to e4 , and the
sub-edges ei , 1 and ei , 2, as in Figure 8. Let
V E = [ue1 , . . . , ue4 ]T , and
U E = [ue1 ,2 , ue1 ,1 , . . . , ue4 ,2 , ue4 ,1 ]T .
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e2 ,1

E

e2 ,2

e3 ,2

e1 ,2

e3 ,1
e4 ,1

e1 ,1

e4 ,2

Figure 8. An element, E, the local edges, e1 to e4 , and the sub-edges ei k, for
i = 1, . . . , 4, and k = 1, 2.

Then

V E = QE U E ,
ũ±
e

=

(ũ±
e,1

+ ũ±
e,2 )/2,

pE,em = pE,mp ,
where

with

for all E ∈ Th ,
for all e ∈ Eh ,
for all E ∈ Th ,



(51)



α α −β β δ δ −β β

1
−γ
γ α α −γ γ δ
δ 
,
QE = 

δ δ β −β α α β −β 
4
γ −γ δ
δ γ −γ α α
α=
γ=

E )2
2 kxE kyE − (kxy
,
E )2
kxE kyE − (kxy

E kE
kxy
y
,
E )2
kxE kyE − (kxy

β=

(52)

E
kxE kxy
,
E )2
kxE kyE − (kxy

and δ = −

E )2
(kxy
.
E )2
kxE kyE − (kxy

Proof. Under the connection given above we will show that the expanded MPFA set of equations equals the EMFEM equations. The
calculations will be done for a general element E ij , and a general edge
e = (i+1/2, j), such that the expanded MPFA is described by (43)-(49),
while (37)-(39) represent the EMFEM. First observe that equations
(47) and (48) sum to equation (38) under the relationship
±
±
ũ±
i+1/2,j = (ũi+1/2,j,1 + ũi+1/2,j,2 )/2.

(53)

Then observe that the rest of the equations can be studied on each
element separately. On element E, define V and U as V E and U E
above, and
+ T
+
−
Ṽ = [ũ−
e1 , ũe2 , ũe3 , ũe4 ] ,

Ũ =

−
+
+ T
[ũ−
e1 ,2 , ũe1 ,1 , . . . , ũe4 ,2 , ũe4 ,1 ]

(54)
(55)

from the EMFEM and expanded MPFA, respectively. We have dropped
the superscript E for simplicity. For EMFEM this means that the
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analogue of equation (37) on one element can be described by a 4 × 4
matrix as
V = M Ṽ .
The matrix M is detailed in Appendix B, equation (68). Similarly we
can define an 8×8 matrix, N , from the analogues of equations (43)–(46)
such that
U = N Ũ .
The matrix N appears in Appendix B, equation (69). The connection
in equation (53) related to element E becomes
Ṽ = P Ũ ,
where P is a 4 × 8 matrix in Appendix B. The connection between V
and U is then given by
V = M P N −1 U ≡ QE U ,

(56)

where QE is a 4 × 8 matrix. The column sums of QE equal 1/2 in such
a way that the connection (56) gives equation (49) from equation (39).
2

Even if MPFA does not have weak continuity in the Lagrangemultiplier sense on each sub-edge, it can be considered to have this
property on each edge through the local operator Q E , and the connections to the EMFEM.
Also note that symmetry for MPFA on orthogonal grids follows
directly from equation (50). The discrete EMFEM set of equations (37)(39) is symmetric before common multiplicative factors are dropped:
multiply the two equations of (37) by h i hj /2 and hi+1 hj /2, respectively,
and equation (38) by hj , and the symmetry follows. Similarly for the
MPFA set of equations in (50), multiply the first four equations by
hi+ξ hj /2, hi hj+ξ /2, hj , and hi , respectively, and again the symmetry
follows. The MPFA set of equations from (50) can then be written in
matrix form as

   
A BT 0
0
Ũ

 
B 0 C T  U  =  0  .
Q
P
0 C 0

After elimination of the discrete gradients Ũ and velocities U , the
system for the discrete pressures P , C(BA −1 B T )−1 C T P = Q, is still
symmetric. Symmetry for MPFA on orthogonal grids in 3D is shown
in [10] with a rather lengthy proof.
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Symmetry as derived above for rectangular grids does not extend
to general quadrilaterals, since x̄k − xk from equation (29) in this case
does not correspond to the cell edge used in equation (41); see Figure
6-(ii). However, for a version of MPFA derived from an orthogonal
reference space, the connection to the EMFEM does extend to general
quadrilateral grids (see [35]), and symmetry extends as well.

8. Numerical Experiment
The methods discussed here are all described in a number of publications along with numerical tests to verify their favorable qualities. To a
certain extent the numerical experiments described in the literature discuss the same cases. All the methods are tested with distorted irregular
grids and layered media, including the case with uniform flow where all
the methods reproduce the exact solution except for the MPFA version
discussed in [13]. Numerical experiments with the CVMFEM are performed in [14] and [3]. For the SOM a good source of information on
numerical experiments is [5]. In [6] and [7] the EMFEM and the derived
ECCFDM are developed and tested. Solutions for discontinuities in the
media are discussed in section 6.1 of this paper. Experimental analysis
of the MPFA O-method convergence is done in [34]. Numerical tests
are also performed in [13] for the MPFA version described there.
One new, simple, non-orthogonal example here will illustrate good
convergence qualities of the considered methods. The grid is built on
parallelograms which still give affine elements, except along the boundary. The grid and the refinement strategy are shown in Figure 9. The

Figure 9. Refinement of the grid

permeability is chosen to be homogeneous. Except for the boundary
elements, this corresponds in a reference space to an elementwise constant permeability on an orthogonal grid. Since the grid mainly consists
of two types of parallelograms, the transformed permeability K from
(24) will vary between


2 1
K1 =
1 1



and





2 −1
K2 =
,
−1 1
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except along the boundary. This is a rather small discontinuity. The
boundary condition is chosen such that the exact solution is
p(x, y) = cosh(πx) cos(πy) on [0, 1] × [0, 1].
The numerical error is measured in the following discrete L 2 norms:


ep = 

X

ij∈Th



ev = 

Aij (pij − p(xij )2 )

X

e∈Eh

. X

Qe (fe − fe /|e|))2

ij∈Th

. X

1/2

Aij 

,

(57)

Qe 

.

(58)

e∈Eh

1/2

Here Aij is the area of element ij, while Qe is the area associated
with edge e, illustrated in Figure 2 for the edge e = (i + 1/2, j).
Numerical results are shown in Figures 10 and 11. These show the same
order of convergence for MFEM with RT 0 elements, the CVMFEM,
and the MPFA, all with asymptotic convergence close to O(h 2 ). The
MPFA example is investigated further in [34]. The results show that
the methods do not have reduced order of convergence on this relatively
simple non-orthogonal grid compared to the orthogonal case.

9. Conclusions
Several locally conservative methods have been developed in recent
years for equation (1), motivated by cases with irregular grids and anisotropic, discontinuous heterogeneous permeability. Perhaps not surprisingly, they are built on related foundations. The present investigation of these relationships should facilitate understanding of the
literature and of the behavior of these methods.
All of the methods studied here can show second-order convergence
of pressures and fluxes in problems with sufficiently smooth solutions,
and sufficiently regular grids. For these methods to obtain optimalorder convergence, a type of weak continuity of the pressure is an essential common property. When this is inherent in the basic form of the
method, Lagrange multipliers representing pressures at permeability
discontinuities are not necessary.
The standard lowest-order Raviart-Thomas (RT 0 ) MFEM provides
a natural and convenient base-case framework from which to define and
relate these locally conservative methods. The CVMFEM can be written as a MFEM with different test functions, chosen in a manner that
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Figure 10. Numerical results for MFEM and CVMFEM

eliminates pressures at cell boundaries and assures weak pressure continuity. The SOM achieves the same result through a discrete adjointoperator relation, and is equivalent to a MFEM with specific numerical
integrations that are close to a mass-lumped MFEM or CVMFEM. All
of these are “K −1 methods” that in some way use an inner product
containing the inverse of the permeability tensor.
The expanded MFEM (EMFEM) is a “K method” that adds a
pressure-gradient variable to the MFEM and has an inner product
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Figure 11. Numerical results for MPFA

containing the permeability tensor. When the same spaces are used for
the pressure gradient and the flux, the EMFEM with certain numerical
integrations leads to the ECCFDM, which needs Lagrange multipliers
to enforce weak pressure continuity. If the pressure-gradient space is
enlarged to allow discontinuous normal components, weak continuity
follows without Lagrange multipliers. On orthogonal grids, with analogous numerical integrations and a splitting of edges into two parts,
this produces the MPFA O-method.
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It would be useful to study further the relationships between K
methods and K −1 methods, considered for a simple parallelogram grid
with MFEM/CVMFEM and the MPFA O-method in [28]. Extensions
of some of the present MPFA-related findings to quadrilateral grids are
reported in [35]. All of the methods extend to 3D, where the issues
examined here become much more complex.
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Appendix
A. Original Outline of the Support Operator Method
The Support Operator Method, SOM, is defined in the form of the
operators D and G, as
uso = Gpso ,
Duso = G.

(59)
(60)

The operator D is a discrete version of the divergence. G, which approximates −K grad, is described by three operators S, D 0 and M,
such that G = S −1 D 0 M. If S is applied to both sides of (59),
S uso = D 0 M pso ,
D uso = G.

(61)
(62)

This is the form of the discrete equation actually found by the SOM
methodology, and corresponds to MFEM with numerical integration.
The discrete operators are constructed directly in the discrete scalar
and vector function spaces, denoted by HC and HS, respectively. HC is
cell-centered, while HS is evaluated in terms of normal components on
edges, corresponding to fluxes of the velocity. Two inner products for
each of the discrete spaces are constructed, and will later be compared.
The first are termed natural inner products, and are discrete versions

relation.tex; 29/07/2003; 15:53; p.36

37
η

kl=11

kl=01

nη
φ 00

ij

nξ

kl=00
kl=10
ξ
Figure 12. One SOM element, with the local coordinates for the element vertex
kl = 00

of the classical L2 inner product for the scalar case, and the energy
inner products, (K −1 ·, ·), for the vector functions. The scalar one is
(p, q)HC =

M −1,N
X −1

pij qij Aij ,

i,j=1

where Aij denotes the area of element ij. The vector natural inner
product is more complex. To operate on HS degrees of freedom, i.e.,
normal components on edges, a separate coordinate transformation
for each element vertex is applied. This implies a change from an
orthogonal Cartesian basis to a basis consisting of the two normal components of the edges adjacent to the vertex. If ( · ) xy denotes functions
in the orthogonal Cartesian coordinate system and ( · ) ξη functions in
the new coordinate system, the coordinate transform can be described
by
(A)ξη = Gkl (A)xy ,
where Gkl is the transformation matrix for the vertex kl, and consists
of the normal components, nξ and nη (see Figure 12):
(A)ξη =

Aξ
Aη

!

(A)xy · nξ
(A)xy · nη

=

!

= (nξ , nη )T (A)xy .

The HS natural inner product can now be defined by
(A, B)HS =

M −1,N
X −1
i,j=1

1
X

ij −1
ij
ij
ij −T
T
(Aij
K −1
ij (Gkl ) (B kl )ξη Akl .
kl )ξη (Gkl )

k,l=0

P

ij
Here Aij
kl Akl =
kl is the area related to the vertex kl, such that
Aij . The area Aij
kl equals half the area of the triangle in element ij
which contains the angle φkl of vertex kl. Since the dot product is
invariant under rotation, if the permeability is isotropic, K = kI, then
Gkl depends only on the angle of the corner φ kl ,





1
0
Gkl =
.
− cos(φkl ) sin(φkl )
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Define T = G−T K −1 G−1 ; then
T kl =





k −1
1
cos(φkl )
.
2
1
sin (φkl ) cos(φkl )

This means for instance that,
(A)Tξη G−T K −1 G−1 (B)ξη = (A)Tξη T (B)ξη
=

AξBξ + AηBη + (AξBη + AηBξ) cos(φ)
.
sin2 (φ)

For a full permeability tensor the transformation will depend on the
xy-coordinate system. Since the goal is to define discrete operators,
another scalar and vector inner product are defined for comparison.
These are termed formal inner products and can roughly be described
as accumulation of the multiplied discrete functions. The formal inner
product for the scalar functions is defined as
[p, q]HC =

M −1,N
X −1

pij qij .

i,j=1

For the vector functions it is
[A, B]HS =

M,N
X−1

Aξij Bξij +

MX
−1,N

Aηij Bηij .

i,j=1

i,j=1

The relationships between the natural and formal inner products are
(p, q)HC = [Mp, q]HC ,

and

(A, B)HS = [SA, B]HS .

From these relationships, the operators M and S can be found. The
main assumption behind SOM is existence of a discrete dual operator
D ∗ in the natural inner product such that
(Du, p)HC = (u, D ∗ p)HS .

(63)

Here D ∗ = G, and is the approximation of −K grad. Equation (63) can
be considered as an approximation of
Z

Ω

div u p dx = −

Z

Ω

(K −1 u)T K grad p dx,

where (·, ·)HC and (·, ·)HS can be seen as different numerical integration
formulas. This is a version of Green’s theorem, without the boundary
terms that would lead to Lagrange multipliers. In terms of formal inner
products, equation (63) reads
[Du, Mp]HC = [u, SD ∗ p]HS .

relation.tex; 29/07/2003; 15:53; p.38

39
Let the operator D 0 denote the adjoint of D in the formal inner product,
so that
[u, D 0 Mp]HS = [u, SD ∗ p]HS .

From this relationship it is possible to find D 0 . Since the equation is
true for all u and p,
D 0 M = SD∗ ,
and the discrete operator G is given by

G = D ∗ = S −1 D 0 M.

B. Matrix from Section 7 Multi-Point Flux Approximation
Control Volume Method
The matrices A, B, C, and D are used to establish MPFA the original
way in Section 7.


ω110




B=






D=



0

ω111
0
0

ω441 ω440






,



(64)

−ω110 − ω111

0

0

0

0

−ω220 − ω221

0

0

0

0

−ω330 − ω331

0

0

0

0

−ω440 − ω441





0


 ω221 ω220
0

A=
 0 ω331 ω330


0



0




C=



ω121 ω120
0

0

ω231 ω230

0

0

ω410

0

0
0

ω341 ω340
0

ω411






,








,



(65)

(66)

0

−ω120 − ω121

0

0

0

0

−ω230 − ω231

0

0

0

0

−ω340 − ω341

−ω410 − ω411

0

0

0






.



(67)
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The matrices given next are used in Section 7.1 to find the connection
between MPFA and EMFEM. The matrices are associated with an
element E; see Figure 8.


kxE

E
1/2 kxy

E
1/2 kxy

0


 1/2 k E
E
kyE
1/2 kxy
0

xy

M =
E
E

0
1/2 kxy
kxE
1/2 kxy

E
1/2 kxy













N =










kxE

E
1/2 kxy

0

E
0 kxy

0

0

0

kyE

0

0

kxE

0

0

0

E
0 kxy

E
kxy

0

kyE

0

0

0

0

0

0

0

E
kyE kxy

0

0

0

0

E kE
0 kxy
x

0

0

0

0

0

0

0

kxE

0

E
0 kxy

0

0

0

0

kyE

0

0

0

E
0 kxy

0


1
1
0
P = 

2 0
0

1
0
0
0

0
1
0
0

0
1
0
0

0
0
1
0

0
0
1
0

0
0
0
1

0


0
0
.
0
1

0






,




(68)




0 






0 

,
0 


E
kxy 



0 


0 

(69)

kyE

(70)
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