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Abstract

This paper presents a stochastic differential equation approach to multiphase flow, a typical

example of which is flow in the unsaturated domain. Specifically, a two phase problem is

studied which consists of a wetting phase and a nonwetting phase. The approach given results

in a nonlinear stochastic differential equation describing the position of the non-wetting phase

fluid particle. The nonlinearity arises because both the drift and diffusion coefficients depend on

the volumetric fraction of the phase which in turn depends on the position of the fluid particle in

the experimental domain. Central to the development described in this report is the concept of

a fluid particle. Expressions for both saturation and volumetric fraction are developed using the

fluid particle concept. Darcy’s law and the continuity equation are then used to derive a Fokker-

Planck equation using these expressions. The Itô calculus is then applied to derive a stochastic

differential equation for the non-wetting phase. This equation has both drift and diffusion terms

which depend on the volumetric fraction of the non-wetting phase. Computational aspects of

the approach are discussed in some detail, and a sample problem is worked.

1 Introduction

In this paper the ideas involving stochastic differential equations used in previous reports, see for
example Dean and Russell[8], Dean[6], to model saturated flow in porous media are extended to
model multiphase flow. The basic assumption that is being made is that the flow of fluid particles is
described by a stochastic process and that the positions of these fluid particles are governed by the
law of that process. The law is a probability measure. For example, take (Ω,F , P ) to be a complete
probability measure space, and let <d be a d-dimensional Euclidean space with B representing the
Borel measurable sets on <d. In addition, we take [0, T ] ⊂ <1 so that (<d)T is the set of all functions
f : [0, T ] → <d. The evaluation map is πt : (<d)T → <d such that πt(f) = f(t) and the σ-algebra
BT = σ{πt : t ∈ [0, T ]} is the smallest σ-algebra on (<d)T for which each πt is (BT /B)-measurable.

The stochastic process ~X is defined as the mapping

~X : Ω → (<d)T ~X−1 : BT → F

These definitions represent ~X as an ((<d)T ,BT )-valued random variable, and the law of the stochastic

process ~X is the law of the random variable ~X which is the probability measure µ = P ◦ ~X−1 on
((<d)T ,BT ). In this more general setting, we can speak of the law of a stochastic process. For
additional details, see Rogers and Williams[20]. This definitional approach to the law of a stochastic
process can be used to illustrate the general idea of the paper. Let A ⊂ <d such that A ∈ B. It
is assumed that some of the points in A are the positions of fluid particles at some time t ∈ [0, T ].

These particles have been transported to these positions by sample paths of the process ~X. Since πt

is (BT ,B)-measurable, π−1
t (A) ∈ BT , and π−1

t (A) identifies those sample paths that transported the

fluid particles to A at time t. Also, ~X−1 : BT → F so that ~X−1 ◦ π−1
t (A) ∈ F , which is measured

by the probability measure P . Furthermore, E
[

δ(~x − πt( ~X(ω)))
]

can act as a probability density

function from which spatial probabilities are calculated from the positions of the samples at any
specified time t. It is the intent of our numerical process using stochastic differential equations to
estimate the law of the stochastic process that governs the flow of the fluid particles.

The paper is organized into twelve sections. Section 2 provides background material on various forms
of the motion equation, Equation[ 3], which are used in subsequent sections. This equation is later
combined with a continuity equation to derive a form of the Fokker-Planck equation. In order to
develop the Fokker-Planck equation, special forms of the expressions for saturation and volumetric
fraction are required and developed in Section 3. These special forms are based on the concept of a
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fluid particle. They are also utilized in the development of a computer model which is discussed in
Section 12. The Fokker-Planck equation derived using this approach is given by Equation[ 9], and
the details of its development are contained in Section 4.

The derivation of the stochastic differential equation associated with the Fokker-Planck partial
differential equation is given in Section 5. This section concludes with the stochastic model being
given by Equation[ 12] and Equation[ 13], and the nonlinear nature of this model is clearly evident
in Equation[ 13]. Both the Fokker-Planck equation and the stochastic model use the assumption of
constant porosity. However, in any application there may be identifiable areas of distinctly different
porosities. Section 6 addresses problems with non-constant porosities.

Section 7 provides a brief disscusion of strong and weak solutions of stochastic differential equations.
Several references are given for more detail. Strong solutions are required when accurate estimates of
sample paths of the stochastic differential equation are needed. However, if only accurate estimates
of functionals of the stochastic process described by the stochastic differential equation, such as
moments, are required, then weak solutions can be used. Since in this case the interest is in the
distribution of the fluid particles at various times, weak solutions are appropriate. Approximate
solutions which converge weakly can be derived from the Itô-Taylor expansion, and an example is
given. Since for weak convergence it is only necessary to approximate the measure induced by the
stochastic process, weak approximations have certain computational advantages which are discussed
in Kloeden and Platen[14]. Section 8 discusses a type of fingering called channeling. If reliable
variations in porosities can be identified experimentally, then an aspect of our approach is to convert
them into variations in permeabilities to produce channeling in a macroscopically homogeneous sand.
Section 11 also briefly discusses these ideas. Section 9 demonstrates how the methodology can be
applied to a two-phase, DNAPL/water, flow problem. Section 10 provides a discussion of how the
behavior of the fluid particles is controlled at the interface between two adjacent cells with different
permeabilities. Finally, Section 12 applies the method to a sample problem.

2 Background

In this section some well known relationships from groundwater motion are stated. Equation [ 3]
gives some alternative forms of Darcy’s law that will be used in subsequent sections. The main
purpose of this section is to establish a notation and terminology for use in the remainder of the
paper. The specific weight of a fluid is given by

γ = ρg (1)

where ρ is the density and g is the acceleration due to gravity. Hence, γ is the weight of fluid per unit

volume. From Equation[ 1], it follows that the dimension of γ is ml−2t−2 = m
l3

l
t2

where m is mass,

l is length and t is time. In general, Darcy’s law can be written as ~q = K ~J where ~q is the specific
discharge, the volume of fluid flowing per unit time through a unit cross-sectional area normal to
the flow, K is the hydraulic conductivity tensor, φ∗ is the piezometric head and ~J = −∇φ∗ is the
hydraulic gradient. Because the cross-sectional area used in the definition is a unit, the vector ~q has
the dimension

(

l
t

)

, and so is considered a velocity. The seepage velocity, ~V , accounts for the fact
that the flow is only through the void part of the solid matrix by dividing the specific discharge by
the porosity, n, so that ~V = − 1

n
K∇φ∗. Expressing the piezometric head as φ∗ = z + p

gρ
and

K =
kgρ

µ
(2)

It follows from Darcy’s law that,

~V =
~q

n
= −

K∇φ∗

n
=

−K

ngρ
(∇p − gρ~z) =

−k

nµ
(∇p − gρ~z) (3)

2



where k is the permeability tensor, µ is the viscosity, and ~z = (0, 0,−1)T. Equation[ 3] is used in
Section 9 in the development of a flow PDE that must be solved frequently in order to establish a
total velocity vector. As the saturations of DNAPL change in the domain, the velocity field requires
updating as the relative hydraulic conductivities change.

3 Saturation And Volumetric Fraction

The concepts of saturation and volumetric fraction need to be interpreted in terms of our finite
particle tracking model. The following is based on the idea of a smallest practical volume, and we
assume that the porosity associated with this volume is constant across the volume. Suppose there
is a representative elementary volume (REV), V , and let VT ≡ Total volume of V , Vv ≡ Volume
of voids in V , Vα ≡ Volume of the α-phase in V and n ≡ Porosity. The volumetric fraction of the
α-phase can be defined as θα = Vα

VT
, 0 ≤ θα ≤ n. The saturation of the α-phase is given by Sα = Vα

Vv
,

0 ≤ Sα ≤ 1. Noting that Vv = nVT , it follows that

θα = nSα (4)

Let Vfp represent the volume of a homogeneous fluid particle which is interpreted to mean a fixed
volume containing molecules of only the DNAPL fluid. If Np particles represent the volume of the
α-phase in the REV, V , for full saturation, then it follows that

1 = Sα =
Vα

nVT

=
NpVfp

nVT

The volume of the fluid particle is then Vfp = nVT

Np
. Suppose that the REV contains x fluid particles

of the α-phase. Then, the volume of the α-phase in V becomes Vα = xVfp = xnVT

Np
, 0 ≤ x ≤ Np.

From this, the saturation of the α-phase in V is

Sα =
Vα

Vv

=
Vα

nVT

=
xnVT

NpnVT

=
x

Np

(5)

which means that the volumetric fraction of the α-phase can be expressed as

θα = nSα =
xn

Np

(6)

In the implementation of our model, these volumes will become computational cells. For these
computational cells, it is possible that the porosity will not be constant across the cell. For example,
the boundary between two areas of different porosity may be highly irregular and computational
cells may not be able to completely separate them. In this case, an approximate porosity is used in
the cell. Also, the porosities used in the laboratory experiments are estimated using a non-invasive
X-ray attenuation methodology that may provide only an approximate porosity value. See Dean
and Russell[9], Appendix B, for a discussion.

4 Fokker-Planck Equation

Using Darcy’s law and the continuity equation a generic form of the Fokker-Planck equation is
developed for both phases. In Section 4 of Dean and Russell[9] it is shown that for the constant
porosity case the PDE for the saturation of the α-phase takes the form

∂(Sα)

∂t
+ ∇ ·

(

1

n
Kα(θα)~z

)

−∇ · D(θα)∇(Sα) = 0 (7)

The non-constant porosity case is discussed in Dean and Russell[9], Appendix B. From Equation[ 4],
as long as θα > 0, Equation[ 7] can be written as

3



∂(Sα)

∂t
+ ∇ ·

(

1

θα

Kα(θα)~zSα

)

−∇ · D(θα)∇(Sα) = 0 (8)

Suppose there are NT total particles in the system and that Np particles in an REV represents full
saturation, i.e., NT = total particles, Np ⇒ Sα = 1 and NT À Np. Let pα(~x, t) represent the ratio
of particles in the REV associated with the point (~x, t). So,

Sα = 1 ⇒ pα(~x, t) =
Np

NT

From Equation[ 5],

Sα(~x, t) =
x

Np

=
x

Np

NT

NT

=

(

NT

Np

)

x

NT

=

(

NT

Np

)

pα(~x, t)

where NT

Np
is a constant. Equation [ 8] is then

∂(pα(~x, t))

∂t
+ ∇ ·

(

1

θα

Kα(θα)~zpα(~x, t)

)

−∇ · D(θα)∇(pα(~x, t)) = 0 if θα > 0

(9)

pα(~x, t) = 0 if θα = 0

The coefficients Kα(θα) and D(θα) are more explicitly given by Kα(θα(t, ~x)) and D(θα(t, ~x)), re-
spectively.

5 Stochastic Differential Equation Model

Consider an m-dimensional Wiener process ~W = { ~Wt : t ≥ 0} with components ~Wt =
[

W 1
t ,W 2

t , · · · ,Wm
t

]T

which are independent scalar Wiener processes with respect to a common family of σ-algebras
{At : t ≥ 0}. Let ~a(t, ~x) be a d-dimensional vector function such that ~a : [0, T ] × <d → <d, T ≥ 0
and let B be a d × m-matrix function such that B : [0, T ] × <d → <d×m These form the vector
stochastic differential equation (SDE)

d ~Xt = ~a(t, ~Xt) dt + B(t, ~Xt) d ~Wt (10)

For a sufficiently smooth function ~U ∈ C1,2([0, T ] × <d), ~U : [0, T ] × <d → <k, a k-dimensional

process is obtained as ~Yt = ~U(t, ~Xt). By Itô’s lemma, the vector stochastic differential equation for
~Yt is given componentwise by, Kloeden and Platen[14],

dY p
t =





∂Up(t, ~Xt)

∂t
+

d
∑

i=1

ai(t, ~Xt)
∂Up(t, ~Xt)

∂xi

+
1

2

d
∑

i,j=1

m
∑

l=1

Bi,l(t, ~Xt)B
j,l(t, ~Xt)

∂2Up(t, ~Xt)

∂xi∂xj



 dt

+

m
∑

l=1

d
∑

i=1

Bi,l(t, ~Xt)
∂Up(t, ~Xt)

∂xi

dW l
t p = 1, 2, · · · , k

By letting k = 1 and let ~U(t, ~x) = g(~x) where g : <d → <1, Dean and Russell[9] show that the

conditional probability density of a particle ~Xp starting at (~x0, t0), p(~x, t) ≡ p(~x, t; ~x0, t0) is given by

∂p(~x, t)

∂t
+ ∇ ·

[(

~a(t, ~x) −∇TCT(t, ~x)
)

p(~x, t)
]

−∇ · C(t, ~x)∇p(~x, t) = 0 (11)

Comparing this equation with Equation[ 9], it is clear that the two coincide if
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~a(t, ~x) =
1

θα(t, ~x)
Kα (θα(t, ~x)) ~z + ∇TCT(t, ~x)

and

C(t, ~x) =
1

2
B(t, ~x)BT(t, ~x) = D (θα(t, ~x))

Cholesky’s method can be used to determine B(t, ~x) so that

2D(θα(t, ~x)) = B(t, ~x)BT(t, ~x) (12)

With these comments, Equation[ 10] becomes

d ~Xt =

(

1

θα(t, ~Xt)
Kα

(

θα(t, ~Xt)
)

~z + ∇TDT(θα(t, ~Xt))

)

dt + B(t, ~Xt) d ~Wt (13)

where B(t, ~Xt) is determined by Equation[ 12].

6 Computational Setup

In developing Equation[ 13], the porosity, n, was assumed to be constant. Porosity is a dimensionless
quantity, the ratio of two volumes, and it can vary depending on the type of material. For example,
Bear[3], page 46, gives the following ranges of porosity for various natural sedimentary materials.
The porosity values range from 1 - 10% for limestone to 60 - 80% for peat soil. The range for sands,
which are the materials used in our experiments, is from 30 - 40%. However, some experiments
have shown porosities in excess of 40% for some sands. Also, Xray scans of the experimental tanks
indicate variations in the porosities in areas that consist of the same sand, i.e., intended to be
macroscopically homogeneous. Changes in porosity also effect the permeabilities associated with
the sands used to pack the tank. From Equation[ 2], the hydraulic conductivity is related to the
properties of the solid matrix and the properties of the fluid. The permeability, k, depends only on
the properties of the solid matrix, and γ

µ
represents the effect of the fluids’s properties. According

to Bear[3], page 134, many theoretical descriptions of permeability have the general form:

k = f1(s)f2(n)d2 (14)

where f1(s) is called the shape factor and expresses the effect of the shape of the grains or pores,
f2(n) is called the porosity factor and d is an average diameter of the grains. One example is the
Kozeny-Carman equation, Bear[3] or Lemke et al[18] for a more recent application,

k = c0

[

n3

(1 − n)2

]

1

M2
s

=
d2

180

n3

(1 − n)2
(15)

where f1(s) = c0 = 1
5 , f2(n) = n3

(1−n)2 and d = 6
Ms

where Ms is the specific surface with respect to

a unit volume of solid. Furthermore, it follows from Equation[ 4] that the volumetric fraction, θα

is also dependent on the porosity. Hence, Equation[ 13] can reflect changes in porosity through its
effect on 1

θα
K(θα) and on D(θα).

In the constant porosity case, the number of particles, Np, that represents full saturation of a cell by
the α-phase is part of the data. If the domain contains two or more materials of different porosities,
then the number Np will depend on the material in the cell. For example, suppose Np(n1(~x))
represents the number of particles required for full saturation of a fixed size cell of material #1 by
the α-phase. Then,
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1 = Sα =
Vα

n1(~x)VT

=
Np(n1(~x))Vfp

n1(~x)VT

or,

Np(n1(~x))

n1(~x)
=

VT

Vfp

Suppose further that Np(n2(~x)) represents the number of particles required for full saturation of the
same size cell of material #2 by the α-phase, then

Np(n2(~y))

n2(~y)
=

VT

Vfp

Hence, given Np(n1(~x)), it follows that

Np(n2(~y)) = Np(n1(~x))
n2(~y)

n1(~x)

If the two cells are not of the same size, then

Np(n1(~x))

n1(~x)V1T

=
1

Vfp

=
Np(n2(~y))

n2(~y)V2T

where V1T is the total volume of cell #1 and V2T is the total volume of cell #2. It then follows that

Np(n2(~y)) = Np(n1(~x))
n2(~y)

n1(~x)

V2T

V1T

Therefore, given the appropriate Np(ni(~x)) and the appropriate porosity ni(~x), Equation[ 6] can be
used to calculate the appropriate volumetric fraction, θα. In this way, the numbers of particles that
represent full saturation of the α-phase can be adjusted for porosity and cell size changes.

In order to test the feasibility of the stochastic differential equation model given by Equation[ 13],
a computational grid is required so that distributional histograms of the particle positions can be
calculated. As a simple test, the boundaries of the computational cells can be made to correspond
to the boundaries of the areas of different porosity, as illustrated in Figure 1.

Computational Grid

Figure 1: Two Porosity Example

In the dark area, the porosity is given by n1(~x) and in the white area the porosity is given by n2(~x).
For a computational block in the dark zone, the volumetric fraction, Equation[ 6], is given by
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θα(~x) =
xn1(~x)

Np(n1(~x))
(16)

where Np(n1(~x)) is the number of fluid particles required for full saturation of the computational
block by the α-phase. The corresponding hydraulic conductivity, Kα(θα), and capillary diffusivity,
D(θα), can then be determined from analytical forms or experimental data. The particle tracking
model detects changes in porosity through Equation[ 16] and passes them on to the fluid particle
through the coefficients 1

θα
Kα(θα) and D(θα). The effect on the particle at an interface between

two domains of differing permeability is conveyed by the term ∇TDT and the retention curves, as
explained below. Additional details can be found in Dean and Russell[9].

7 Computational Stochastic Differential Equation

Equation[ 13] is a stochastic differential equation for the stochastic process that describes the α-
phase. As mentioned in the Introduction, in solving this stochastic differential equation, the interest
is in estimating the probability law of the process. Solutions to the stochastic differential equation
are either strong solutions or weak solutions, if they exist, [5, 9, 13, 14, 15, 16, 19, 20].

In our case, we are interested in numerically solving the d-dimensional stochastic differential equation
whose kth component is given by

~Xk
t = ~Xk

t0
+

∫ t

t0

~ak(s, ~Xs) ds +

m
∑

j=1

∫ t

t0

Bk,j(s, ~Xs) d ~W j
s

where t ∈ [t0, T ]. The Itô-Taylor expansion can be used to specify approximation methods for ~Xt.
This expansion has the form

f(τ, ~Xτ ) =
∑

α∈A

Iα

[

fα(ρ, ~Xρ)
]

ρ,τ
+

∑

α∈B(A)

Iα

[

fα(·, ~X.)
]

ρ,τ
(17)

where ρ(ω) and τ(ω) are stopping times such that

t0 ≤ ρ(ω) ≤ τ(ω) ≤ T w.p. 1

the Iα are multiple Itô integrals, A is a hierarchical set and B(A) is its remainder and the fα are the
Itô coefficient functions, see Kloeden and Platen[14], chapter 5 for the details. The simplest weak
Taylor approximation scheme is given by

~Y k
n+1 =

∑

α∈A

~fk
α(τn, ~Yn)Iα,τn,τn+1

= ~Y k
n +

∑

α∈Γ

~fk
α(τn, ~Yn)Iα,τn,τn+1

= ~Y k
n + ~ak(τn, ~Yn)∆n +

m
∑

j=1

Bk,j(τn, ~Yn)∆W j
n

which is known as the Euler scheme. Higher order schemes can be similarly derived by including
higher order Itô integrals from the Itô-Taylor expansion.
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8 Fingering Or Channeling

Fingering appears to be a very complex phenomenon that manifests itself macroscopically as an
unpredictable propagation of the interface between two fluids. Supposedly, the fingering is initiated
by a gravity or viscosity induced instability that is somehow the result of microscopic heterogeneities
that exist at the pore scale level. This means that fingering can occur in a macroscopically homo-
geneous medium and is the result of pore scale variations. See, for example, [10, 11, 17] and the
sources cited there.

Advanced Fluid
Particle Positions

Porosity Variations

Figure 2: Channeling

The type of model being discussed here is based on the continuity equation and therefore has no
mechanism built into it that would enable the model to describe such pore scale behavior. What can
be represented in this type of model are macroscopic heterogeneities of the type found in naturally
occuring porous media. In these media, the type of fingering to be found would be the result of
the front advancing through those parts of the media offering the least resistance. It is suggested
by Kueper and Frind[17] that this type of fingering be called channeling to distinguish it from the
microscopic pore scale variety.

Figure 2 illustrates this type of fingering which is caused by permeability variation. The effect of this
variation is the channeling shown in Figure 2. In this figure, the contour plot on the right, labeled
Porosity Variations, is the result of an X-ray scan of the tank to determine variations in porosity.
In this plot, the lighter shades of gray represent areas of higher porosity and the darker shades of
gray represent areas of lower porosity. The plot on the left, labeled Advanced Fluid Particle

Positions, displays the DNAPL plume as computed by the model. The plots are juxtapositioned
so that they can be compared. In the left hand plot, we assume that the tank is completely packed
with a #30 sand, and that the packing resulted in the porosity variations shown in the plot on
the right. Except for the two channels on the right and left sides, the main plume appears fairly
uniform. When compared to the porosity plot on the right in Figure 2, the two channels are seen
to be associated with a major change in porosity as indicated by a color change from light gray
(high porosity) to a dark gray (low porosity). The plume plot on the left in Figure 2 also shows
some pooling at that same interface as indicated by a slightly greener color along the interface.
Across that interface, the permeability changes from higher to lower. As mentioned in Section 6,
many theoretical descriptions of permeability have the general form of Equation[ 14]. Suppose that
because of non-uniform packing, two adjacent areas of the domain have different porosities, say, area
A is well packed and has porosity n0 and area B is not so well packed and has porosity n1, n1 > n0.
By Equation[ 14], the associated permeabilities are

k0 = f1(s)f2(n0)d
2 and k1 = k0 + ε = f1(s)f2(n1)d

2

where ε > 0, because n1 > n0. Since the shape factor, f1(s), and the grain size, d, do not depend

on packing, k0

k1
= f2(n0)

f2(n1)
. Using this result and assuming that the effect on the Brooks-Corey

pressure/saturation curve of a porosity change is to shift the curve, up or down, Dean and Russell[9]
show that
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S∗
nw = 1 − S∗

w = (1 − Srw)

(

1 −

(

k0

k1

)
λ

2+3λ

)

(18)

Once the DNAPL saturation exceeds S∗
nw movement from the higher permeability area, Area B,

into the lower permeability area, Area A, is possible. Equation[ 18] is based on the assumption that
the tank is packed with only one sand, but that the tank is non-uniformly packed which results in
non-uniform porosities which, in turn, result in non-uniform permeabilities. In a truly heterogeneous
tank, Equation[ 18] takes the form

Sc
nw = (1 − Sc

rw)



1 −

(

pc
d

pf
d

)λc

(

Sf
e

)
λc

λf



 (19)

where Sc
nw is the DNAPL saturation in the coarse sand, Sc

rw is the residual saturation of the coarse
sand, pc

d is the entry pressure of the coarse sand, λc is the pore size distribution index of the coarse

sand, pf
d is the entry pressure of the fine sand and λf is the pore size distribution index of the

fine sand. Since Sf
e =

Sf
w−Sf

rw

1−S
f
rw

, if Sf
nw > 0, then there is a two-phase system on both sides of the

interface. If capillary equilibrium is imposed at the interface, then Equation[ 19] gives the values of
Sc

nw, 1 > Sf
w ≥ Sf

rw, that must be exceeded in the coarse sand for entry of DNAPL into the fine
sand to occur.

9 Two-Phase Flow

The type of problem to be modeled is the contamination of groundwater by a nonwetting fluid
such as a DNAPL. Suppose that in the two-phase system both phases are incompressible. Further
suppose that the porosity is constant and that the total velocity, ~qt, of the two phase system can be
expressed as ~qt = ~qw + ~qn where ~qw is the velocity of the wetting phase and ~qn is the velocity of the
nonwetting phase. The vector ~qα is used here to represent the Darcy velocity. From the continuity
equation and Equation[ 4] it follows that

n
∂Sα

∂t
+ ∇ · ~qα = 0 α = w, n

Using the equation ∂θn

∂t
+ ∇ · ~qn = 0 with ~qn = fn~qt − λ̄k (∇pc + γw~z − γn~z), Darcy’s law with

kα = krαk, α = w, n, denoting the relative permeability tensor and k denoting the intrinsic or full
saturation permeability tensor, and the expression for capillary pressure, pc = pn − pw yields the
following convection-diffusion equation for the nonwetting phase saturation:

∂Sn

∂t
+ ∇ ·

[

1

θn

(

fn~qt − λ̄γwk~z + λ̄γnk~z
)

Sn

]

−∇ ·

(

λ̄k

n

dpc

dSn

)

∇Sn = 0 (20)

where in this equation, γα is the specific weight of the α-phase, λ̄ = λwλn

λw+λn
, fn = λn

λw+λn
, λα = krα

µα
,

~z = (0, 0,−1)T and µα is the viscosity of the α-phase. A derivation of Equation[ 20] can be found in
Dean and Russell[9], Appendix C. The methodology given in Section 5 can now be used to derive

a stochastic differential equation that corresponds to Equation[ 20]. Letting D = λ̄k

n
dpc

dSn
= 1

2BBT,
the SDE is

d ~Xt =

(

1

θn

(

λ̄γnk~z − λ̄γwk~z + fn~qt

)

+ ∇TDT(t, ~Xt)

)

dt + B(t, ~Xt) d ~Wt

The integral form of this equation on the interval [0, t] is

~Xt = ~X0 +

∫ t

0

(

1

θn

(

λ̄γnk~z − λ̄γwk~z + fn~qt

)

+ ∇TDT(s, ~Xs)

)

ds +

∫ t

0

B(s, ~Xs) d ~Ws

9



Since this equation uses the total velocity of the two-phase system, it is necessary to solve for this
velocity. Dean snd Russell[9] develop the following flow PDE for this purpose,

−∇ ·

(

Kw

γw

+
Kn

γn

)

∇Φw = ∇ ·
Kn

γn

∇pc −∇ · Kn~z + ∇ ·

(

γw

γn

)

Kn~z

where Φw = pw +γwz, pc = pn−pw and Kα, α = n,w is the relative hydraulic conductivity Since the
saturations of the DNAPL and water change from time step to time step, this PDE will need to be
solved at each time step. Once Φw has been determined, a total velocity, ~qt, for use in Equation[ 20]
can be derived.

10 Capillary End Effect

According to the stochastic differential equation approach to the multiphase problem, the movement
of the non-wetting phase particle over the interval is given by

~Xt = ~X0 +

∫ t

0

(

1

θn

(

λ̄γnk~z − λ̄γwk~z + fn~qt

)

+ ∇TDT(s, ~Xs)

)

ds +

∫ t

0

B(s, ~Xs) d ~Ws

The integral form of the stochastic differential equation contains the integral
∫ t

0
∇TDT ds where the

tensor D = λ̄k dpc

dθn
. If the heterogeneous domain of the problem is subdivided into computational

cells of uniform material as illustrated in Figure 1, then the tensor D will be constant on a cell
during a given time step. But, if two adjecent cells contain different material, then D will have a
jump across the boundary between the cells. In one-dimension, D will have the appearance of a
Heaviside step function. The derivative ∇TDT will then be zero on either side of the boundary and
experience a jump at the boundary. Using symbolic derivatives, that jump will have the form of a
δ-function. Therefore, assuming that D is diagonal and letting [[D]] = D+ − D−,

∫ t

0

∇TDT ds =





−[[D11]]~n
+
x

−[[D22]]~n
+
y

−[[D33]]~n
+
z



 δ(∂(σ))

where ∂(σ), Figure 3, represents the boundary between the two computational cells. Additional
detail is given in Dean and Russell[9].

σ

σ

σ

σ

σ

V+

V−

1

2

3

4

X

X

1

2

n−

n+

D+

D−

Figure 3: Sands With Discontinuity

Thus, the stochastic differential equation can be written in the form

~Xt = ~X0 +

∫ t

0

(

1

θn

(

λ̄γnk~z − λ̄γwk~z + fn~qt

)

)

ds +

∫ t

0

B(s, ~Xs) d ~Ws + J(t) (21)
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where in this equation, γα is the specific weight of the α-phase, λ̄ = λwλn

λw+λn
, fn = λn

λw+λn
, λα = krα

µα
,

~z = (0, 0,−1)T, µα is the viscosity of the α-phase and J(t) is determined by the capillary end effect.
When the particle is in the interior of a computational cell, it will experience a convected diffusion.
As it moves between computational cells of different material, it will experience a jump.

11 Porosity/Permeability Considerations

We are currently applying the methods described so far to simulate the results of tank experiments
being conducted at the Colorado School of Mines under the direction of Professor Tissa Illangasekare.
One of the steps of these experiments is to scan the tank for porosity variations. If these scans are
indeed meaningful and significant, then the Brooks-Corey theory can be used to calculate variations
in the entry pressures that will cause variations in the particle paths via the capillary end effect.
Assuming that a variation in porosity results in a shifting of the retention curve, up or down,
Equation[ 22] gives the shift, α, in the entry pressure which is derived from the Brooks-Corey

relative permeability function, kw =
(

pd

pc

)(2+3λ)

,

kwk0 = k0

(

pd

pc

)(2+3λ)

= k1

(

αpd

pc

)(2+3λ)

⇒ α =

(

k0

k1

)
1

2+3λ

(22)

The idea is illustrated in Figure 4, where k0 = 5.1376617 E-11 m2 and k1 is a random variation of
k0.
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Figure 4: Permeability (m2) Vs Entry Pressure (kPa)

To use the Brooks-Corey theory to calculate the entry pressure change, the effect of porosity on
permeability must be estimated. As mentioned in Section 8, many such models relate permeability
to grain size, grain shape and porosity. Once a test-stand permeability and porosity have been
established for a sand, a model such as Kozeny-Carman, Equation[ 15], can be used to estimate
the effects of porosity variations on the permeability. For a given sand, it is assumed that the
permeability-porosity relationship is given by Equation[ 15]. If k0 is the permeability associated
with the porosity n0, then because of packing variations in the tank, the scanned porosity may
actually be n. The effect on permeability is given by the ratio

k

k0
=

C
(

n3

(1−n)2

)

C
(

n3
0

(1−n0)2

) ⇒ k =
k0(1 − n0)

2

n3
0

(

n3

(1 − n)2

)

0 < n < 1

An illustration of this is shown in Figure 5. The general idea of this work is to find ways of simulating
fingering or channeling in a macroscopically homogeneous sand.
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Figure 5: Permeability Sensitivity Of A Sand

12 Sample Problem

In this section, a mechanized version of the method previously described is developed using the Euler
scheme. To do this, a test tank packed with 5 different sands simulated. The tank is subdivided into
4800 uniform computational subdomains 60 cells wide, 40 cells high and 2 cells thick. As mentioned
previously, it is not necessary to have a uniform discretization, but it is a convenient starting point.
The corners of the sub-cubes form a local/global coordinate system for the domain. Each of the
sub-cubes or cells has a local coordinate system consisting of its 8 corners. In turn, those corners
form part of the global coordinate system for the tank domain. The idea is illustrated in Figure 6.

Cell 1

5 6 7 8

9 10 11 12

14 15 16

17 18 19 20

21 22 23 24

25 26 27 28

29 30 31 32

33 34 35 36

Local/Global Positioning System

1 2 3 4

(1) (2)

(3)(4)

13 (5) (6)

(7)(8)

Figure 6: Coordinate Systems

Dividing the global domain into computational cells allows the assignment of different porosities and
different saturated hydraulic conductivities to different cells. Furthermore, using the local/global
coordinate system, the position of each fluid particle can be tracked on a cell by cell basis. This is
necessary since the coefficients in Equation[ 13] depend on the volumetric fraction which depends in
turn on the cell porosity, Equation[ 16].

Appendix C of Dean and Russell[9] contains a derivation of the non-wetting phase PDE in terms of
the volumetric fraction. If the porosity is assumed constant, then this derivation yields Equation[ 20].
The general form of the Fokker-Planck equation was given in terms of saturation in Section 4 as
Equation[ 8]. When these two equations are compared, the convection terms are related by

Kn(θn)~z =
(

fn~qt − λ̄γwk~z + λ̄γnk~z
)

~z =





0
0
−1
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and the diffusion terms are related by

Dn(θn) = λ̄k
dpc

dθn

where in these coefficients, γα is the specific weight of the α-phase, λ̄ = λwλn

λw+λn
, fn = λn

λw+λn
,

λα = krα

µα
, ~z = (0, 0,−1)T and µα is the viscosity of the α-phase.

Since these comparisons involve the PDE’s, the diffusivity being referred to here relates to the tensor,
D(θα) in Equation[ 9]. The diffusivity, B(t, ~x), used in Equation[ 13] to model the flow is derived
from D(θα) by Equation[ 12].

Experiment 9 Tank Design

Sand #8

Sand #30

Sand #16

Sand #30

Sand #16

Sand #70

S
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S
a
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d
 
#
1
4
0

Figure 7: Experimental Tank Sand Packing

For the test case, a two-phase DNAPL/water problem is studied. There are 4800 computational
cells in the tank which are initially occupied with water. The tank is subdivided so that it is 60
computational cells wide, 2 cells thick and 40 cells high. The DNAPL used in this experiment is the
chlorinated solvent tetrachloroethylene (PCE) dyed with Sudan IV. It is injected into the center of
the block of sand marked Sand #8 in Figure 7.

Advanced Fluid
Particle Positions

Porosity Variations

Figure 8: Examples Of Pooling And Channeling

Saturation Scale

0  0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 8 shows the distribution of particles in relation to advancing time. The particles are colored
in order to indicate the saturation or volumetric fraction of the fluid in the cell the fluid particles
happen to be in at the times indicated. The spectrum runs from 0% saturation, red, to 100%
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saturation, magenta. The entire spectrum is shown below Figure 8. The lowest saturations, shown
in red, could be non-wetting phase particles that have just entered previously unoccupied cells. As
time increases, the non-wetting phase particles move under the influence of gravity, the velocity field
created by the water and dispersion. The plume leaves the #8 sand block mainly from the right
hand side. This is because the X-ray porosity scan determined the porosity to be higher there. The
plume then moves through the #30 sand into the #16 sand lens. Here it spreads laterally, pooling
above the #30 sand lens below it. The plume then breaks through into the #30 lens at various
places determined by higher porosity areas along the interface between the #16 lens and the #30
lens. It then moves laterally through the #16 lens, pooling above the #70 sand lens at the bottom
of the tank. Figure 9 gives a 3-dimensional perspective of the plume.

Advanced Fluid Particle Positions

Figure 9: 3-Dimensional View Of Plume

13 Summary

The main purpose of this paper is to describe work in progress on the use of stochastic differential
equations in multiphase flow. The results of this work form the first step of that process. A stochastic
differential equation describing the stochastic process governing the non-wetting phase fluid particles
is given in Equation[ 13]. This model is then used to simulate DNAPL infiltration under the
assumption that the domain is water saturated. Both the Fokker-Planck equation and the associated
stochastic model use the assumption of constant porosity. However, in any application there may
be identifiable areas of distinctly different porosities. Section 6 briefly addresses problems with non-
constant porosities. The approach used in Appendix B of Dean and Russell[9] to study non-constant
porosities is a computational approach based on integration rather than differentiation. This is
consistent with the use of the stochastic model which is in fact an integral equation. Furthermore, it
is our contention that changes in porosity imply changes in permeability and entry pressure, which
can lead to channeling in an otherwise macroscopically homogeneous sand. This is briefly discussed
in Sections 8 and 11.

Section 9 applies the results of the previous sections to the problem of contamination of groundwater
by a nonwetting fluid such as a DNAPL. The integral equation describing the movement of DNAPL
particles over the time interval [0, t] is
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~Xt = ~X0 +

∫ t

0

(

1

θn

(

λ̄γnk~z − λ̄γwk~z + fn~qt

)

+ ∇TDT(s, ~Xs)

)

ds +

∫ t

0

B(s, ~Xs) d ~Ws

The effects of the wetting phase are present in this equation through the fractional flow terms λ̄,
fn, the specific weight of the wetting phase, γw and the total velocity of the two-phase system, ~qt.
Once the non-wetting phase saturation is determined, the wetting phase saturation is automatically
determined by Sw +Sn = 1. The accompanying flow equation that must be solved to determine ~qt is
also given. Section 10 describes the manner in which the behavior of the particle is controlled at the
interface between regions of disparate permeability. In our integral equation, the term responsible for
this is

∫ t

0
∇TDT(s, ~Xs) ds. Appendix A of Dean and Russell[9] gives additional details on interface

control.

We are just beginning to study the porosity/permeability relationship discussed in Section 11. The
progress of that work will depend on more definitive experimental results. In Dean and Russell[8],
we describe a numerical Lagrangian approach to upscaling dispersivity. Although that work was
for a single phase flow, we have a version of the formulation that incorporates the relative effects
of hydraulic conductivity. What that would mean for our current formulation is that the tensor
D = λ̄K

n
dpc

dSn
would be replaced by D̂ = D + D(t), where D(t) is an upscaling term that is time

dependent. This will leave the ∇TD̂T = ∇TDT, so that the interface term does not change, but it
will also allow D̂ to provide upscaling of dispersion over time.
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