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Abstract
A new method is described for determining the values of the level function from
a given interface that is to be represented exactly as the zero level set. The level
function is linear on boundary segments of the grid cells, which precludes the
definition of the level function on the grid nodes as the signed distance from the
interface. Instead, the values of the level function on a strip along the interface
are found by solving a constrained least squares problem. The level function is
then continued by a nearest neighbor algorithm, or a fast marching method can be
used. The method was applied to representation of the burning region and of the
fireline from a wildfire simulation code. Unlike other descriptions of interfaces, level
set representations can be easily combined by forming linear combinations. This is
useful in data assimilation methods, which modify the state of running simulation
to match the data.
Key words: Level sets, least squares, ensemble Kalman filters, data assimilation,
wildfire modelling, combustion, reaction front tracking, submesh approximation.
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Introduction

Computational modelling of problems with internal interfaces, such as reaction
fronts, is an important problem. If standard discretization methods are
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used, the requirements for accuracy dictate very fine meshes at least in the
neighborhood of the interface. Therefore, it is advantageous to use submesh
schemes, such as dividing a single cell into two regions with and without the
reaction. The dividing line can be specified by points on the interface, called
tracers. Another approach is to represent the reaction region R as the level
set
R = {x : f (x, y) > 0}
of some function f , called a level function. The interface is then represented
as the zero level set
C = {x : f (x, y) = 0} .
Often the level function is chosen so that it equals to the signed distance from
the interface C and an equation for evolution of the interface is added to the
modelled system. The fast marching method is a well known algorithm for
computing the distance from the interface C on grid points. However, the fast
marching method does not specify how are the values of f to be chosen on
the grid nodes adjacent to the interface C so that the interface is represented
as the zero level set exactly. Also, a method faster and simpler that the fast
marching method, even if it may be less accurate, is of interest. These two
issues are studied in this paper.
Level functions are useful also in a number of other applications, such as
multi-phase flows and image processing. The monograph [1] is a comprehensive
source of information on level set methods and fast marching algorithms.
Data assimilation [2] is the problem of sequential statistical estimation of
a system state from given initial and boundary condition, and from data that
is arriving while the simulation is running. Data assimilation methods need
to modify the model state to match the data. To provide useful predictions,
a data assimilation scheme needs to run faster than real time.
This work has been motivated by the problem of assimilating data into
a coupled wildfire and weather model [3], which uses tracers to represent
the fireline [4]. Ensemble Kalman filters [5], used in [3], run a collection of
simulations, called an ensemble, and when the data arrives, a new ensemble is
created by forming linear combinations of ensemble states. However, it is not
possible to create meaningful linear combinations of tracers. Therefore, one
possibility to modify the system state is to translate the tracers into a level
function, form linear combinations of the level functions, and then translate
the resulting level functions back into tracers. The translation of tracers to
level function is considered in this paper; the inverse translation is basically
just finding the zeros of the level function on the grid lines.
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Fig. 1. Level function f on one cell boundary segment

Fig. 2. The level function f cannot be defined at marked nodes consistently either
as Euclidean distance or as distance along the gridlines.
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Construction of the Level Set Function near the Interface

Suppose we are given a uniform rectangular mesh with spacing (h, k) and
nodes
(xi , yj ) = (hi, kj) , i = 1, . . . , m, j = 1, . . . , m.
Grid cell (i, j) is defined by {(hu, kv) : i ≤ u ≤ i + 1, j ≤ v ≤ j + 1}. The
boundaries of grid cell consist of the boundary segments (hi, kv), j ≤ v ≤ j +1
and (hu, kj), i ≤ u ≤ i + 1. Let C be a simple closed curve such that the
intersection of C with each grid cell is a straight segment(Fig. 1). We wish
to construct a function f defined by its values fij = f (xi , yj ) and piecewise
linear on the grid lines, such that
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(1) f is linear on each grid cell boundary segment,
(2) for all (x, y) on grid cell boundary, f (x, y) = 0 if and only if (x, y) ∈ C,
(3) fij > 0 if (xi , yj ) is inside and fij < 0 if (xi , yj ) is outside the region
defined by C,
(4) fij ≈ ± dist ((xi , yj ), C),
where
dist ((xi , yj ), C) = min {k(x, y) − (xi , yj )k : (x, y) ∈ C}
is the Euclidean distance from the curve C, with the + sign if (xi , yj ) is inside
the region encircled by C and − otherwise.
Conditions 1 and 2 imply an equation of the form
afij − bfi,j+1 = 0

(1)

for each horizontal grid cell boundary segment intersected by C, and similarly
for vertical segments. Thus, the location of the intersection of the curve C with
a grid cell boundary segment dictates the ratio of the values of the function f
at the endpoints of the segment. Clearly, setting fij to the Euclidean distance
does not in general satisfy the fixed proportions (1), and setting fij to the
distance from the zero of f measured along the grid boundary segments cannot
satisfy (1) either because of inconsistent requirements when the curve C cuts
across the corner of a grid cell (Fig. 2).
Let us now construct fij on a strip of nodes nodes adjacent to C. Let N
be the set of all corners of grid cells that are intersected by C and fa the
vector (fij )(i,j)∈N for some ordering of N , and B be the matrix with one row
for each grid cell boundary segment that intersects C. Therefore, Bfa = 0 is
the collection of all constraints of the form (1). Let d be the vector of signed
distances from C,
d = ± (dist ((xi , yj ), C))(i,j)∈N ,
with the same sign as in the condition 4 above. Then, on the strip, the
condition 4 can be written as fa ≈ d, and we construct f on the strip by
satisfying this condition in the least square sense.
Algorithm 1 (1) When C passes through a node (xi , yj ), put fij = 0.
(2) Find fa by solving the constrained least squares problem
kfa − dk2 → min,

subject to Bfa = 0,

(2)

or, equivalently, from the linear system


T









d
 I B   fa 
  =  


B 0

λ

with Lagrange multipliers λ.
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0

(3)

Because the norm is strictly convex, the minimization problem (2) has a unique
solution fa and thus (3) determines fa uniquely. The matrix B is very sparse,
with at most 2 nonzeros per row. Each column of B corresponds to one value
fij , (i, j) ∈ N , and it has one nonzero when the node (xi , yj ) is the endpoint of
only one grid cell boundary segment that intersect C, and two nonzeros when
the node (xi , yj ) is the endpoint of two such segments. Clearly, if there exists
at least one node such that the former case occurs, the matrix B has linearly
independent rows, the matrix BB T is regular, and one gets
Bfa + BB T λ = Bd,
−1

Bd,

fa = d − B T λ = d − B T BB T

−1



λ = BB T
so


3

Bd.

(4)

Continuing the Level Set Function away from the Interface

Once the values of the level function f on the nodes adjacent to the interface
C are known, the level function can be built recursively. Perhaps the simplest
and least expensive is the followig simple recursive construction. The node
(xi , yj ) is called a neghbor of the node (xi′ , yj ′ ) if (i, j) 6= (i′ , j ′ ), |i − i′ | ≤ 1,
and |j − j ′ | ≤ 1. The following algorithm continues building the level function
inside the region given by the curve C by setting f at all neighbors of the
nodes adjacent to C, then on all second neighbors, e.t.c.
Algorithm 2 (1) Set L0 to be the set of all nodes (xi , yj ) such that fij ≥ 0
was set by the method in Sec. 2. Set k = 1.
(2) Set Lk to be the set of all neighbors of nodes in Lk−1 that are on the same
side of C as Lk−1 and such that the value of f was not set yet.
(3) If Lk = ∅, stop.
(4) For all nodes (xi , yj ) ∈ Lk , set
fij =

fi′ j ′ + k(xi′ , yj ′ ) − (xi , yj )k
min
(xi′ ,yj′ )∈Lk−1

(5)

|i−i′ |≤1 |j−j ′ |≤1

(5) Set k = k + 1 and go to 2.
Continuing the level function outside of the region enclosed by C is done in
the same way starting from nodes such that fij ≤ 0 and replacing (5) by
fij = −

−fi′ j ′ + k(xi′ , yj ′ ) − (xi , yj )k .
min
(xi′ ,yj′ )∈Lk−1
|i−i′ |≤1 |j−j ′ |≤1
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Fig. 3. The level function on a strip along the fireline.

Algorithm 2 solves approximately the least distance problem
f (x, y) = ± dist ((x, y), C) ,

(6)

by measuring the distance along the grid lines and the diagonals of the grid
cells only. This is significantly less accurate but much faster and simpler than
converting the problem (6) to the equivalent hyperbolic eikonal equation
k∇f k = 1, f = 0 on C
and solving it by a fast marching method [1].
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Numerical Results and the Wildfires Application

Sparse matrix operations in (4) were implemented by calls to the Sparse Matrix
Multiplication Package (SMMP) [6] and the Yale Sparse Matrix Package
(YSMP) [7]. Algorithm 2 was implemented by a modification of the routine
ROOTLS from SPARSPAK [8].
The curve C was obtained as the fireline from the Coupled AtmosphereWildland Fire-Environment model (CAWFE) [9,4]. The fireline is
approximated as a straight line in each grid cell and it is encoded by the
so-called tracers [4], which are 4 points located in each grid cell. The tracers
6

Fig. 4. The level function continued away from the fireline.

are meant to define a quarilateral burning region within the cell, with some
exceptions, such as when the fireline crosses two adjacent grid cell boundary
segments so that it cuts off a corner; the tracer scheme is quite complicated
with some special cases that can be understood only by perusing the source
code. So, the first step was to convert the tracers to a data structure that
consists of the coordinates of the two ends of the fireline segment within the
cell and a flag to indicate if the cell is burning or not. We have then applied
the method described in Sec. 2 and 3 to obtain the level function.
The level function on nodes adjacent to the fireline C is shown in Fig. 3.
The continuation away from the strip along the fireline is in Fig. 4. Note the
directional preference of the level function, which is due to the fact that the
distance was measured only along the grid lines and the grid cell diagonals.
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